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E Opinions of the Moderns concerning the Author of the 
Elements of Geometry which go under Euclid's Name, are 
very different and contrary to one another. Peter Ramus aſcribes 
the Propoſitions, as well as their Demonſtrations, to 'Theon; others 
think the Propoſitions to be Euclid's, but that the Demonſtrations 
are Theon's; and others maintain that all the Propoſitions and their 
Demonſtrations are Euclid's own. John Buteo and Sir Henry Savile 
are the Authors of greateſt Note who aſſert this laſt, and the greater 
part of Geometers have ever ſince been of this Opinion, as they 
thought it the moſt probable. Sir Henry Savile, after the ſeveral 
Arguments he brings to prove it, makes this Concluſion [Pag. 1 3. 
Praclect.) “ That excepting a very few Interpolations, Explicati- 
ce ons and Additions, 'Theon altered nothing in Euclid.” But, by 
often conſidering and comparing together the Definitions and De- 
monitrations as they are in the Greek Editions we now have, I 
found that Theon, or whoever was the Editor of the preſent Greek 
Text, by adding ſome things, ſuppreſſing others, and mixing his 
own with Euclid's Demonſtrations, had changed more things to the 
worſe thun is commonly ſuppoſed, and thoſe not of ſmall moment, 
eſo=cially in the Fifth and Eleventh Books of the Elements, which 
this Editor has greatly vitiated. for inſtance, by ſubſtituting a 
ſhorter, but inſufficient Demonſtration of the 18th Prop. of the 
5th Bock, in place of the legitimate one which Euclid had given; 
and by taking out of tis Book, beſides other things, the good De- 
finition which Eudoxus or Euclid had given of Compound Ratio, 
and giving an abſurd one in place of it in the 5th Definition of the 
6th Book, which neither Euclid, Archimides, Apollonius, nor any 
Gcometer before Theon's Time, ever made uſe of, and of which 
there is not to he found the leaſt appearance in any of their Writ- 
ings. and as this Definition did much embarraſs Beginners, and is 
quite uſcleſs, it is now thrown oat of the Elements, and another 
which without doubt Euchid had given, is put in its proper place 
among the Definitions of the 5th Book, by which the Doctrine of 
Compound Ratios is rendered plain and eaſy. Beſides, among the 
Definitions of the 1 1th Book, there is this, which is the 1 cth, viz, 
Equal and ſimilar ſolid figures are thole which are contained by 


PREFACE. 


# fimilar planes of the ſame number and magnitude.” Now this 
Propoſition is a Theorem, not a Definition, becauſe the equality of 
figures of any kind muſt be demonſtrated, and not aſſumed. and 
therefore, tho” this were a true Propoſition, it ought to have been 
demonſtrated. But indced this Propoſition, Which makes the 1 oth 
Definition of the 1 1th Book, is not true univerſally, except in the 
caſe | in which each of the ſolid angles of the figures is contained by 
no more than three plane angles ; ; for, in other caſes, two ſolid fi- 
gures may be contained by ſimilar planes of the ſame number and 
magnitude, and yct be unequal to one another; as ſhall be made 
evident in the Notes ſubjoined to theſe Elements, In like man- 
ner, in the Demonſtr ation of the 26th Prop. of the 1 1th Book, it 
is taken for granted, that thoſe ſolid angles are equal to one ano- 
ther which are contained by plane angles of the fame number and 
magnitude placed i in the ſame order; but neither js this univerſally 
true, except in the caſe in which the ſolid angles are contained by no 
more than three plane angles; nor of this caſe j is there any Demon- 
ftration in the Elements we now have, tho it be quite neceſſary 
there ſhould be one. Now upon the 1 oth Definition of this Pook 
depend the 2 5th and 28th Propoſitions of it; and upon the 25th 
and 26th depend other eight, viz. the 37th, 31ſt, 32d, 33d, 

34th, 36th, 35th, and goth of the ſame Book. and the 


12th ef the 12th Book depends upon the 8th of the ſame, and 


this 2th, and the Ccrollary of Propoſition 1 7th, and Prop. 18th 
of the 1 2th Book depend upon the gth Definition of the 1 1th 
Peck, which is npt a right Definition, becauſe there may be ſolids 
contained by the lame number of ſimilar plane figures, which are 
not ſimilar unto cne another, in the true ſenſe of ſimilarity re- 
ceived by all Geometers. and all theſe Propoſitions have, for 
theſe reaſons, been inſufficiently demonſtrated ſince Theon's time 
hitherto. Beſides, there are ſeyeral other things, which have 
nothing af Euclid's accuracy, and which plainly ſhew that his 
Elements have been much corrupted by unſkilful Geometers. 
and tho theſe are not ſo groſs as the others now mentioned, 
they onght by no means tg remain uncorrected. 

Don theſe Accounts it appeared neceſſary, and I hope will 
prove acceptable to all Lovers of Accurate Reaſoning and of Ma- 
thematical Learning, to remove ſuch blemiſhes, and-reſtore the 
principal Books of the Elements to their original Accuracy, as far 
as I was a able ; ; | HIT lince * Elements are the foundation 
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PREFACE. 
of a Science by which the Inveſtigation and Diſcovery of uſefal 
Truths, at leaſt in Mathematical Learning, is promoted as far as 
the limited Powers of the Mind allow; and which likewiſe is of 


the greateſt Uſe in the Arts both of Peace and War, to many of 
which Geometry is abſolutely neceſſary. This I have endea- 


voured to do by taking away the inaccurate and falſe Reaſonings 
which unſkilful Editors have pnt into the place of ſome of the 
genuine Demonſtrations of Euclid, who has ever been juſtly cele- 
brated as the moſt accurate of Geometers, atid by reſtoring to him 
thoſe Things which Theon or others have ſüppreſſed, and which 
have theſe many ages been buried in Oblivion: 

In this Edition Ptolomy's Propoſition concerting a proper- 
ty of quadrilateral figures in a circle is added at the end of the 
fixth Book. Alſo the Note on the 29th Prop. Book iſt is alter- 
ed, and made more explicit. And a more general Demonſtration 
is given inſtead of that which was in the Note on the 1 oth De- 
finition of Book 1 1th. beſides the "Tranſlation is much amende& 
by the friendly aſſiſtance of a learned Gentleman, 
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BOOK I. 


DEFINITION Ss. 


A Point is that which hath 3 or which hath no magnitude. See Noten. 

A line is length without WP 

A The extremities of a line are Rt 

A ſtraight line is that which 3 between its extreme points. 

A ſuperficies is that which 3 . and breadth. 

The extremities of a FED, 2 Bi | 

A plane ſuperficies is that in na any two points being taken, See N. 
the ſtraight line between them lies wholly in that ſuperficies. 

* A plane angle is the ED. two lines to one another in a See N. 
* Plane, which meet together, but are not in the ſame direction.“ 

A plane rectilineal angle is the * of two raight lines to one 
— which meet together, but are not in che ſame ſtraighs 
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N. B. When ſeveral angles are at one point B, anyone of them 
© js expreſſed by three letters, of which the letter that is at the ver- 
© tex of the angle, that is at the point in which the ſtraight lines 
© that contain the angle meet one another, is put between the 
© other two letters, and one of thele two is ſomewhere upon one 
* of thoſe ſtraight lines, and the other upon the other line. thus 
© the angle which is contained by the ſtraight lines AB, CB is 
© named the angle ABC, or CBA ; that which is contained by 
* AB, DB is named the angle ABD, or DBA; and that which is 
© contained by DB, CB is called the angle PBC, or CBD. but 
© if there be only one angle at a point, it may be expreſſed by a 
© letter placed at that point; as the angle at E.“ 

R. 

Then a ſtraight line ſtanding on another 
ſtraight line makes the adjacent angles | 
equal to one another, each of the an- 
gles is called a right angle; and the 
firaight line which ſtands on the other 

is called a perpendicular to it. —— 

XI. 
An obtuſe angle is that which is greater than a right angle: 


XII. 


An acute angle is that which is leſs than a right angle. 
XIII. 
* A term or boundary, is the extremity of any thing.” 
A figure is that which is iucloſed by one or more boundaries. 


OF EUCLID, 4 


8 
XV. Bock l. 
A circle is a plane figure contained by one line, which is called . 
the circumference, and is ſuch that all ſtraight lines drawn from 
a certain point within the figure to the circumference, are equal 
to One another. ' 


s XVI. 
it And this point is called the center of the circle, 
2 1 XVII. 
A diameter of a circle is a ſtraight line drawn thro' the center, and see N. 
terminated both ways by the circumference. 
— XVIII. | 
A ſemicircle is the figure contained by a diameter and the part of 
the circumference cut off by the diameter. 
XIX. 
« A ſegment of a circle is the figure contained by a ſtraight line 
“ and the circumference it cuts off.” 
Rectilineal figures are thoſe which are contained by ſtraight 
lines. 


Trilateral figures, or triangles, by three ſtraight lines. 
XXII. 
Quadrilateral, by four ſtraight lines. 
XXIII. 
Multilateral figures, or Polygons, by more than four ſtraight lines, 
| XXIV. 
Of three ſided figures, an equilateral triangle is that which has 
three equal ſides. - 
| XXV. 
An iſoſceles triangle, is that which has only two ſides equal; 
| | A 2 


* 


Sce N. 
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N 


A ſcalene triangle, is that 2 155 three unequal ſides. 
XXVII. 

A right angled triangle, is that which has a right angle. 
XXVIII. 

An obtuſe angled triangle, is that which has an obtuſe angle. 


„ 


An acute angled triangle, is that which has three acute angles. 
XXX. 
Of four ſided figures, a ſquare is that which has all its ſides 


equal, and all its angles right angles. 


— 


= 


— ——ͤ— m 
XXXI. 

An oblong is that which has all its angles right angles, but has 

not all its fides equal. 


XXI. 
A rhombus is that which has all its ſides equal, but its angles, 
are not right angles. 
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A rhomboid is that which A its oppotie ſides equal to one ano- 
ther, but all its ſides are not equal, nor its angles right angles- 


d # wy. =. = 


no- 
les. 
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XXXIV. Book 1. 
All other four ſided figures beſides theſe, are called Trapeziums. * 
XXXV. 


Paraliel ſtraight lines, are ſuch as are in the ſame plane, and 
which being produced ever ſo far both ways, do not meet. 


pr IN 


POSTULATES. 


I, 


E T it be granted that a ſtraight line may be drawn from 
any one point to any other point. 
II. 


That a terminated ſtraight line may be produced to any length 
in a ſtraight line. 
III. 
And that a circle may be deſcribed from any center, at any 
diſtance from that center. 


A&A IO NS. 


I. 
HIN GS which are equal to the ſame are equal to one 
another. 
II. 
If equals be added to equals, the wholes are equal. 
III. 
If equals be taken from equals, the remainders are equal. 
If equals be added to unequals, the wholes are unequal. 
V. 
If equals be taken from unequals, the remainders are unequal. 
VL 
Things which are double of the fame, are equal to one another. 
VIE. 
Things which are halves of the ſame, are equal to one another. 
Magnitudes which coincide with one another, that is which exact. 
y fill the fame ſpace, are equal to one another. 
A 3 
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Two ſtraight lines cannat 1 a ſpace. 
XI. 

All right angles are equal to one another. 
XII 


« Tf a ſtraight line meets two ſtraight lines, ſo as to make the 
« two interior angles on the ſame fide of it taken together leſs 
* than two right angles, theſe ſtraight lines being continually 
« produced ſhall at length meet upon that ſide on which are 
the angles which are leſs than two right angles. See the 
notes on Prop. 29. of Book I.” | 
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OF EUCLID. 
PROPOSITION I PROBLEM. 


finite ſtraight line. 


Let AB be the given ſtraight line, it is required to deſcribe an 
equilateral triangle upon it. 

From the center A, at the di- 
ſtance AB deſcribe * the circle 


C 
BCD. and from the center B, at N 
the diſtance BA deſcribe the circle 
ACE; and from the point C in 
which the circles cut one another 
draw the ſtraight lines b CA, CB 


to the points A, B. ABC ſhall be 
an equilateral triangle. 
Becauſe the point A is the center of the circle BCD, AC is equal 


* to AB. and becauſe the point B is the center of the circle ACE, e. th De- 


BC is equal to BA. but it has been proved that CA is equal to 
AB; therefore CA, CB are each of them equal to AB. but things 


which are equal to the ſame are equal to one another d; therefore d. it Axie 


CA is equal to CB. wherefore CA, AB, BC are equal to one ano- 
ther. and the triangle ABC is therefore equilateral, and it is deſcrib- 
ed upon the given ſtraightline AB. Which was required to be done. 


| PROP. Il. PROB. 
Frou: a given point to draw a ſtraiglit line equal 
to a given ſtraight line, 


Let A be the given point, and BC the given ſtraight line; it 
is required to draw from the point A a ſtraight line equal to BC, 
From the point A to B draw * the 

ſtraight line AB; and upon it de- 
{cribe b the e triangle DAB, 
and produce® the ſtraight lines DA, 
DB to E and F; from the center B, 
at the diſtance BC deſcribe d the 
circle CGH, and from the center D, 
at the diſtance DG defcribe the 


circle GKL. -: AL ſhall be equal to 


* 
. 


A4 


Book . 
O deſcribe an equilateral triangle upon a given 9 


A. 3d Poſtu- 


| b. 2d Poſt. 


7 


late. 


finition. 


Book I. 
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Becauſe the point B is the center of the circle CGH, BC is e- 


qual to BG. and becauſe D is the center of the circle GL, DL 
e. 15. Def. js equal to DG, and DA, DB parts of them are equal; therefore 


K. FO Ax. 


b. 3. Poſt, 


G 1. Ax. 


the remainder AL is equal to the remainder f BG. but it has been 
ſhewn that BC is equal to BG ; wherefore AL and BC are each 
of them equal to BG. and things that are equal to the ſame are 
equal to one another; therefore the ſtraight line AL is equal to 
BC. Wherefore from the given point A a ſtraightline ALhas been 
drawn equal to the given ſtraight line BC. Which was to be done. 


PROP. III. PROB. 
3 the greater of two given ſtraight lines to cut 
off a part equal to the leſs. 


Let AB and C be the two gi- D 
ven ſtraight lines, whereof AB is 
the greater. It is required to cut 
off from AB, the greater, a part O 
equal to C the leſs. 

From the point A draw * the 
ſtraight line AD equal to C; and 
from the center A, and at the di- F | 
ſtance AD deſcribe > the circle DEF. and becauſe A is the center 
of the circle DEF, AE ſhall be equal to AD. but the ſtraight 
line C is likewiſe equal to AD. whence AE and C are each of 
them equal to AD. wherefore the ſtraight line AE is equal to © 
C, and from AB the greater of two ſtraight lines, a part AE has 
been cut off equal to C the leſs. Which was to be done. 


PROP, IV. THEOREM. 
FF two triangles have two ſides of the one equal to 
two ſides of the other, each to each; and have 
likewiſe the angles contained by thoſe ſides equal to 
one another : they ſhall likewiſe have their baſes, or 


third fi des, equal; and the two triangles ſhall be equal; 


and their other angles ſhall be equal, each to each, viz, 
thoſe to which the equal ſides are oppoſite. 


Let ABC, DEF be two triangles which have the two ſides AB, 
AC equal to the two ſides DE, DF, each to each, viz. AB to DE, 


OF EUCLID. 


and AC to DF; and the an- D Book 1. 
gle BAC equal to the angle * 


EDF. the baſe BC ſhall be e- 
equal to the baſe EF; and the 
triangle ABC to the triangle 
DEF; and the other angles, 
to which the equal ſides are 
oppoſite, ſhall be equal, each 79 
to each, viz. the angle B CE F 
to the angle DEF, and the angle ACB to DFE. 
For if the triangle ABC be applied to DEF fo that the point A 
may be on D, and the ſtraight line AB upon DE; the point B ſhall 
coincide with the point E, becauſe AB isequalto DE. and AB coin- 


ciding with DE, AC ſhall coincide with DF, becauſe the angle BAC 


is equal to the angle EDF. wherefore alſo the point C ſhall coin- 
cide with the point F, becauſe the ſtraight line AC is equal to DF. 
but the point B coincides with the point E; wherefore the baſe 


BC ſhall coincide with the baſe EF. becauſe the point B coincid- 


ing with E, and C with F, if the baſe BC does not coincide with 
the baſe EF, two ſtraight lines would incloſe a ſpace, which is 


impoſſible*®. Therefore the baſe BC ſhall coincide with the 4, 10. Ax. 


baſe EF, and be equal to it. Wherefore the whole triangle ABC 
ſhall coincide with the whole triangle DEF, and be equal to it; 
and the other angles of the one ſhall coincide with the remaining 


angles of the other, and be equal to them, viz. the angle ABC. 
to the angle DEF, and the angle ACB ro DFE. Therefore if 


two triangles have two ſides of the one equal to two ſides of 


the other, each to each, and have likewiſe the angles contained - 
by thoſe ſides equal to one another; their baſes ſhall likewiſe be 


equal, and the triangles be equal, and their other angles to which 


the equal ſides are oppoſite, ſhall be equal, each to each. Which 


was to be demontſrated. 


PROP. V. THEOR. 


| PHE ang angles at the baſe of an lſoſceles triangle are 

equal to one another; and if the equal ſides be 
produced, the angles upon the other bac of the 1 
ſhall be cqual. 


Let ABC be an Iſoſceles lets of which the ſide AB is equal 


, 
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Book I. to AC, and let the ſtraight lines AB, AC be produced to D and 
[E. the angle ABC ſhall be equal to the angle ACB, and the angle F 
CBD to the angle BCE. 

In BD take any point F, and from AF, the greater, cut off AG 
equal to AF, the leſs, and join FC, GB, 

Becauſe AF is equal to AG, and AB to AC; the two ſides FA, 
AC are equal to the two GA, AB, each to each; and they contain the 
angle FAG common to the two tri- A 
angles AFC, AGB,; therefore thc baſe 
FC is equal Þ to the baſe GB, and the 
triangle AFC to the triangle AGB; 
and the remaining angles of the one 
are equal d to the remaining angles 
of the other, each to each, to which 
the equal ſides are oppoſite z viz. the 
angle ACF to the angle ABG, and the K 
angle AFC to the angle AGB. and be- 
cauſe the whole AF is equal to the D FE. 
whole AG, of which the parts AB, Ac . 
are equal; and the remainder BF ſhall be equal? tothe remainder CG, 
and FC was proved to be equal to GB; therefore the two ſides BF, 
FC are equal to the two CG, GB, each to each; and the angle BFC 
is equal to the angle CG B; and the baſe BC is common to the two 
triangles BFC, CGB; wherefore the triangles are equalb, and their 
remaining angles, each to each, to which the equal ſides are oppoſite. 

therefore the angle FBC is equal tothe angle GCB, and the angle BCF 
to the angle CBG. and ſince it has been demonſtrated that the whole 
angle ABG is equal to the whole AC, the parts of which, the angles 
CBG, BCF are alſo equal; the remaining angle ABC is therefore 
equal to the remaining angle ACB, which are the angles at the baſe 
of the triangle ABC. and it it has alſo been proved that the angle 
FBCis equal to the angle GCB,which are the angles upon the other 
fide of the baſe. Therefore the angles at the baſe, &c. Q. E. D. 

CoroLLary. Henceevery equilateral triangle is alſo equiangular. 


@ 3. 1. 


Cy 3. Ax. 


PR OP. VI. THE OR. 


T* two angles of a triangle be equal to one another, 
the ſides alſo which ſubtend, or are oppoſite to, the 
equal angles ſhall be equal to one another, 


OF EUCLID. 


11 
Let ABC be a triangle having the angle ABC equal to the Bock 1. 


angle ACB; the ſide AB is alſo equal to the fide AC. OW) 


For if AB be not equal to AC, oneof them is greater than the 
other. let AB be the greater, and from it cut“ off DB equal to AC, 
the leſs, and join DC. therefore becauſe in 
the triangles DBC, ACB, DB is equal to 
AC, and BC common to both, the two 
ſides DB, BC are equal to the two AC, 
CB, each to each; and the angle DBC is 
equal to the angle ACB ; therefore the 
baſe DC is equal to the baſe AB, 
and the triangle DBC is equal to the tri- 
angle d ACB, the leſs to the greater; B - 
which is abſurd. Therefore AB is not unequal to AC, that is, 
it is equal to it. Wherefore if two angles, &c. Q. E. D. a 


Cox. Hence erery equiangular triangle is alſo equilateral. 
PROP. VII. THE OR. 


pON the ſame baſe, and on the ſame ſide of it, se N. 


there cannot be two triangles that have their 
ſides which are terminated in one extremity of the 


baſe equal to one another, and likewiſe thoſe which 
are terminated 1n the other extremity. 


If it be poſſible, let there be two triangles ACB, ADB upon the 
fame baſe AB, and upon the fame fide of it, which have their ſides 
CA, DA, terminated in the extremity A of the baſe, equal to 
one another, and likewiſe their ſides 
CB, DB that are terminated in B. C 
Join CD; then, in the caſe in which 
the Vertex of each of the triangles is 
without the other triangle, becauſe AC 
4s equal to AD, the angle ACD is 
equal to the angle ADC. but the 
angle ACD is greater than the angle 
BCD, thereforethe angle ADCis great- 
£r alſo than BCD; much more then is 


the angle BDC greater than the angle BCD, again, becauſe CB 
is equal to DB, the angle BDC is equal * to the angle BCD; but it 
has been demonſtrated to be greater than itz which is * 


A. 3. Ts 


C b. 4. 1. 
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Book I. But if one of the Vertices, as D, be within the other triangle 
WWW ACB; produce AC, AD to E, F. therefore 
becauſe AC is equal to AD in the triangle 
ACD, the angles ECD, FDC upon the o- 
a. 3. 1. ther fide of the baſe CD are equal * to 
one another; but the angle ECD is greater 
than the angle BCD, wherefore the angle 
FDC is likewiſe greater than BCD; much 
more then is the angle BDC greater than 

the angle BCD. again, becauſe CB is e- F_— 7 
qual to DB, the angle BDC is equal * 90A B | 

the angle BCD ; but BDC has been proved to be greater than the 

ſame BCD, which is impoſſible. - The caſe in which the Vertex 

of one triangle is upon a ſide of the other, needs no demonſtration. 
Therefore upon the ſame baſe, and on the ſame ſide of it, there 
cannot be two triangles that have their ſides which are terminated | 

in one extremity of the baſe equal to one another, and likewiſe 

thoſe which are terminated in the other extremity. Q. E. D. 


PROP. VIII. THE OR. 


1 F two triangles have two ſides of the one equal to 

two ſides of the other, each to each, and have like- 
wiſe their baſes equal; the angle which is contained by 
the two ſides of the one ſhall be equal to the angle 
contained by the two ſides equal to them, of the other. 


Let ABC, DEF be two triangles having the two ſides AB, AC 
equal to the two ſides DE, DF, each to each, viz. AB to DE, and 
AC to DF; and alſo , 
the baſe BC equal A D G 
to the. baſe EF. N N 
The angle BAC is 
equal to the angle 
EDF. 

For if the trĩan- 
gle ABC be applied > 1 8 
to DEF fo that the B | CE | F 
point B be on E, and the ſtraight line BC upon EF; the point C 
fhall alſo coincide with the point F, becauſe BC is equal to EF. 
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therefore BC coinciding with EF, BA and AC ſhall coincide with ED Book 1. 
and DF. for if the baſe BC coincides with the baſe EF, but the ſides Ly 
BA, CA do not coincide with the ſides ED, FD, but have a different 
ſituation, as EG, FG; then upon the ſame baſe EF and upon the ſame 

ſide of it there can be two triangles that have their ſides which are 
terminated in one extremity of the baſe equal to one another, and 

likewiſe their ſides terminated in the other extremity. but this is 
impoſſible *. therefore if the baſe BC coincides with the baſe EF, . ,. f. 
the ſides BA, AC cannot but coincide with the ſides ED, DF ; 
wherefore likewiſe the angle BAC coincides with the angle EDF, 

and is equal d to it. therefore if two triangles, &c. Q. E. D. b. v. Aw, 


PROP. IX. PROB. 


Toba given redtilineal angle, that is, to divide 
it into two equal angles. 


Let BAC be the given rectilineal angle, it is required to biſect it. 

Take any point D in AB, and from AC cut * off AE equal to a. 3. f. 
AD; join DE, and upon it deſcribe d A | b. 1. 1. 
an equilateral triangle DEF, then join 
AF. the ſtraight line AF biſects the 
angle BAC. 

Becauſe AD is equal to AE, and AF 
is common to the two triangles DAF, 
EAF; the two ſides DA, AF are equal 
to the two ſides EA, AF, each to each 
and the baſe DF is equal to the baſe B 
EF; therefore the angle DAF is equal 
* to the angle EAF. wherefore the given rectilineal angle BAC c. 8. 1, 
is biſected by the ſtraight line AF, Which was to be done: 


PROP. X. PROB. 


F hs biſeQ a given finite ſtraight line, that is, to di- 
vide it into two equal parts. 


Let AB be the given ſtraight line ; it is required to divide it 
into two equal parts. | 

Deſcribe * upon it an equilateral triangle ABC, and biſect b a. 1. 1. 
the angle ACB by the ſtraight line CD. AB is cut into two: 9% * 
equal parts in the point D. 
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common to the two triangles ACD, 


C. 4. 1. 
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Becauſe AC is equal to CB, and CD 


BCD; the two ſides AC, CD are equal 
to BC, CD, each to each; and the angle 
ACD is equal to the angle BCD; there- 
fore the baſe AD is equal to the baſe © 
DB, and the ſtraight line AB is divided 


into two equal parts in the point D. A 1771 8 = 


Which was to be done. 


PROP. XI. PROB. 


'T: O draw a ſtraight line at right angles to a given 
ſtraight line, from a given point in the ſame. 


Let AB be a given ſtraight line, and C a point given in it; 
it is required to draw a ſtraight line from the point C at right 


angles to AB. | 
Take any point D in AC, and make CE equal to CD, and 


upon DE deſcribe d the equilateral 

triangle DFE, and join FC. the F 

ſtraight line FC drawn from the 

given point C, is at right angles 

to the given ſtraight line AB. 
Becauſe DC is equal to CE, | \ 

and FC common to the two tri- 


angles DCF, ECF; the two ſides „ 2 
DC, CF are equal to the two EC, A D C E B 
CF, each to each; and the baſe DF is equal to the baſe EF; 
therefore the angle DCF is equal © to the angle ECF; and they 


are adjacent angles. but when the adjacent angles which one 


ſtraipht line makes with another ſtraight line are equal to one 
d. 10. Def. another, each of them is called a right 4 angle; therefore each of 


the angles DCF, ECF is a right angle. wherefore from the given 
point C in the given ſtraight line AB, FC has been drawn at 
right angles to AB. Which was to be done. 

Cor. By help of this Problem it may be demonſtrated that 
two ſtraight lines cannot have a common ſegment. 

If it be poſſible, let the two ſtraight lines ABC, ABD have the 
ſegment AB common to both of them. from-the point B draw 
BE at right angles to AB; and becauſe ABC is a ſtraight line, the 


cus ou, 4a. PTY Py ts * 3 
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angle CBE is equal * to the angle E Book 1. 
EBA z in the ſame manner, becauſe F AAY 
ABD is a ſtraight line, the angle | 1. 10. Def. 1. 
DBE is equal to the angle EBA. : 
wherefore the angle DBE is equal | 
to the angle CBE, the leſs to the | D 
C 


greater; which is impoſſible. there- ; 
fore twoſtraight lines cannot have A 18 _ 
a common ſegment. 


PROP. XII. PROB. 


O draw a ſtraight line perpendicular to a given 


ſtraight line of an unlimited length, from a 
given point without it. 


Let AB be the given ſtraight line, which may be produced toany 
length both ways, and let C be a point without it. It is required to 
draw a ſtraight line perpendicular 
to AB from the point C. 

Take any point D upon the C 
other ſide of AB, and from the 
center C, at the diſtance CD, 
deſcribe d the circle EGF meet- 
ing AB in F, G; and biſect 5 
FG in H, and join CF, CH, CG. — (x W 
the ſtraight line CH drawn wont * D 
the given point C, is perpendicular to the given ſtraight line AB. 

Becauſe FH is equal to HG, and HC common tothe twotriangles 
FHC, GHC, the two ſides FH, HC are equal to the two GH, HC, 
each to each; and the baſe CF is equal 4 to the baſe CG; therefore d. 28. Det. 1. 
the angle CHF is equal © to the angle CHG; and they are adjacente. 8. z. 
angles. but when a ſtraight line ſtanding on a ſtraight line makes the 
adjacent angles equal to one another,each of them is a right angle, 
and the ſtraight line which ſtands upon the other is called a perpen- 
dicular to it. therefore from the given point Ca perpendicular CH has 
been drawn to the given ſtraight line AB. Which was to be done. 


PROP. XIII. THE OR. 


PHE angles which one ſtraight line makes with 
another upon one ſide of it, are either two right 
angles, or are together equal to two right angles. 


_ 
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Book 1. Let the ſtraight line AB make with CD, upon one fide of it, 

a) the angles CBA, ABD; theſg are either two right angles, or are 
together equal to two right angles. 

a. Def. 1. For if the angle CBA be equal to ABD, eachof them is a right“ 


A * A 


[ - 


ER a 
SEE SSL. © 
b. 11. x. angle. but if not, from the point B draw BE at right anglesbto CD. 
therefore the angles CBE, EBD are two right angles“. and becauſe 
CBE is equal to the two angles CBA, ABE together; add the angle 
EBD to each of theſe equals, therefore the angles CBE, EBD are 
e. 2. Ax. equal © to the three angles CBA, ABE, EBD. again, becauſe the 
angle DBA is equal to the two angles DBE, EBA, add to theſe 
equals the angle ABC; therefore the angles DBA, ABC are equal to 
the three angles DBE, EBA, ABC. but the angles CBE, EBD have 
been demonſtrated to be equal to the ſame three angles; and things 
| d. 1. Ax, that are equal to the ſame are equal! to one another; therefore the 
Þ angles CBE, EBD are equal to the angles DBA, ABC. but CBE, 
EB Dare two right angles; therefore DBA, ABC are together equal 
to two right angles. Wherefore when a ſtraight line, &c. Q. E. D. 


i T:HEOR: 


| 1 F at a point in a ſtraight line, two other ſtraight | 

lines, upon the oppoſite ſides of it, make the adja- 
cent angles together equal to two right angles, theſe two 
| | ſtraight lines ſhall be in one and the ſame ſtraight line. | 


At the point B in the ſtraight | 
$8 line AB, let the two ſtraight lines, A. 

BC, BD upon the oppoſite ſides e 
of AB, make the adjacent angles | 1 
| ABC, ABD equal together to 

| two right angles. BD is in the E r 
ſame ſtraight line with CB. = 26 r 


For if BD be not in the ſame ; D 
ſtraight line with CB, let BE be © * 


% 7. Bi. tro To 
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in the ſame ſtraight line with it. therefore becauſe the ſtraight line 
AB makes angles with the ſtraight line CBE, upon one fide of it, © 


the angles ABC, ABE are together equal to two right angles; 34 13. 1. 


but the angles ABC, ABD are likewiſe together equal to two right 
angles; therefore the angles CBA, ABE are equal to the angles 
CBA, ABD. take away the common angle ABC; the remaining 
angle ABE is equal b to the remaining angle ABD, the leſs to the b. 
greater, which is impoſſible. therefore BE is not in the ſame ſtraight 
line with BC. And in like manner, it may be demonſtrated that 
no other can be in th2 fame ſtraight line with it but BD, which 
therefore is in the ſame ſtraight line with CB, Wherefore if at 2 
point, &c. Q. E. D. 


PROP: XV. THE OR. 


FF two ſtraight lines cut one another, the vertical, or 
oppoſite, angles ſhall be equal. 


Let the two ſtraight lines AB, CD cut one another in the point E. 
the angle AEC ſhall be equal to the angle DEB, and CEB to AED. 
Becauſe the ſtraight line AE makes with CD the angles CEA, 
AED, theſe angles are together 
equal * to two right angles. again, 
becauſe the ſtraight line DE makes C 
with AB the angles AED, DEB; 
theſe alſo are together equal * too 3 
two right angles. and CEA, AED A B 
have been demonſtrated to be e- N28 
qual to two right angles; where- 5 
fore the angles CEA, AED are 
equal to the angles AED, DEB. take away the common angle 


AED, and the remaining angle CEA is equal b to the femaining b. 3. Ax. 


angle DEB. In the fame manner it can be demonſtrated that 
the angles CEB, AED are equal. therefore if two ſtraight lines, 
& c. Q. E. D. 

Cor. 1. From this it is manifeſt that if two ſtraight lines cut 
one another, the angles they make at the point where they cut, 
are together equal to four right angles. 

Cor. 2. And conſequently that all the angles made by any 
number of lines meeting in one point, are together equal to four 
right angles. 


B 


a. 13. 1. 
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Wy 1 F one fide of a triangle he produced, the exterior 


b. 15. 1. 


c. 3. Is 


d. 15. 1. 


— cauſe ACD is the exterior angle 


2, 10, 1. 
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PROP. XVI. THE OR. 


angle is greater than either of the interior oppo- 
ſite angles. 


Let ABC be a triangle, and let its fide BC be produced to D. 


the exterior angle AC is greater than either of the interior op- 
poſite angles CBA, BAC. 


Biſect AC in E, join BE 
and produce ir to F, and make 
EF equal to BE; join alſo 
FC, and produce AC to G. 

Becauſe AE is equal to 
EC, and BE to EF; AE, EB 
are equal to CE, EF, each to 
each; and the angle AEZ is 
equal b to the angle CEF, be- 
cauſe they are oppoſite verti- 
cal angles. therefore the baſe 
AB is equal © to the baſe 
CF, and the triangle AEB to the triangle CEF, and the remaining 
angles, to the remaining angles, each to each, to which the equal 
ſides are oppoſite. wherefore the angle BAE is equal to the angle 
ECF. but the angle ECD is greater than the angle ECF, there- 
fore the angle ACD is greater than BAE. in the ſame manner, 
if the fide EC be biſected, it may be demonſtrated that the angle 
BCG, that is d, the angle AC, is greater than the angle ABC. 
therefore if one ſide, &c. Q. E. D. 


PROP. XVII. THE OR. 

A two angles of a triangle are together leſs than 
two right angles. 

Let ABC be any triangle; 

any two of its angles together are 


leis than two right angles. 
Produce BC to D; and be- 


of the triangle ABC, ACD is 
greater * than the interior and 
oppoſite angle ABC; to each of 
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theſe add the angle ACB, therefore the angles ACD, Ach are Bock 1. 
greater than the angles ABC, ACB. but ACD, ACB are together, 
equal d to two right angles; therefore the angles ABC, BCA are b. 13. 1. 
leſs than two right angles. in like manner it may be demonſtrated a 
that BAC, ACB, as alſo CAB, ABC are leſs than two right an- 

gles. therefore any two angles, &c. Q. E. D. 


PROP. XVIII. THEO R. 


E greater ſide of every triangle is oppolite to the 
greater angle. 


Let ABC be a triangle of 
which the fide AC is greater than 
the ſide AB; the angle ABC is 
alſo greater than the angle BCA. 

Becauſe AC is greater than 
AB, make * AD equal to AB, 
and join BD. and becauſe ADB B 
is the exterior angle of the tris 
angle BDC, it is greater d than the interior and oppoſite angle h. 76. 3. 
DCB. but ADB is equal © to ABD, becauſe the ſide AB is c. s. 1. 
equal to the fide AD ; therefore the angle ABD is likewiſe greater 
than the angle ACB ; wherefore much more is the angle ABC 
greater than ACB. therefore the greater fide, &c. Q. E. D. 


a. 3. 1. 


PROP. XIX. THE OR. 


T* greater angle of every triangle is ſubtended by 
the greater ſide, or has the greater fide oppoſite to it. 


Let ABC be a triangle of which the angle ABC is greater than 
the angle BCA. the fide AC is likewiſe greater than the fide AB. 
For if it be not greater, AC 
muſt either be equal to AB, or leſs A . 
than it. it is not equal, becauſe 
then the angle ABC would be e- 
qual * to the angle ACB but it 
is not; therefore AC is not equal 
to AB. neither is it leſs ; becauſe 
then the angle ABC would be leſs 
B 2 
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A. 3. 1. 


b. 5.7 


c. 19. 1. 


See N. 
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Book I. b than the angle ACB; but it is not; therefore the fide AC is 


not leſs than AB. and it has been ſhewn that it is not equal to 
b. 18. 2. 


AB. therefore AC is greater than AB. wherefore the greater 
angle, &c. Q. E. D. | 


PROP. XX. THEOR. 


A NY two fides of a triangle are together greater 
than the third fide. 


Let ABC be a triangle; any two ſides of it together are great. 
er than the third fce, viz. the files BA, AC greater than the fide 
BC; and AB, BC greater than AC; and BC, CA greater than AB, 

Produce EA to the point D, : | 
and make AD equal to AC, 
and join DC. 

Becauſe DA is equal to AC, 
the angle ADC is likew.ſe equal 
> to ACD. but the angle BUD 
is greater than the angle ACD 
therefore the angle BCD is preat- 
er than the angle ADC. and becauſe the angle BCD of the tri- 
angle DCB is greater than us angle BDC, and that the greater *© 
ſide is oppoſite to the greater angle, therefore the ſide DB is greater 
than the ſide BC. but DB is equal to BA and AC; therefore the 
ſides BA, AC are greater than BC. in the fame manner it may be 
demonſtrated that the ſides AB, BC are greater than CA; and BC, 
CA greater than AB. therefore any two ſides, &c. Q. E. D. 


PROP. XXI. THEOR. 
F from the ends of the fide of a triangle there be 
drawn two ſtraight lines to a point within the 
triangle, theſe ſhall be leſs than the other two ſides of 
the triangle, but ſhall contain a greater angle. 


Let the two ſtraight lines BD, CD be drawn from B, C, the 
ends of the fide BC of the triangle ABC, to the point D within it. 
BD and DC are leſs than the other two ſides BA, AC of the tri- 
angle, but contain an angle BDC greater than the angle BAC. 

Produce BD to E; and becauſe two ſides of a triangle are great- 
er than the third fide, the two ſides BA, AE of the triangle ABL 


are greater than CD, add DB to 
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are greater than BE. to each of theſe add EC, therefore the ſides Bock l. 


BA, AC are greater than BE, A WY 
EC. again, becauſe the two ſides | 


CE, ED of the triangle CED 


eachof theſe ; therefore the ſides 
Ct, EB are greater than CD, 
D413. but it has been ſhewn that i 
BA, AC are greater than BE, B 9 | 
EC; much more then are BA, AC greater than BD, DC. 

Again becauſe the exterior angle of a triangle is greater than 
the interior and oppoſite angle, the exterior angle BDC of the tri- 
angle CDE is greater than CED. for the fame reaſon, the exterior 
angle CEB of the triangle ABE is greater than BAC. and it has 
been demonſtrated that the angle BDC is greater than the angle 
CEB; much more then is the angle BDC greater than the angle 
BAC. therefore if from the ends of, &c. Q. E. P. 


PROP. XXII. PRO 3. 


4-7 make a triangle of which the ſides ſhall be equal 5e N. 
to three given ſtraight lines; but any two what- 
ever of thele muſt be greater than the third'. 


Let A, B, C be the three given ſtraight lines, of which any two 
whatever are greater than the third, viz. A and B greater than C; 
AandC greater than B; and B and C than A. It is required to make 
a triangle of which the ſides ſhall be equal to A, B, C, each to each. 

Take a ſtraight line DE terminated at the point D, but unli- 
mited towards E, and make 
* DF equal to A, FG to B, 
and GH equal to C; and 
from the center F, at the 
diſtance FD deſcribe d the D 
circle DKL. and fram the 
center G, at the diſtance 
GH deſcribe b another cir- 
cle HLK, and join KF,KG. 
the triangle KFG has its 
fides equal to the three ſtraight lines A, B, C. 

Becauſe the point F is the center of the circle DEL, FD is 

B 3 


2. 40. I, 
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Book I. equal © to FK; but FD is equal to the ſtraight line A; thereforg 
EE is equal to A. again, becauſe G is the center of the drcls LEH, 
5. 15. Def. GH is equal © to GK; but GH is equal to C, therefore alſo GK 


. 22. 1. 


is equal to C. and EG i is equal to B; therefore the three ſtraight 
lines KF, FG, GK are equal to the thine A, B, C. and therefore 
the triangle KFG has its three ſides KF, FG, GK equal to the 
three given ſtraight lines A, B, C. Which was to be done. 


PROP. XXIII. PROB. 
T a given point in a given ſtraight line to make a 
rectilineal angle equal to a given rectilineal angle. 


Let AB be the given ſtraight line, and A the given point in it, 
and DCE the given rectilineal angle; z it is 1 to make an 
angle at the given point 
A in the given ſtraight 


line AB that ſhall be 7 
equal to the given recti- 
lineal angle DCE. 
Take in CD, CE, any 
points D, E, and join DE; 
| 2 2 — 


and make * the triangle D 
AFG the ſides of which 
ſhall be equal to the 


_ three ſtraight lines CD, DE, FC, fo that CD be equal to AF, CE 


to AG, and DE to FG. and becauſe DC, CE are equal to FA, 
AG, each to each, and the baſe DE to the baſe FG; the angle 
DCE is equal b to the angle FAG. therefore at the given point A 
in the given ſtraight line AB, the angle FAG is made equal to 
the given rectilineal angle DCE. Which was to be done. | 


PROP. XXIV. THEOR. 
1 F two triangles have two ſides of the one equal to 
two ſides of the other, each to each, but the angle 
contained by the two ſides of one of them greater than 
the angle contained by the two ſides equal to them, of 
the other; the baſe of that which has the greater angle 

ſhall be greater than the baſe of the other. 
Let ABC, DEF be two triangles which have the two ſides AB, 


5 
5 
2 
\ 
q 


3, 
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AC equal to the two DE, DF, each to each, viz. AB equal to DE, Bock 1. 
and AC to DF ; but the angle BAC greatzr than the angle EDF. YN 
the baſe BC is alſo greater than the baſe EF. | 
Of the two ſides DE, DF let DE be the ſide which is not 
greater than the other, and at the point D in the ſtraight line DE 
make * the angle EDG equal to the angle BAC; and make DG a. 23. r. 
equal d to AC or DF, and join EG, GF. b. 3. f. 
Becauſe AB is equal to DE, and AC to DG, the two ſides 
BA, AC are equal to the two ED, DG, each to each, and the 
angle BAC is equal to A 
the angle EDG; __ 
fore the baſe BC is e- 
qual © to the baſe EG. 
and becauſe DG is e- 
qual to DF, the angle 
Dr is equal 4 to the 
angle DGF; but the — 
angle DGF is greater. B C 
than the angle EGF, 
therefore the angle DFG is greater than EGF; and much more 
is the angle EFG greater than the angle EGF. and becauſe the 
angle EFG of the triangle EFG is greater than its angle EGF, 
and that the greater © ſide is oppoſite to the greater angle; thee. rg. 1. 
fide EG is therefore greater than the fide EF. but EG is equal 
to BC; and therefore alſo BC is greater than EF. therefore if 
two triangles, &c. Q. E. D. 


C. 4. 1. 


PROP. XV. THE OX. 


1 F two triangles have two ſides of the one equal to 

two ſides of the other, each to each, but the baſe 
of the one greater than the baſe of the other; the angle 
alſo contained by the ſides of that which has the greater 
baſe, ſhall be greater than the angle contained by the 


lides equal to them, of the other. 


Let ABC, DEF be two triangles which have the two ſides AB, 
AC equal to the two ſides DE, DF, each to each, viz. AB equal 
to DE, and AC to DF; but the baſe CB greater than the baſe 
EF. the angle BAC is likewiſe greater than the angle EDF. 

B 4 
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Book 1, For if it be not greater, it muſt either be equal to it, or lefs, 


dot the angle BAC is not equal to the angle EDF, becauſe then 
the baſs BC would be 


8.41, qual to EF. but it 
; | is not ; therefore the 
angle BAC is not e- D 
qual to the angle EDF. | 

ncither is it leſs ; be- 
cauſe then the baſe BC 
would be leſs Þ than 
the baſe EF; but it is | J 
not; therefore the an- C F 
gle BAC is not leſs than the angle EDF. and it was ſhewn that 
it is not equal to it z therefore the angle BAC is greater than the 
angle EDF. Wherefore if two triangles, &c. Q. E. D. 


b. 34. 1. 


PROP. XXVI. THE OR. 


F two triangles have two angles of one equal to two 
angles of the other; each to each, and one ſide equal 

to one ſide, viz. either the ſides adjacent to the equal 
angles, or the ſides oppoſite to equal angles in each; 
then ſhall the other ſides be equal, each to each, and alſo 
the third angle of the one to the third angle of the other. 


Leet ABC, DEF be two triangles which have the angles ABC, 
BCA equal to the angles DEF, EFD, viz. ABC to DEF, and BCA 
to EFD; alſo one ſide equal to one fide; and firſt, let thoſe ſides be 
equal which are adjacent to the angles that are equal in the two tri- 
angles, viz. BC to EF. the other ſides ſhall be equal, each to each, 
viz. AB to DE, and D 
AC to DF; and the 
third angle BAC to the 
third angle EDF. 

For if AB be not 
equal to DE, one of 
them muſt be the 
greater. Let AB be py © | $34 
the greater of the two, B C E F 

and make BG equal to DE, and join GC. therefore becauſe BG is 
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equal to DE, and BC to EF, the two ſides GB, BC are equal to Book 2 


the two DE, EF, each to each; and the angle GC is equal to the: 
angle DEF; therefore the baſe GC is equal * to the baſe DF, anda. 4. 1. 
th- triangle GBC to the triangle DEF, and the other angles to the 

other angles, each to each, to which the equal ſides are oppoſite; 
therefore the angle GCB is equal to the angle DFE ; but DFE is, 

by the hypotheſis, equal to the angle BCA; wherefore alſo the 
angle DCU is equal to the angle BCA, the leſs to the greater, 
which is impoſſible. therefore AB is not unequal to DE, that is, 

it is equal to it. and BC is equal to EF; therefore the two AB, BC 

art equal to the two DE, EF, each to mh; and the angle ABC 

is qu il to the angle DLF, the baſe cherefary AC is equal © to the 


bai. , and the third angle BAC to the third angle EDF. 
Next, let the ſides 


which arc oppoſite to | 
equal angles in each A D 
triangle be equal to 
one another, viz. AB 
to DE ; likewiſe in 
this caſe, the other 
fides ſhall be equal, 
AC to DF, and BC | —.— | 
to EF; and allo the 3 He 10 E 
third angle BAC to the third EDF. 

For if BC be not equal to EF, let BC be the greater of them, 
and make BH equal to EF, and join AH, and becauſe BH is equal 
to EF, and AB to DE; the two AB, BH are equal to the two 
DE, EF, each to each; and they contain equal angles; therefore 
the baſe AH is equal to the baſe DF, and the triangle ABH to 
the triangle DEF, and the other angles ſhall be equal, each to 
each, to which the equal ſides are oppoſite. therefore the angle 
BHA is equal to the angle EFD. but EFD is equal to the angle 
BCA; therefore alſo the angle BHA is equal to the angle BCA, 
that is, the exterior angle BHA of the triangle AHC is equal to 
its interior and oppoſite angle BCA; which is impoſſibleb. where- b. 16. x: 
fore BC is not unequal to EF, that is, it is equal to it; and AB 
is equal to DE ; therefore the two AB, BC are equal to the two 
DE, EF, each to each; and they contain equal angles; wherefore 
the baſe AC is equal to the baſe DF, and the third angle BAC 
to the third angle EDP. therefore if two &c. Q. E. N. 
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Book I. PROP. XXVII. THEOR. 
WY FF a ſtraight line falling upon two other ſtraight lines 
makes the alternate angles equal to one another, 

theſe two ſtraight lines ſhall be parallel. 

Let the ſtraight line EF which falls upon the two ſtraight lines 
AB, CD make the alternate angles AEF, EFD equal to one ano- 
ther; AB is parallel to CD. 

For if it be not parallel, AB and CD being produced ſhall meet 
either towards BD or towards AC. let them be produced and meet 
towards BD in the point G; therefore GEF is a triangle, and its 

8. 16. 1. exterior angle AEF is greater * than the interior and oppoſite angle 
EFG ; but it is alſo equal to 


it, which is impoſſible. 4 E. 
fore AB and CD being pro- A 


duced do not meet towards 

BD. in like manner it may be = 8 
demonſtrated that they do not 7 C F 5 

meet towards AC. but thoſe 

ſtraight lines which meet nei- 


b. 35. Def. ther way tho' produced ever ſo far are parallel b to one another. AB 
therefore is parallel to CD. V herefore if a ſtraight line, &c. Q. E. D. 


PROP. XXVIII. THEOR, 
FF a ſtraight line falling upon two other ſtraight lines 
: makes the exterior angle equal to the interior and 
oppoſite upon the ſame ſide of the line; or makes the 
interior angles upon the ſame fide together equal to 
two right angles; the two ſtraight lines ſhall be parallel 


to one another. 


Let the ſtraight line EF which falls Eon the two ſtraight lines 
AB, CD make the exterior an gle E. 


EGB equal to the interior and op- 

poſite angle GHD upon the ſame 88 
ſide; or make the interior angles A — 8 
on the ſame ſide BGH, GHD to- X | 
gether equal to two right angles. C 


AB is parallel to CD. * 


Becauſe the angle EGB is equal 
to the angle GHD, and the angle 


OF EUCLID. 27 


EGB equal * 10 the angle AGH, the angle AGH is equal to the Book 1. 
angle GID; and they are the alternate angles; therefore AB is uy 
parallel b to CD. again, becauſe the angles BGH, GHD are equal fa. rs. 1. 
to two right angles, and that AGH, BGH are alſo equal d to twoÞ: 27 1. 
right angles; the angles ACH, BGH are equal to the angles BGH, Fa OY OT 
GHD. take away the common angle BGH, therefore the remain- = 
ing angle AGH is equal to the remaining angle GHD ; and they 

are alternate angles; therefore AB is parallel to CD. hereford 

if a ſtraight line, &c. Q. E. D. 


PROF... AX. THEOR. 
FE: a ſtraight line falls upon two parallel ſtraight lines, 8e the 


it makes the alternate angles equal to one another 3 


and the exterior angle equal to the interior and oppoſite don. 
upon the ſame fide; and likewiſe the two interior angles 
upon the ſame ſide together equal to two right angles. 


Let the ſtraight line EF fall upon the parallel ſtraight lines AB, 
CD. the alternate angles AGH, GHD are equal to one another 
and the exterior angle EGB is equal to the interior and oppoſite, 
upon the ſame ſide, GHD; and the 
two interior angles BGH, GD upon E 
the ſame ſide are together equal to 
two right angles. A Ss: B 
For if AGH be not equal to GHD, 
one of them muſt be greater than the — 
other; let AGH be the greater. and be- C HN D 
cauſe the angle AGH is greater than 
the angle GHD, add to each of them 
the angle BGH ; therefore the angles AGH, BGH are greater than 
the angles BGH, GHD. but the angles AGH, BGH are equal * to. 13. r; 
two right angles; therefore the angles BGH, GHD are leſs than 
two right angles. but thoſe ſtraight lines which with another ſtraight 
line falling upon them make the interior angles on the ſame fide 
leſs than two right angles, do meet * together if continually pro- 12. Ax. 
duced ; therefore the ſtraight lines AB, CD if produced far enough 8 the 
ſhall meet. but they never meet, ſince they are parallel by the Hy- N 
potheſis. therefore the angle AGH is not unequal to the angle GHD, gtion. 
that is, it is equal to it. but the angle AGH is equal b to the angle b. 156. 2. 


EGB; therefore likewiſe EGB is equal to GHD. add to each of 
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Book 1 theſe the angle BGH, therefore the angles EGB, BGH are equal 
A to the angles BGH, GHD; but EGB, BGH are equal © to two 


A. 29, Is 


right angles; therefore alſo BGH, GHD are equal to two right 
angles. wherefore if a ſtraight line, &c. Q. E. D. 


PROP. XX. THEOR. 


TRaA1GHT lines which are parallel to the ſame 
ſtraight line, are parallel to one another. 


Let AB, CD be each of them parallel to EF; AB is alſo parallel 
to CD. 

Let the ſtraight line GHE cut AB, EF, CD; and becente GHR 
cuts the parallel ſtraight lines AB, 
EF, the angle AGH is equal * to 
the angle GH F. again, becaule the 
ſtraight line GK cuts the parallel A 
ſtraight lines EF, CD, the angle 
GHF is equal * to the angle E 
GED. and it was ſhewn that the 


angle AG is equal to the angle C= * — 


GHF ; therefore allo AGE is es 

qual to GKD. and they are alter- 

nate angles; therefore AB is parallel Þ to CD. wherefore ſtraight 
lines, &c, Q. E. D. 


0 PROP. XXXI. PROB. 


O draw a ſtraight line thro' a given point parallel 
to a given ſtraight line. 


Let A be the given point, and BC the given ſtraight line ; it is 
required to draw a ſtraight line thro' 
the point A, parallel to the fraight E A F 
line BC. 

In BC take any point D, and join 
AD; and at the point A in the ſtraight — 
line AD make * the angle DAE -B D C 
qual to the angle ADC; and produce the ſtraight line EA to F. 

Becauſe the ſtraight line AD which meets the two ſtraight 
lines BC, EF, makes the alternate angles EAD, ADC equal to one 
another, EF is parallel b to BC. therefore the ſtraight line EAT is 
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drawn thro' the given point A parallel to the gtven ſtraight line Book 1. 
BC. Which was to be done. IV) 


PROP. XXI. THEOR. 


F a fide of any triangle be produced, the exterior 

angle is equal to the two interior and oppoſite 

angles; and the three interior angles of every triangle 
are equal to two right angles. f 


Let ABC be a triangle, and let one of its ſides BC be pro- 
duced to D. the exterior angle AC is equal to the two interior 
and oppoſite angles CAB, ABC; and the three interior angles of 
the triangle, viz. ABC, BCA, CAB are together equal to two 
right angles. 

Thro' the point C draw CE parallel * to the ſtraight line AB. a. p. 1. 
and becauſe AB is parallel to 
CE, and AC meets them, the 
alternate angles BAC, ACEare A 
equal b. again becauſe AB is b. 89. Io 
parallel to CE, and BD falls 
upon them, the exterior angle | 
ECD is equal to the interior — 
and oppoſite angle ABC. butB C D 
the angle ACE was ſhewn to be equal to the angle BAC; therefore 
the whole exterior angle ACD is equal to the two interior and op- 
polite angles CAB, ABC. to theſe equals add the angle ACB, and 
the angles ACD, ACB are equal to the three angles CBA, BAC, 

ACB. but the angles ACD, ACB are equal © to two right angles; c. az. r. 
therefore alſo the angles CBA, BAC, ACB are equal to two right 
angles. wherefore if a ſide of a triangle, &c. Q. E. D. 

Cor. 1. All the interior angles 
of any rectilineal figure, together 
with four right angles, are equal 
to twice as many right angles as 
the figure has ſides. 

For any rectilineal figure ABCDE 
can be divided into as many trian- 
gles as the figure has ſides, by 
drawing ſtraight lines from a point 
F within the figure to each of its 
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Book I. angles. And, by the preceding Propoſition, all the angles of theſe 
angles are equal to twice as many right angles as there are tri- 
angles, that is, as there are ſides of the figure. and the ſame angles 
are equal to the angles of the figure, together with the angles at 
a. 3. Cer. the point F which is the common Vertex of the triangles ; that is*, 
151. together with four right angles. Therefore all the angles of the 
figure, together with four right angles, are equal to twice as many 
right angles as the figure has ſides. 
Co. 2. All the exterior angles of any rectilineal figure are to- 
gether equal to four right angles. 
Becauſe every interior angle 
ABC with its adjacent exterior 
b. 13. 1. ABD is equal Þ to two right an- 
gles ; therefore all the interior to- A 
gether with all the exterior angles | 
of the figure, are equal to twice 
as many right angles as there are | 
ſides of the figure, that is, by tge C 
foregoing Corollary, they are equal D B * 
to all the interior angles of the figure, together with four right 
angles. therefore all the exterior angles are equal to four right 
angles. 


» 


PROP. XXXIII. THE OR. 


1 * ſtraight lines which join the extremities of two 
2 equal and parallel ſtraight lines, towards the 
ſame parts, are alſo themſelves equal and parallel. 


Let AB, CD be equal and parallel ſtraight lines, and joined to- 
wards the ſame parts by the ſtraight A 
lines AC, BD; AC, BD are alſo 
equal and parallel. 
Join BC, and becauſe AB is pa- 
rallel to CD, and BC meets them; INE Fs | 
the alternate angles ABC, BoD C D 
a. 29. 1. areequal*; and becauſe AB is equal to CD, and BC common to 
the two triangles ABC, DCB, the two ſides AB, BC are equal to 
the two DC, CB; and the angle ABC is equal to the angle BCD; 
v. 4-1, therefore the baſe AC is equal b to the baſe BD, and the triangle 
ABC to the triangle BCD, and the other angles to the other an- 
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gles v, each to each, to which the equal ſides are oppoſite. there- Book 1. 
fore the angle ACB is equal to the angle CBD. and becauſe the ._ya 
ſtraight line BC meets the two ſtraight lines AC, BD and makesb. 4. 1. 
the alternate angles ACB, CBD equal to one another, AC is pa- 


rallel e to BD. and it was ſhewa to be equal to it. theretore © 27. 1. 
ſtraight lines, &C. Q. E. D. 


PROP. XXXIV. THEO R. 


1 oppoſite ſides and angles of parallelograms are 
equal to one another, and the diameter biſects 
them, that is, divides them into two equal parts. 
N. B. A Parallelogram is a four fided figure of which 
the oppoſite fides are parallel. and the diameter is the 
ſtraight line joining two M its oppoſite angles. 


Let ABCD be a parallelogram, of which BC is a diameter. 


the oppoſite ſides and angles of the figure are equal to one ano- 


ther; and the diameter BC biſects it. 

Becauſe AB is parallel to CD, and BC meets them, the alternate 
angles ABC, BCD are equal * to A 29. 7 
one another, and becauſe AC is He B 
parallel to BD, and BC meets 
them, the alternate angles ACB, 
CBD are equal * to one another. 
wherefore the two triangles ABC, 
CBD have two angles ABC, BCA D 
in one, equal to two angles BCD, CBD in the other, each to each, 
and one {ide BC common to the two triangles, which is adjacent 
to their equal angles; therefore their other ſides ſhall be equal, 
each to each, and the third angle of the one to the third angle of 
the other b, viz. the ſide AB to the ſide CD, and AC to BD, and b. 26. 1. 
the angle BAC equal to the angle BDC. and becauſe the angle 
ABC is equal to the angle BCD, and the angle CPD to the angle 
ACB; the whole angle ABD is equal to the whole angle ACD. 
and the angle BAC has been ſhewn to be equal to the angle BDC; 
therefore the oppoſite ſides and angles of parallelograms are equal 
to one another. alſo, their diameter biſects them. for, AB being 
equal to CD, and BC common; the two AB, BC are equal to the 
two DC, CB, each to each; and the angle ABC is equal to the 
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Book 1, angle BCD ; therefore the triangle ABC is equal © to the triangle 
YSY BCD, and the diameter BC divides the parallelogram ACDB into 
c. 4.1 two equal parts. Q. E. D. 


PROP. XXV. THE OR. 


See N. F upon the ſame baſe and between 
the ſame parallels, are equal to one another. 


2 pt = Let the parallelograms ABCD, EBCF be upon the ſame baſe 

Figures. BC and between the ſame parailets AF, BC. the parallelogram 
ABCD ſhall be equal to the parallelogram EBCF. 

If the ſides AD, DF of the parallelograms ABCD, DBCF oppo- 
ſite ro the baſe BC, be terminared in I 
the ſame point D; it is plain that each ; 

a. 34.3, Of the parallelograms is double * of the A D F 
triangle BDC; and they are therefore 
equal to one another. 

But if the ſides AD, EF oppoſite tothe 
baſe BC of the parallelograms ABCD, . 
EBCF be not terminated in the fameB C 
point; then becauſe ABCD is a parallelogram, AD is equal * to 
BC; for the ſame reaſon, EF is equal to BC; wherefore AD is 

b. 1. Az, Equal d to EF; and DE is common; therefore the whole, or the 

c. 3. or 3. remainder, AE is equal © to the whole, or the remainder DF; 

Ax AB alſo is equal to DC ; and the two EA, AB are therefore equal 


A DE FAE D F 
3 Wo [ 


\ 


B C B C 
to the two FD, DC, each to each; and the exterior angle FDC 
d. 29. 1. is equal © to the interior EAB ; therefore the baſe EB is equal to 
c. 4-1. the baſe FC, and the triangle EAB equal © to the triangle FDC. 
take the triangle FDC from the trapezium ABCF, and from the 
ſame trapezium take the triangle EAB; the remainders therefore are 


f. 3. Ax. equal ff, that is, theparallelogram ABCDisequal to the paraliclogram 
EBCF. therefore parallelograms upon the ſame baſe, &c. Q. E. D. 
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a PROP. XXVI. THEOR png 
= ; ; AY 
JARALLELOGRAMS upon equal baſes and between 

the fame parallels, are equal to one another. 
n Let ABCD, EFGH be parallelograms upon equal baſes BC, FG, 
and between the ſame pa- | 
el AH, BG; the paral- A D E H 
15 lelogram ABCD is equal 
. to EFGH. 


Join BE, CH; and be- 
1 cauſe BC is equal to FG, 
and FG to * EH, BC is —_- : | % 26.67 
equal to EH; and they B C F OE 
are parallels, and joined towards the ſame parts by the ſtraight 
lines BE, CH. but ſtraight lines which join equal and parallel 
ſtraight lines towards the ſame parts, are themſelves equal and 
parallel d; therefore EB, CH are both equal and parallel, and. 33. 6. 
EBCH is a parallelogram ; and it is equal © to ABCD, becauſe it© 35. r 
is upon the ſame baſe BC, and between the ſame parallels BC, 
- AD. for the like reaſon the parallelogram EFGH is equal to the 
= ſame EBCH. therefore alſo the parallelogram ABCD is equal to 
- EFGH. Wherefore parallelograms, &c. Q. E. D. 


v-. = M. 


1 PRO P. XVII. THE OR. 


TP Rraxorns upon the ſame baſe, and between the 
ſame parallels, are equal to one another. 


Let the triangles ABC, DBC be upon the ſame baſe BC and 
between the ſame parall AD F 
AD, BC. the triangle ABC is | 
equal to the triangle DBC. 

Produce AD both ways to 
the points E, F, and thro' B 
draw * BE parallel to CA; 
and thro C draw CF parallel _ 
to BD. therefore each of the B C 
igures EBCA, DBCF is a parallelogram ; and EBCA is equal b tob. 35+ *: 
DBCF, becauſe they are upon the ſame baſe BC, and between the 
kme parallels BC, EF; and the triangle ABC is the half of the pa- 

© | 


1 


I» 13. Is. 


Cs a 


34 


THE ELEMENTS 


Book I. rallelogram EBCA, becauſe the diameter AB biſects © it; and the 
WW triangle DBC is the half of the parallelogram DBC, becauſe 


C. 24 1. 


the diameter DC biſects it. but the halves of equal things are e- 


d. 2. AX. qual 4; therefore the triangle ABC is equal to the triangle DBC. 


& 31. Io 


b. 36. 1. 


b. 0. To 


Wherefore triangles, &c. Q. E. D. 


PROP. XVXVIII. THE OR. 


R1ANGLES upon equal baſes, and between the 
ſame parallels, are equal to one another. 


Let the triangtes ABC, DEF be upon equal baſes BC, EF, and 
between the fame parallels BF, AD. the triangle ABC is equal 


to the triangle DEF. 


Produce AD both ways to the points G, H, and thro' B draw 
BG parallel * to CA, and thre” F draw FH parallel to ED. then 


each of the figures 
HH 
F 


GBCA, DEFH is a K D 


parallelogram; and 
they are equal b to. 
one another, becauſe 
they are upon equal 
baſes BC, EF and be- — 


tween the ſame paral- B | CE 
lels BF, GH; and the triangle ABC is the half e of the paral- 


-lelopram GBCA, becauſe the diameter AB biſects it; and the 


triangle DEF is the half © of the parallelogram DEFH, becauſe 
the diameter DF bife&s it. but the halves of equal things are 


d. 7. Ax. equal d; therefore the triangle ABC is equal to the triangle 


a. 31. 1. A draw * AE parallel to BC, and join EC, the triangle ABC is 


E 


DEF. Wheretore triangles, &c. Q. E. D. 


PROP. XXIX. THEOR. 


QUAL triangles upon the ſame baſe, and upon the 
fame fide of it, are between the fame parallels. 


Let the equal triangles ABC, DBC be upon the ſame baſe BC, 
and upon the ſame fide of it; they are between the ſame parallels. 
Join AD; AD is parallel to BC; for if it is not, thro' the point 
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equal b to the triangle EBC, becauſe it is upon the ſame baſe BC, Book 1. 
and between the ſame parallels BC, AE. A D LARS 
but the triangle ABC is equal to the tri- b. 37. 1. 
angle BDC; therefore alſo the triangle 
BDC is equal to the triangle EBC, the 
greater to the leſs, which is impoſſible. 
therefore AE is not parallel to BC. in 
the ſame manner it can be demonſtrated 
that no other line but AD is parallel to BC; AD is therefore pa- 
rallel to it. Wherefore equal triangles upon, &c. Q. E. D. 


| PROP. AL THEOR. 
1 triangles upon equal baſes, and towards the 
1 ſame parts, are between the ſame parallels. 
Let the equal triangles ABC, DEF be upon equal baſes BC, EF, 
and towards the ſame parts; 
they are between the ſame A D 
parallels. 
Join AD; AD is parallel 
to BC. for if it is not, thro? © 
A draw AG parallel to BF, 
. and join GF. the triangle g 1 _—— 
e ABC is equal b to the wiangieD C E F 
c GEF, becauſe they are upon equal baſes BC, EF, and between the 
e dame parallels BF, AG. but the triangle ABC is equal to the tri- 
e angle DEF; therefore alſo the triangle DEF is equal to the tri- 


angle GEF, the greater to the leſs, which is impoſſible. therefore 
AG is not parallel to BF. and in the ſame manner it can be demon- 
ſtrated that there is no other parallel to it but AD, AD is there- 
fore parallel to BF. Wherefore equal triangles, &c. Q. E. D. 


PROP. XI. THE OR. 


J* 2 parallelogram and triangle be upon the ſame 
baſe, and between the ſame parallels ; the paral- 


lelogram ſhall be double of the triangle. 
| C 2 


1 — — —— _ 
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Rook 1, Let the parallelogram ABCD and the triangle EBC be upon 
ya) the ſame baſe BC, and between the ſame parallels BC, AE; the 
parallelogram ABCD is double of the A D E 
triangle EBC. b 
Join AC; then the triangle ABC is 
a. 37. 1. equal * to the triangle EBC, becauſe 
they are upon the ſame baſe BC, and 
betwcen the ſame parallels BC, AE. 
b. 34. 1. but the parallelogram ABCD is double | 
of the triangle ABC, becauſe the dia- B 0 
meter AC divides it into two equal 
parts; wherefore ABCD is alſo double of the triangle EBC. there- 
fore if a parallelogram, &c. Q. E. D. 


PROP. XIII. PR O3. 


: | O deſcribe a parallelogram that ſhall be equal to 
a given triangle, and have one of its angles 
equal to a given rectilineal angle. | 


Let ABC be the given triangle, and D the given rectilineal an- 
gle. It is required to deſcribe a parallelogram that ſhall be equal 
to the given triangle ABC, and have one of its angles equal to D. 
a. 10. 1. Biſect BC in E, join AE, and at the point E in the ſtraight 
5 line EC make > the angle CEF equal to D; and thro A draw *AG 
zn parallel to EC, and thro'C draw 
CG parallel to EF. therefore AF _G 
FECG is a parallelogram. and be- | 
cauſe BE is equal to EC, the tri- 
d. 39. 1. angle ABE is likewiſe equal 4 to 3 
the triangle AEC, ſince they are 
upon equal baſes BE, EC and be- Fe: 
tween the ſame parallels BC, AG; 1 TM 
therefore the triangle ABC is dou-B E C 
ble of the triangle AEC. and the parallelogram FECG is likewiſe 
©. 41. 1. double © of the triangle AEC, becauſe. it is upon the ſame baſe, 
and between the ſame parallels. therefore the parallelogram FECG 
is equal to the triangle ABC, and it has one of its angles CEF e- 


qual to the given angle D. wherefore there. has been deſcribed 2 


B 2 


2 
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parallelogram FEC G equal to a given triangle ABC, having one of Book 1. 
its angles CEF equal to the given angle D. Which was to be done 


PROP. XLII. THE OR. 
5 RT complements of the parallelograms which are 
about the diameter of any parallelogram, are 
equal to one another. 


Let ABCD be a parallelogram, of which the Game | is AC, 
and EH, FGthe parallelograms 
about AC, that is, thre' which A —1 = 
AC paſſes, and BK, KD the 
other parallelograms which 
make np the whole figure 
ABCD, which are therefore 
called the complements. the 
complement BK is equal to 
the complement KD. 

Becauſe ABCD is a parallelogram, and AC its diameter, the 
triangle ABC is equal * to the triangle ADC. and becauſe EKHA ®- 3+ 1. 
is a parallelogram, the diameter of which is AK, the triangle AEK | 
is equal to the triangle AHK. by the ſame reaſon, the triangle 
KGC is equal to the triangle KFC. then becauſe the triangle AEK 
is equal to the triangle AHK, and the triangle KGC to KFC; 
the triangle AEK together with the triangle KGC is equal 
to the triangle AHK together with the triangle KFC. but the 
whole triangle ABC is equal to the whole ADC; therefore the 
remaining complement BK is equal to the remaining complement 
KD. Wherefore the complements, &c. Q. E. D. 


PROP. XLIV. PROB. 


Oa given ſtraight line to apply a parallelogram, 
- which ſhall be equal to a given triangle, and have 
one of its angles equal to a given rectilineal angle, 


Let AB be the given ſtraight line, and C the given triangle, and 
D the given rectilineal angle. It is required to apply to the 
ſtraight line AB a parallelogram equal to the triangle C, and have 
ing an angle equal to D. | 
C3 
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La. parallelogram 


a. 42+ 1. 


Þ. 3. 1. 


. 29. Is 


d. 13. Ax. 


c. 43. 1. 
g. 16. Is 


a. 42. 1. 


b. 44 · I, 
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BEFG equal to 
the triangle C 
and having the 
angle EBG e- 
quał to the angle 
D, ſo that BE * —— 3 
be in the ſame HI A L 
ſtraight line with AB, and produce FG to H; and thro? A draw 
b AH parallel to BG or EF, and join HB. then becauſe the ſtraight 
line HF ſails upon the parallels AH, EF, the angles AHF, HFE 
are together equal © to two right angles; wherefore the angles 
BHF, HFE are leſs than two right angles. but ſtraight lines 
which with another ſtraight line make the interior angles upon the 
ſame ſide leſs than two right angles, do meet 4 if produced far 
enough. therefore HB, FE (hall meet, if produced; let them meet 
in K, and thro' K draw KL parallel to EA or FH, and produce 
HA, GB to the points L, M. then HLK is a parallelogram, of 
which the diameter is HK, and AG, ME are the parallelograms 
about HK; and LB, BF are the complements; therefore LB is e- 
qual © to BF. but BF is equal to the triangle C; wherefore LB i; 
equal to the triangle C. and becauſe the angle GBE is equal f 
to the angle ABM, and likewiſe to the angle D; the angle ABM 
is equal to the angle D. therefore the parallelogram LB is applied 
to the ſtraight line AB, is equal to the triangle C, and has the 
angle ABM equal to the angle D. Which was to be done, 
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PROP. XLV. PRO B. 


O deſcribe a parallelogram equal to a given rectili- 


neal figure, and having an angle equal to a gt 
ven rectilineal angle. 35 
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Let ABCD be the given rectilineal figure, and E the given rec- 
tilineal angle. It is required to deſcribe a parallelogram equal to 
ABCD and having an angle equal to E. 

Join DB, and deſcribe * the parallelogram FH equal to the 
triangle ADB, and having the angle HKF equal to the angle E; 
and to the ſtraight line GH apply b the parallelogram GM equal 
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to the triangle DBC having the angle GH M equal to the angle E. Bock 1. 
and becauſe the angle E is equal to each of the angles FRH, HM, 
the angle FKH is equal to Ra add to each of theſe the angle | 


KHG; N 
the angles KH. 2. F G L 


KHG are equal to 

the angles KHG, 

GHM. but FKH, 
KHG are equal © e. 29. 1. 
to two right an- 


les; therefore alſo 
KHG, GHM are K H NM 
equal to two right angles. and . at the point H in the ſtraight 
line GH, the two ſtraight lines KH, HM upon the oppoſite ſides 
of it make the adjacent angles equal to two right angles, KH is in 
the ſame ſtraight 4 line with HM. and becauſe the ſtraight lined. 14. 1. 
HG meets the parallels KM, FG, the alternate angles MHG, HGF 
are equal © ; add to each of theſe the angle HGL; therefore the 
angles MHG, HGL are equal to the angles HGF, HGL. but the 
angles MHG, HGL are equal © to two right angles; wherefore 
alſo the angles HGF, HGL are equal to two right angles, and FG 
is therefore in the ſame ſtraight line with GL. and becauſe KF is 
parallel to HG, and HG to ML; KF is parallel? to ML. and KM, e. 30. 2. 
FL are parallels; wherefore KFLM is a parallelogram. and becauſe 
the triangle ABD is equal to the parallelogram HF, and the tri- 
angle DBC to the parallelogram GM; the whole rectilineal figure 


| ABCD is equal to the whole parallelogram KFLM. therefore the 


parallelogram KFLM has been deſcribed equal to the given rec- 
tilineal figure ABCD, having the angle FRM equal to the given 
angle E. Which was to be done. 

Cor. From this it is manifeſt how to a given ſtraight line to 
apply a parallelogram, which ſhall have an angle equal to a given 
rectilineal angle, and ſhall be equal to a given rectilineal figure, 
viz, by applying v to the given ſtraight line, a parallelogram equal b 44, 
to > firſt triangle ABD, and ug an angle equal to the given 
ge. 


C 4 oo 


A. 11. 1. 


b. 3. 1. 


C. 31. I, 


d. 34. 1. 


8. 29. 1. 


&. 46. 1. 
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PROP. XVI. PROB. 
* O deſcribe a ſquare upon a given ſtraight line, 


Let AB be the given ſtraight line; it is required to deſcribe a 
ſquare upon AB, 

From the point A draw * AC at right angles to AB; and make 
b AD equal to AB, and thro' the point D draw DE parallel © to 
it, and thro' B draw BE parallel to AD. therefore ADEB is a pa- 
rallelogram ; whence AB is equal 4 to DE, and AD to BE. but 
BA is equal to AD; therefore the four C 
ſtraight lines BA, AD, DE, EB are e- 
qual to one another, and the parallelo- 
gram ADEB is equilateral. likewiſe all D E 
its angles are right angles; becauſe the 
ſtraight line AD meeting the parallels 
AB, DE, the angles BAD, ADE are 
equal © to two right angles; but BAD 
is a right angle, therefore alſo ADE is 
a right angle. but the oppoſite angles A 2 B 
of parallelograms are equal d; therefore each of the oppoſite angles 
ABE, BED is a right angle wherefore the figure ADEB is rec- 
tangular. and it has been demonſtrated that it is Yquilateral ; it is 
therefore a ſquare, and it is deſcribed upon the given ſtraight line 
AB. Which was to be done. 

Cor. Hence every parallelogram that has one right angle has 
all its angles right angles. 


PROP, XLVI. THEOR, 


JN any right angled triangle, the ſquare which is de- 

ſcribed upon the fide ſubtending the right angle, 
is equal to the ſquares deſcribed upon the fides which 
contain the right angle. 


Let ABC he a right angled triangle having the right angle 
BAC ; 3 the ſquare deſcribed upon the tide BC, is equal to the 
{quares deſcribed upon BA, AC. 


On BC deſcribe * the ſquare BDEC, and on BA, AC the ſquares 
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GB, HC; and thro' A draw Þ AL parallel to BD or CE, and join Book 1. 
AD, FC. then becauſe each of the angles BAC, BAG is a cight AY 
angle*, the two ſtraight lines 8 b. 31. 1. 
AC, AG upon the oppoſite c. 30. Def. 

ſides of AB, make with it at H 
the point A the adjacent angles E A C 

equal to two right angles * 2 
therefore CA is in the ſame K 
ſtraight line 4 with AG. for | d. 14. 2. 
the ſame reaſon, AB and AH B | 

are in the ſame ſtraight line. 
and becauſe the angle DBC is t 
equal to the angle FBA, each | 
of them being a right angle, | 
add to each the angle ABC, D =. E 

and the whole angle DBA is 

equal © to the whole FBC. and becauſe the two ſides AB, BD are e. . Ax, 
equal to the two FB, BC, each to each, and the angle DBA equal 

to the angle FBC; therefore the baſe AD is equal f to the baſe FC, f. 4. x. 
and the triangle ABD to the triangle FBC. now the parallelogram 

BL is double * of the triangle ABD, becauſe they are upon the 8. 47. 1. 
ſame baſe BD, and between the ſame parallels BD, AL; and the 

ſquare GB is double of the triangle FBC, becauſe theſe alſo are 

upon the ſame haſe FB, and between the ſame parallels FB, GC. 

but the doubles of equals are equal ® to one another. therefore the h. 6. Ax. 
parallelogram BL is equal to to the ſquare GB. and in the ſame 

manner, by joining AE, BK, it is demonſtrated that the parallelp- 

gram CL is equal to the ſquare HC. Therefore the whole ſquare 

BDEC is equal to the two ſquares GB, HC#and the ſquare BDEC 

is deſcribed upon the ſtraight line BC, and the ſquares GB, HC 

upon BA, AC. wherefore the ſquare upon the fide BC is equal 

to the ſquares upon the ſides BA, AC. Therefore in any right 

angled triangle, &c. Q. E. D. 


PROP, XLVIII. THE OR. 


FF the ſquare deſcribed upon one of the ſides of a 

triangle, be equal to the ſquares deſcribed upon 
the other two ſides of it; the angle contained by theſe 
two ſides is a right angle. 


— —˖— ö — — — 


CC P Uk ĩ⅛ iI ·¶—ů—ͥ[tã2ͤ—9ẽ ———— 


—— 


42 THE ELEMENTS 


Book 1, If the ſquare deſcribed upon BC one of the ſides of the trian. 

[t gle ABC be equal to the ſquares upon the other ſides BA, AC; 
the angle BAC is a right angle. 

S472. 1. From the point A draw * AD at right angles to AC, and make 
AD equal to BA, and join DC. then becauſe DA is equal to AB, 
the ſquare of DA is equal to the ſquare of 
AB; to each of theſe add the ſquare of AC, D 
therefore the ſquares of DA, AC are e- 
qual to the ſquares of BA, AC. but the 

. ſquare of DC is equal o to the ſquares of A 
DA, AC, becauſe DAC is a right angle; 
and the ſquare of BC, by Hypotheſis, is 
equal to the ſquares of BA, AC; therefore — 
the ſquare of DC is equal to the ſquare oi B 

BC; and therefore alſo the fide DC is equal to the ſide BC. and 
becauſe the ſide DA is equal to AB, and AC common to the two 
triangles DAC, BAC, the two DA, AC are equal to the two BA, 
AC; and the baſe DC is equal to the baſe BC; therefore the an- 
6-8. 2. gle DAC is equal © to the angle BAC. but DAC is a right angle, 
therefore alſo BAC is a right angle. Therefore if the ſquare, &c. 
Q. E. D | 
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DEFINITIONS. 


| J. 
VERY right angled parallelogram is ſaid to be contained 
by any two of the ſtraight lines which contain one of the 
right angles. 
II. | 
In every parallelogram, any of the parallelograms about a diame- 
ter, together with the two | 
complements, is called a A. FE 5 
Gnomon. Thus the pa- 
* rallelogram HG together | | 
* with the complements AF, 3 


* FC is the gnomon, which F In 
is more briefly expreſſed H K 
* by the letters ACK, or B © G C 

* EHC which are at the op- 


© poſite angles of the parallelograms which make the gnomon. 


PROP. Il THEOR. 


I there be two ſtraight lines, one of which is divid- 

ed into any number of parts; the rectangle con- 
tained by the two ſtraight lines, is equal to the rec- 
tangles contained by the undivided line, and the ſe- 
veral parts of the divided line. 


44 
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d. 3.1. 


e. 31. . 


A. 46. 1. 


any two parts in the point C; the rectangle 


THE ELEMENTS 


Let A and BC be two ſtraight lines; and let BC be divided into 
Way parts in the points D, E; the rectangle contained by the 


ſtraight lines A, BC is equal to | 
the rectangle contained by A, BD; B — _D E C 


and to that contained by A, DE; 
and alſo to that contained by A, 
EC. G 
From the point B draw * BF Os — 
at right angles to BC, and make K L H 
BG equal Þ to A; and thro' G ME 5 


* 


draw GH parallel to BC; and A 


thro' D, E, C draw © DK, EL, CH parallel to BG. then the 
rectangle BH is equal to the rectangles BK, DL, EH; and BH 
is contained by A, BC, for it is contained by GB, BC, and GB 
is equal to A; and BK is contained by A, BD, for it is contained 
by GB, BD, of which GB is equal to A; and DL is contained 
by A, DE, becauſe DK, that is 4 BG, is equal to A; and in like 
manner the rectangle EH is contained by A, EC. therefore the 
rectangle contained by A, BC is equal to the ſeveral rectangles 
contained by A, BD, and by A, DE, and alſo by A, EC. Where 
fore if there be two ſtraight lines, &c. Q. E. D. 


PROP. IL THEOR. 


FF a ſtraight line be divided into any two parts, the 
” rectangles contained by the whole and each of the 
parts, are together equal to the ſquare of the whole line. 


Let the ſtraight line AB be divided into A C B 


contained by AB, BC together with the 

rectangle * AB, AC ſhall be equal to the 2 

ſquare of AB. : | 
Upon AB deſcribe * the ſquare ADEB, 

and thro' C draw Þ CF parallel to AD or | 

BE. then AE is equal to the rectangles AF, | 

CE; and AE is the ſquare of AB; and AF r.D F E 


N. B. To avoid repeating the word Contained too frequently, the rectantle 


contained by two ſtraight lines AB, AC is ſometimes ſimply called the reQtangle 
AB, AC, 
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the rectangle contained by BA, AC; for it is contained by Book 11. 
DA, AC, of which AD is equal to AB; and CE is contained by 


AB, BC, for BE is equal to AB. therefore the rectangle contained 
by AB, AC together with the rectangle AB, BC, is equal to the 
ſquare of AB. If therefore a ſtraight line, &c. Q. E. D. 


PROP. III. THEOR. 


J a ſtraight line be divided into any two parts, the 
rectangle contained by the whole and one of the 

parts, is equal to the rectangle contained by the two 

parts, together with the ſquare of the foreſaid part. 


Let the ſtraight line AB be divided into any two parts in the 
point C; the rectangle AB, BC is equal to the rectangle AC, CB 
together with the ſquare of BC. 


Upon BC deſcribe * the ſquare © ai 
CDEB, and produce ED to F, and A. 2 3 B 


thro' A draw d AF parallel to CD b. 31. t. 


or BE. then the rectangle AE is | | 
equal to the rectangles AD, CE; . 
and AE is the rectangle contain- * 
ed by AB, BC, for it is contained EY 
by AB, BE, of which BE is equal i - 
to BC; and AD is contained by F D E 
AC, CB, for CD is equal to CB; and DB is the ſquare of BC. 
therefore the rectangle AB, BC is equal to the rectangle AC, CB 


together with the ſquare of BC. If therefore a ſtraight line &c. 
CE. D. 


PROP. IV. THE OR. 


TP a ſtraight line be divided into any two parts, the 
ſquare of the whole line is equal to the ſquares 


of the two parts, together with twice the rectangle con- 
taned by the parts, | 


Let the ſtraight line AB be divided into any two parts in C; 
the ſquare of AB is equal to the ſquares of AC, CB and to 
twice the rectangle contained by AC, CB. 
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Upon AB deſcribe * the ſquare ADEB, and join BD, and 


Way thro' C draw > CCF parallel to AD or BE, and thro' G draw HK 


Aa. 46. I. 


b. 31. 1. 
c. 49. I. 
. bs 


E. 6. 1. 


f. 34. 1. 


g. 43. 1. 


parallel to AB or DE. and becauſe CF is parallel to AD, and BD 
falls upon them, the exterior angle BGC is equal © to the interior 
and oppoſite angle ADB; but ADB is equal d to the angle ABD, 
becauſe BA is equal to AD, being ſides of a ſquare; wherefore the 
angle CGB is equal to the angle GBC, 
as therefore the ſide BC is 3 to A 9 C_B 
the ſide CG. but CB is equal alſo f to 
GK, and CG to BK; wherefore the 
figure CGKB is equilateral. it is like- 
wiſe rectangular; for CG is parallel to 
BK, and CB meets them, the angles 
KBC, GCB are therefore equal to two 
right angles; and KBC is a right an- JD A E 
gle, wherefore GCB is a right angle; and therefore alſo the an- 
gles f CGK, GKB oppoſite to theſe are right angles, and CCKB 
is rectangular. but it is alſo equilateral, as was demonſtrated; 
wherefore it is a ſquare, and it is upon the fide CB. for the ſame 
reaſon HF alſo is a ſquare, and it is upon the ſide HG which is 
equal to AC. therefore HF, CK are the ſquares of AC, CB. and 
becauſe the complement AG is equal ® to the complement GE, 
and that AG is the rectangle contained by AC, CB, for GC is 
equal to CB; therefore GE is alſo equal to the rectangle AC, 
CB; wherefore AG, GE are equal to twice the rectangle AC, 
CB: and HF, CK are the ſquares of AC, CB; wherefore the four 
figures HF, CK, AG, GE are equal to the ſquares of AC, CB 
and to twice the rectangle AC, CB. but HF, CK, AG, GE make 
up the whole figure ADEB which is the ſquare of AB. therefore 
the ſquare of AB is equal to the ſquares of AC, CB and twice 
the rectangle AC, CB. Wherefore if a ſtraight line, &c. 
Q. E. D. ; 
Cor. From the demonſtration it is manifeſt, that the parallelo- 
grams about the diameter of a ſquare are likewiſe ſquares. 
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PROP. v. THEOR. 


7 a ſtraight line be divided into two equal parts, and 

and alſo into two unequal parts; the rectangle 
contained by the unequal parts, together with the 
quare of the line between the points of ſection, is equal 
to the ſquare of half the line. 


Let the firaight line AB be divided into two equal parts in the 
xcint C, and into two unequal parts at the point D; the rectangle 
W, DB together with the ſquare of CD, is equal to the ſquare 
of CB. 


Book 11. 


Upon CB deſcribe * the ſquare CEFB, join BE, and thro Da. 46. . 
i > DHG parallel to CE or BF; and thro' H draw KLM pa-. 37. 2. 


rallel to CB or EF; and alſo thro? A draw AK parallel to CL or 


BM. and becauſe the complement CH is equal © to the comple- 43. 2+ 


ment HF, to each of theſe 

add DM, therefore the whole A. 
CM is equal to the whole 
DF; but CM is equal 4 to 
AL, becauſe AC is equal to 
CB; therefore alſo AL is c- 
qual to DF. to each of theſe 
id CH, and the whole AH E G F 
5 equal to DF and CH. but 


AH is the rectangle contained by AD, DB, for DH is equal © toe. Cor. 4. * 


DB; and DF together with CH is the gnomon CMG ; therefore 
the gnomon CMG is equal to the rectangle AD, DB. to each of 
tee add LG, which is equal © to the ſquare of CD, therefore the 
momen CMG together with LG is equal to the rectangle AD, 
Dh together with the ſquare of CD. but the gnomon CMG and 
LG make up the whole figure CEFB, which is the ſquare of CB. 
therefore the rectangle AD, DB together with the ſquare of CD 


4x to the ſquare of CB, Wherefore if a ſtraight line, &c. 
« D, | 
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PROP. VI. THEOR. 


ns Fa ſtraight line be biſected, and produced to any 


point ; the rectangle contained by the whole line 
thus produced, and the part of it produced, together 
with the ſquare of half of the line biſected, is equal to 
the ſquare of the ſtraight line which 1s made up of the 
half and the part produced. 


Let the ſtraight line AB be biſected in C, and produced to the 
point D; the rectangle AD, DB together with the ſquare of CB, 
is equal to the ſquare of CD. 

Upon CD deſcribe * the ſquare CEFD, join DE, and thro' B 
draw > BHG parallel to CE or DF, and thro H draw KLM paral- 
lel to AD or EF, and alſo thro' A draw AK parallel to CL or DM, 
and becauſe AC is equal to CB, the rectangle AL is equal © to 
CH; but CH is equal d to 7 
HE; therefore alſo AL is A. A. B D 
equal to HF. to each of | 
theſe add CM, therefore K L ; H M 
the whole AM is equal to | 
the gnomon CMG. and 7 
AM is the rectangle con- | 


tained by AD, DB, for e 

DM is equal © to DB. E G F 
therefore the gnomon CMG is equal to the rectangle AD, DB, 
add to each of thefe LG, which is equal to the ſquare of CB; 
therefore the rectangle AD, DB together with the ſquare of CB 
is equal to the gnomon CMG and the figure LG. but the gnomon 
CMG and LG make up the whole figure CEFD, which is the 
ſquare of CD; therefore the rectangle AD, DB together with 


the ſquare of CB, is equal to the ſquare of CD. Wherefore if a 
ftraight line, &c. Q. E. P. 


PRO P. VII. THE OR. 


TF a ſtraight line be divided into any two parts, the 
ſquares of the whole line, and of one of the parts are 
equal to twice the rectangle contained by the whole and 
that part, together with the ſquare of the other part. 


e 
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Let the ſtraight line AB be divided into any two parts in the Book 11. 
point C; the ſquares of AB, BC are equal to twice the rectangle Cov 
AB, BC together with the ſquare of AC. 

Upon AB deſcribe * the ſquare ADEB, and conſtruct the figure a 46. 1. 
45 in the preceding Propoſitions. and becauſe AG is equal d to GE, b. 43: 3+ 
add to each of them CK, the whole AK is therefore equal to the 
whole CE ; therefore AK, CE are 
double of AK. but AK, CE are the 
gnomon AK together with the ſquare A. : C B 
CK ; therefore the gnomon AKF to- 
gether with the ſquare CK is double H K 
of AK. but twice the rectangle AB, 
BC is double of AK, for BK is equal? 
to BC. therefore the gnomon AKF | 
together with the ſquare CK is equal ta 
to twice the rectangle AB, BC. to D F E 
each of theſe equals add HF, which is 
equal to the ſquare of AC; therefore the gnomon AK F together with 
the ſquares CK, HF is equal to twice the rectangle AB, BC and 
the ſquare of AC. but the gnomon AK F together with the ſquares 
CK, HF make up the whole figure ADEB and CK, which are 
the ſquares of AB and BC. therefore the ſquares of AB and BC 
are equal to twice the rectangle AB, BC together with the ſquare 
of AC. Wherefore if a ſtraight line, &c. Q. E. D. 


c. Cor. 4+ 21 


PROP. vill. THE OR. 


I a ſtraight line be divided into any two parts, four 

times the rectangle contained by the whole line, 
and one of the parts, together with the ſquare of the 
other part, is equal to the ſquare of the ſtraight line 
which is made up of the whole and that part. 


Let the ſtraight line AB be divided into any two parts in the 
point C; four times the rectangle AB, BC, together with the ſquare 
of AC, is equal to the ſquare of the ſtraight line made up of AB 
and BC together. 
Produce AB to D fo that BD be equal to CB, and upon AD 
deſcribe the ſquare AEF D; and conſtruct two figures ſuch as in 
the preceding. Becauſe CB is equal to BD, and that CB is equal“ 2. 24 1. 
D 
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Book II. to GR, and BD to KN; therefore GK is equal to KN. for the 
＋ ᷓ fame reaton PR is equal to RO. and becauſe CB is equal to BD, 


d. 36. 1. 


E 43. 1. 


and GK to KN, the rectangle CK is equal ® to BN, and GR to 
RN. but CK is equal © to RN, becauſe they are the complements 
of the parallelogram CO; therefore alſo BN is equal to GR. and 
the four rectangles BN, CK, GR, RN, are therefore equal to one 
another, and ſo are quadruple of one of them CK. again, becauſe 
CB is equal to BD, and that BD is 


d. Cor. 4. 2. equal d to BK, that is to CG; and 


C. 43. 1. 


CB equal to GK, that d is to GP; A CB D 
therefore CG is equal to GP. and | CY = 
becauſe CG is equal to GP, and PR M Gr 
to RO, the rectangle AG is equal X P R 0 
| 
| 


to MP, and PL to RF. but MP is 

equal © to PL, becaute they are the 
compl-ments of the parallelogram Ire 
ML; wherefore AG alſo is equal to e FOR 
RF. therefore the four rectangles E . Ly 
AG, MP, PL, RF are equal to one 

another, and fo are quadruple of one of them AG. And it was 
demonſtrated that the four CK, BN, GR, RN are quadruple of 
CK. therefore the eight rectangles which contain the gnomon AOE, 
are quadruple of AK. and becauſe AK is the rectangle contained 
by AB, BC, for BK is equal to BC; four times the rectangle AB, 
BC is quadruple of AK. but the gnomon AOH was demonſtrated 


to be quadruple of AK; therefore four times the rectangle AB, 


BC is equal to the gnomon AOH. to each of theſe add XH, which 


d. Cor. 4. 2. is equal 4 to the ſquare of AC; therefore four times the rectangle 


AB, BC together with the ſquare of AC is equal to the gnomon 
AOH and the ſquare XH. but the gnomon AOH and XH make 
up the figure AEFD which is the ſquare of AD. therefore four 
times the rectangle AB, BC together with the ſquare of AC is 
equal to the ſquare of AD, that is, of AB and BC added together 
in one ſtraight line, Wherefore if a ſtraight line, &c. Q. E. D. 
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| Book 11. 
PROP. IX: THEOR. ya 


L a ſtraight line be divided into two equal, and alſo 

into tWo unequal parts; the ſquares of the two 
unequal parts, are together double of the ſquare of half 
the line, and of the ſquare of the line between the 
points of ſection. ; 


Let the ſtraight line AB be divided at the point C into two 
equal, and at D into two unequal parts. the ſquares of AD, DB 
are together double of the ſquares of AC, CD. 

From the point C draw * CE at right angles to AB, and make it a. 27. 7, 
equal to AC or CB, and join EA, EB; thro' D draw DF parallel b. 37. :. 
to CE, and thro' F draw FG parallel to AB; and join AF. then 
becauſe AC is equal to CE, the angle EAC is equal © to the angle c. s. 1. 
AEC; and becauſe the angle ACE is a right angle, the two others 
AEC, EAC together make one right angles; and they are equal d. 32. fl. 
to one another; each of them therefore is half of a right angle. 
for the ſame reaſon each of the an- 
gles CEB, EBC is half a right an- F, 
ple; and therefore the whole AEB 
is a right angle. and becauſe the 
angle GEF is half a right angle, 
and EGF a right angle, for it is 5 5 
equal © to the interior and, oppo- 885 
ite angle ECB, the remaining an- S P B 
gle EFG is half a right angle; therefore the angle GEF is equal 
to the angle EFG, and the fide EG equal f to the fide GF. again, “ 6. 1. 
becauſe the angle at B is half a right angle, and FDB a right an- 
dle, for it is equal © to the interior and oppoſite angle ECB, the 
remaining angle BFD is half a right angle; therefore the angle at 
B is equal to the angle BFD, and the fide DF to f the ſide DB. and 
becauſe AC is equal to CE, the ſquare of AC is equal to the ſquare 
of CE; therefore the ſquares of AC, CE are double of the ſquare 
of AC. but the ſquare of EA is equal s to the ſquares of AC, CE, 8. 47. 5; 
decauſe ACE is a right angle; therefore the ſquare of EA isdouble 
of the ſquare of AC. again, becauſe EG is equal to GF, the ſquare 
0 EG is equal to the ſquare of G; therefore the ſquares of EG, 

CF zre double of the ſquare of GF; but the ſquare of EF b 
D 3 
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equa! to the ſquares of EG, GF; therefore the ſquare of EF is 
double of the ſquare GF. and GF is equal ® to CD; therefore the 
ſquare of EF is double of the 


ſquare of CD. but the ſquare of F, 

AE is likewiſe double of the ſquare 

of AC; therefore the ſquares of 0 

AE, I are double of the ſquares 

of AC, CD. and the ſquare of Flat 

AF is equal s to the {ſquares of 
Ak, EF becauſe AEF is a right A | C P B 


angle; therefore the ſquare of AF is double of the ſquares of AC, 
CD. but the ſquares of AD, DF are equal to the ſquare of Af, 
becauſe the angle ADF is a right angle; therefore the ſquares of 
AD, DF are double of the ſquares of AC, CD. and DF is equal 
to DB; therefore the ſquares of AD, DB are double of the ſquares 
of AC, CD. If theretore a ſtraight line, &c. Q. E. D. 


PROP.'A TH EON 


FF a ſtraight line be biſected, and produced to any point, 

the ſquare of the whole line thus produced, and the 
ſquare of the part of it produced are together double 
of the ſquare of half the line biſected, and of the ſquare 
of the line made up of the half and the part produced. 


> Tet the ſtraight line AB be biſected in C, and produced to the 
point D; the ſquares of AD, DB are double of the ſquares of 
AG, T.313 

From the point C draw * CE at right angles to AB, and make 
it equal to AC or CB, and join AE, EB; thro' E draw b EF parallel 
to AB, and thro' D draw DF parallel to CE. and becauſe the 
ſtraight line EF meets the parallels EC, FD, the angles CEF, 
EFD are equal © to two right angles; and therefore the angles 
BEF, EFD are leſs than two right angles. but ſtraight line» which 
with another ſtraight line make the interior angles upon the ſame 
ſide leſs than two right angles, do meet 9 if produced far enough. 
therefore EB, FD ſhall meet, if produced, toward BD. let them 
meet in G, and join AG. then becauſe AC is equal to CE, the 
angle CEA is equal e to the angle EAC; and the angle ACE 1s 4 
right angle; therefore each of the angles CEA, EAC is half 2 
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right angle *. for the ſame reaſon, each of the angles CEB, EBC Book 11. 


is half a right angle; therefore AEB is a right angle. and becauſe Lg was 

EBC is half a right angle, DBG is alſo f half a right angle, for“ 32. 2. 

they are vertically oppoſite ; but BDG is a right angle, becauſe it f. 15. 1. 

js equal © to the alternate angle DCE ; therefore the remaining an- 

gle DGB is half a rig/1t angle, and is therefore equal to the angle 

DBG; whereiore alio the ſide BD is equal © to the fide DG. g. 6. 1. 

again, becauſe EG E is half a 

right angle, and that the an- E, E 

gle at F is a right angle, be- 

cauſe it is equal Þ to the op- h. 34. c. 
| 


polite angle ECD, the re- 
maining angle FEG is half a A 
right angle, and equal to the | 

angle EGF ; wheretore alſo e G 
the fide GF is equal s to 

the fide FE. And becauſe EC is equal to CA, the ſquare of EC 

is equal to the fquare of CA ; therefore the ſquares of EC, CA 

are double of the ſquare of CA. but the ſquare of EA is equal i i. 47. 1. 
to the ſquares of EC, CA ; therefore the ſquare of EA is double 

of the ſquare of AC. again, becauſe GF is equal to FE, the {ſquare 

of GF is equal to the ſquare of FE; and therefore the ſquares of 

GF, FE are double of the ſquare of EF. but the ſquare of EG is 

equal i to the ſquares of GF, FE; therefore the ſquare of EG is 

double of the ſquare of EF. and EF is equal to CD, wherefore 

the ſquare of EG is double of the ſquare of CD. but it was de- 
monſtrated that the ſquare of EA is double of the ſquare of AC; 
therefore the ſquares of AE, EG are double of the ſquares of AC, 

CD. and the ſquare of AG is equal i to the ſquares of AE, EG; i. 47. :. 
therefore the ſquare of AG is double of the ſquares of AC, CD. 

but the ſquares of AD, DG are equal i to the ſquare of AG; 

therefore the ſquares of AD, DG are double of the ſquares of AC, 

CD. but DG is equal to DB; therefore the ſquares of AD, DB 

are double of the ſquares of AC, CD. Wherefore if a ſtraight 

line, &c. Q_E. D. | 
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O divide a given ſtraight line into two parts, ſo that 
the rectangle contained by the whole, and one of 
the parts, ſhall be equal to the ſquare of the other part. 


Let AB be the given ſtraight line; it is required to divide it 
into two parts, ſo that the rectangle contained by the whole, and 
one of the parts, ſhall be equal to the ſquare of the other part. 

9. 46. 1. Upon AB deſcribe “ the ſquare AB DC, biſect > AC in E, and 
b. 10. 1. join BE; produce CA to F, and make © EF equal to EB; and 
& 3. 1 upon AF deſcribe * the ſquare FGHA, and produce GH to K. 
AB is divided in H fo, that the rectangle AB, BH is equal to 
the ſquare of AH, | 
Becauſe the ſtraight line AC is biſected in E, and produced to 
the point F, the rectangle CF, FA, together with the ſquare of 
8.6.22 AE, is equal to the ſquare of EF. but EF is equal to EB; there- 
fore the rectangle CF, FA, together with C 
the ſquare of AF. is equal to the ſquare of : 
©: 47-3 EB. and the ſquares of BA, AE are equal © | 
| to the ſquare of EB, becauſe the angle EAB 
is a right angle; therefore the rectangle CF, HB 
FA, together with the ſquare of AE is equal © L- 
to the ſquares of BA, AE. take away the | 
ſquare of AE, which is common to both, E — 
therefore the remaining rectangle CF, FA 
is equal to the ſquare of AB. and the figure 
FK is the rectangle contained by CF, FA, 
Yor AF is equal to FG; and AD is theC | K D 
ſquare of AB; therefore FK is equal to 
AD. take away the common part AK, and the remainder FH is 
equal to the remainder HD. and HD is the rectangle contained 
by AB, BH, for AB is equal to BD; and FH is the ſquare of 
AH. therefore the rectangle AB, BH is equal to the ſquare of 
AH. wherefore the ſtraight line AB is divided in H, fo that the 


rectangle AB, BH is equal to the ſquare of All. Which was 
to be done. | 1 N n 
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PROP, XII. THE OR. 


I* obtuſe angled triangles, if a perpendicular be 

drawn from any of the acute angles to the oppo- 
ite ſide produced, the ſquare of the fide ſubtending 
tue obtuſe angle, is greater than the ſquares of the 


fides containing the obtuſe angle, by twice the rectan- 


gle contained by the fide upon which when produced 
the perpendicular falls, and the ſtraight line intercept- 
ed without the triangle between the perpendicular aud 
the obruſe angle. 


Let ABC be an obtuſe angled triangle, having the obtuſe angle 


ACB, and from the point A let AD be drawn“ perpendicular to * 


BC produced. the ſquare of AB is greater than the ſquares of AC, 
CB by twice the rectangle BC, CD. 

Becauſe the ſtraight line BD is divided into two parts in the 
point C, the ſquare of BD is equal 


to the ſquares of BC, CD, and A b. 4. 2. 


twice the rectangle BC, CD. to 

each of theſe equals add the ſquare 

of DA; and the ſquares of BD, DA 
are equal to the ſquares of BC, CD, | 
DA, and twice the rectangle BC, | 
CD. but the ſquare of BA is equal | 


g a 
to the ſquares of BD, DA, be-N C II aa 


cauſe the angle at D is a right an- 

gle; and the ſquare of CA is equal © to the ſquares of CD, DA, 
therefore the ſquare of BA is equal to the ſquares of BC, CA, 
and twice the rectangle BC, CD; that is, the ſquare of BA is 
greater than the ſquares of BC, CA, by twice the rectangle BC, 
D, Therefore in obtuſe angled triangles, &c. Q. E. D. 
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PROP. XIII. THE OR. 


1 N every triangle the ſquare of the fide ſubtending 

any of the acute angles, 1s leſs than the ſquares of 
the ſides containing that angle, by twice the rectangle 
contained by either of theſe fides, and the ſtraight line 
intercepted between the perpendicular let fall upon it 
from the oppolite angle, and the acute angle. 


Let ABC be any triangle, and the angle at B one of its acute 
angles, and upon BC one of the ſides containing it let fall the 
perpendicular * AD from the oppoſite angle. the ſquare of AC 
oppoſite to the angle B, is leſs than the ſquares of CB, BA by 


twice the rectangle CB, BD. 


Firſt, Let AD fall within the triangle ABC z and becauſe the 


ſtraight line CB is divided into two 
parts in the point D, the ſquares of 
CB, BD are equal Þ to twice the 
rectangle contained by CB, BD, 
and the ſquare of DC. to each of 
theſe equals add the ſquare of AD, 
therefore the ſquares of CB, BD, 
DA are equal to twice the rectangle 


A 
| 


CB, BD, and the ſquares of AD, B D 


DC. but the {quare of AB is equal © 


to the ſquares of BD, DA, becauſe the angle BDA is a right 


C 


angle; and the ſquare of AC is equal to the ſquares of AD, DC. 


therefore the ſquares of CB, BA are equal to the ſquare of AC, 
and twice the rectangle CB, BD; that is, the ſquare of AC alone 
is leſs than the ſquares of CB, BA by twice the rectangle Ch, 


BD. 

Secondly, Let AD tall without 
the triangle ABC. then becauſe the 
angle at D is a right angle, the 
angle AC is greater 9 than a right 
angle; and therefore the ſquare of 
AB is equal © to the ſquares of AC, 
CB and twice the rectangle BC, 


CD. to theſe equals add the ſquare © © 


af BC, and the ſquares of AB, BC 
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ire equal to the ſquare of AC, and twice the ſquare of BC, and Book Il. 
mice the rectangle BC, CD. but becauſe BD is divided into two & 
parts in C, the rectangle DB, BC is equal f to the rectangle BC, f. 3. a. 
c and the ſquare of BC. and the doubles of theſe are equal. 
therefore the ſquares of AB, BC are equal to the ſquare of AC, 

and twice the rectangle DB, BC. therefore the ſquare of AC 

lone, is leſs than the ſquares of AB, BC, by twice the rectangle 


DB, BC. ; 

Laſtly, let the ſide AC be perpendicular to A 
BC; then is BC the ftraight line between the 
perpendicular and the acute angle at B. and it | 
is manifeſt that the ſquares of AB, BCgare e- 
qual © to the ſquare of AC, and twice the ſquare 
of BC. Therefore in every triangle, &c. 
CE. D. 


C. 47. 1. 


B C 
PROP. XIV. PROB. 
2 deſcribe a ſquare that ſhall be equal to a given see x. 


rectilineal figure. 


Let A be the given rectilineal figure; it is required to deſcribe 
a {quare that ſhall be equal to A. 

Deſcribe ® the rectangular parallelogram BCDEequal to the rec- 
tilineal figure A. If then the ſides of it BE, ED are equal to one ano- 
ther, it is a ſquare, | 
and what was re- 
quired isnow done. 
but if they are not 
equal, produce one 
of them BE to F, 
and make EF equal 
to ED, and biſect 
BF in G; and from the center G, at the diſtance GB or GF de- 
ſeribe the ſemicircle BHF, and produce DE to H, and join GH. 
therefore becauſe the ſtraight line BF is divided into two equal 
parts in the point G, and into two unequal at E, the rectangle BE, 

EF, together with the ſquare of EG, is equal b to the ſquare of GF. b. ;. 2. 
but GF is equal to GH; therefore the rectangle BE, EF, together 
with the ſquare of EG, is equal to the ſquare of GH. but the ſquares 


A. 45. 1. 
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Book 11, of HE, EG are equal © to the ſquare of GH. therefore the rec. 
wary tangle BE, EF together with the ſquare of EG is equal to the 
241.1 ſquares of HE, EG. | 

take away the ſquare 
of EG, whichiscom- 
mon to both; and 
the remaining rect- 
angle BE, EF is e- 
qual to the ſquare of 
EH. but the rectan- 
gle contained by BE, EF is the parallelogram BD, becauſe EF i; 
equal to ED ; therefore BD is equal to the ſquare of EH. but BD 
is equal to the rectilineal figure A; therefore the rectilineal figure 
A is equal to the ſquare of EH. wherefore a ſquare has been 
made equal to the given rectilineal figure A, viz, the ſquare dg 
ſcribed upon EH. Which was to be done. 
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DEFINITIONS. 


I. 
QUAL circles are thoſe of which the diameters are equal, 
or from the centers of which the ſtraight lines to the cir- 


cumferences are equal. 


© This is not a Definition but a Theorem, the truth of which 1 is 


© evident; for if the circles be applied to one another, ſo that 


© their centers coincide, the circles muſt likewiſe coincide, ſince 
the ſtraight lines from their centers are equal. 
7 
A ſtraight line is ſaid to touch 
a circle, when it meets the 
circle and being produced 
does not cut it. 
III. 
Circles are ſaid to touch one 
another, which meet but do 
cut one another. 
IV. | 
Straight lines are ſaid to be equally diſtant 
trom the center of a circle, when the 
perpendiculars drawn to them from 
the center are equal. 
V. 
And the ſtraight line on which the greater 
perpendicular falls, is ſaid to be far- 
ther from the Center, 
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VI. 


& ſegment of a circle is the figure con- 
tained by a ſtraight line and the eir- 
cumference it cuts off. * 


. 10. Io, 
b. 11. 1. 


VII. 
The angle of a ſegment is that which is contained by the ſtraigbt 
line and the circumference.” 
VIII. 
An angle in a ſegment is the angle con- 
tained by two ſtraight lines drawn 
from any point in the circumference 
of the ſegment, to the extremities of 
the ſtraight line which is the baſe of 
the ſegment. 


IX. 
And an angle is ſaid to inſiſt or ſtand . 
upon the circumference intercepted 


between the ſtraight lines that con- 
tain the angle. 


X. 

The ſector of a circle is the figure con- 
tained by two ſtraight lines drawn 
from the center, and the circumfe- 
rence between them. 


XI. 


Similar ſegments of a circle, 
are thoſe in which the an- 
gles are equal, or which \ /Q 
contain equal angles. | 


PROP. I. PROB. 
, | 0 find the center of a given circle. 


Let ABC be the given circle ; it is required to find its center. 

Draw within it any ſtraight line AB, and biſe& * it in D; from 
the point D draw > DC at right angles to AB, and produce it to E, 
and biſect CE in F. the point F is the center of the circle ABC, 


ght 


For if it be not, let, if poſſible, G be the center, and join & A, Bock III. 
GD, GB. then becauſe DA is equal to DB, and DG common 
to the two triangles ADG, BDG, the C 


two ſides AD, DG are equal to the 
two BD, DG, each to each; and the 
baſe GA is equal to the baſe GB, be- 
cauſe they are drawn from the center 
G*. therefore the angle ADG is equal 
* to the angle GDB. but when a ſtraight A 
line ſtanding upon another ſtraight line, 
makes the adjacent angles equal to one 
another, each of the angles is a right # 
angle 4. therefore the angle GDB is a right angle. but FDB is 4.70. Def.z. 
lewiſe a right angle; wherefore the angle FDB is equal to the 
angle GDB, the greater to the leſs, which is impoſſible. therefore 
G is not the center of the circle ABC. in the ſame manner it 
can be ſhewn, that no other point but F is the center ; that is, F 
is the center of the circle ABC. Which was to be found. 

Cor. From this it is manifeſt, that if in a circle a ſtraight line 


biſe& another at right angles, the center of the circle is in the line 
which biſects the other. 


PROF. IL Iron 
F any two points be taken in the circumference of 


a circle, the ſtraight line which joins them ſhall 
fall within the circle. 


Let ABC be a circle, and A, B any two points in the circum- 
ference z the ſtraight line drawn from A $- 
to B ſhall fall within the circle. 

For it it do not, let it fall, if poſſible, 
without, as AEB; find *D the center of 


1. 3. 
the circle ABC, and join AD, DB, and 
produce DF any ſtraight line meeting the DN 
circumference AB, to E. then becauſe NN 
DA is equal to DB, the angle DAB is 
equal Þ to the angle DBA ; and becauſe b. g. x, 


N. B. Whenever the expreſſion © ſtraight lines from the center” or © drawn 


from the center” occurs, it is to be underſtood that they are drawn to the cir- 
eumference. 
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Way is greater © than the angle DAE ; but DAE is equal to the angle 


e. 16. 1. 
d. 19. I, 


I. 1. 35 


b. 8. 1. 


S. to. Def. 1. 


d. 5. 1. 


jacent angles equal to one another, each 


wherefore the ſtraight line CD drawn thro A 
the center biſecting another AB that does ** 


DBE, therefore the angle DEB is greater than the angle DBFE. 
but to the greater angle the greater ſide is oppoſite ; DB is there. 
fore greater than DE. but DB is equat to DF; wherefore DF js 
greater than DE, the lefs than the greater, which is impoſſible, 
therefore the ſtraight line drawn from A to B does not fall with. 
out the circle. in the ſame manner, it may be demonſtrated that ir 
does not fall upon the circumference. it falls therefore within i:, 
Wherefore if any two points, &c. Q. E. D. 


PROP. III. T HE OR. 
TF a ſtraight line drawn thro? the center of a circle, 
biſect a ſtraight line in it which does not paſs thro 
the center, it ſhall cut it at right angles. and i it cuts 
it at right angles, it ſhall biſect it. 


Let ABC be a circle; and let CD a ſtraight line drawn thro! 
the center biſect any ſtraighit line AB, which does not paſs thro 
the center, in the point F. it cuts it alſo at right angles. 

Take * the center of the circle, and join EA, EB. then be- 
cauſe AF is equal to FB, and FE common to the two triangles 
AFE, BFE, there are two fides in the one equal to two fides is 
the other. and the baſe EA is equal to the 
baſe EB ; therefore the angle AFE is equal CG 
d to the angle BFE. but when a ſtraight 
line ſtanding upon another makes the ad- 


of them is a right © angle. therefore each 
of the angles AFE, BFE is a right angle; 


not paſs thro' the center, cuts the ſame at D 


right angles. 


But let CD cut AB at right angles; CD alſo biſccts it, that 


is, AF is equal to FB. : 
The ſame conſtruction being made, becauſe EA, EB from the 
center are equal to one another, the angle EAF is equal d to the 
angle EBF; and the right angle AFE is equal to the right angle 
BFE. therefore in the two triangles EAF, EBF there arc two an- 
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in one equal to two angles in the other, and the fide EF which Bookl Ir. 
i; oppoſite to one of the equal angles in each, is common to both; 
therefore the other ſides are equal, AF therefore is equal to FB. 26. 2. 


Wherefore if a ſtraight line, &c. Q. E. D. 


PROP. IV. THE OR. 


Il in a circle two ſtraight lines cut one another which 
do not both paſs thro? the center, they do not bi- 
{& each the other. 


Let ABCD be a circle, and AC, BD two ſtraight lines in it 
which cut one another in the point E, and do not both paſs thro? 
the center. AC, BD do not biſect one another. 

For, if it is poſſible, let AE be equal to EC, and BE to ED. if 
one of the lines paſs thro the center, it is plain that it cannot be 
biſected by the other which does not 
pas thro the center. but if neither of 
them paſs thro' the center, take * F the 
center of the circle, and join EF. and 
becauſe FE a ſtraight line thro! the , 
center, biſects another AC which does A 
not paſs thro? the center, it ſhall cut it a 
at right Þ angles; wherefore FEA is a 
right angle. again, becauſe the ftraighr 
line FE biſects the ſtraight line BD which does nor paſs thro” the 
center, it ſhall cut it at right > angles; wherefore FEB is a right 
angle. and FEA was ſhewn to be a right angle; therefore FEA is 


equal to the angle FEB, the leſs to the greater, which is impoſ- 


ſible. therefore AC, BD do not biſe& one another. Wherefore 
E in a circle, &c. Q. E. D. 


PROP. V.  THEOR. 


I two circles cut one another, they ſhall not have 
the ſame center. 


Let the two circles ABC, CDG cut one another in the points 
„ ; they have not the ſame center. 


e 
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Book III. For, if it be poſſible, let E be their center; join EC, and dran 
Wyn any ſtraight line EFG meeting 
them in F and G. and becauſe E 
is the center of the circle ABC, 
CE is equal to EF. again, becauſe 
E is the center of the circle CDG, 
CE is <qual tv EG. but CE was 
ſhewn to be equal to EF; there- 
fore EF is equal to EG, the leſs 
to the greater, which is impoſſible. 
therefore E is not the center of 
the circles ABC, CDG. Wherefore if two circles, &c. Q. FE. D. 


PROF. VI. THILO. 


FF two circles touch one another internally, they ſhall 
not have the ſame center. 


Let the two circles ABC, CDE touch one another internally 
in the point C. they have not the ſame center. 

For if they can, let it be F; join FC, and draw any ſtraight 
line FEB meeting them in E and B. f C 
and becauſe F is the center of the 
circle ABC, CF is equal to FB. alſo 
becauſe F is the center of the circle 
CDE, CF is equal to FE. and CF 
was ſhewn equal to FB; therefore 
FE is equal to FB, the leſs to the 
greater, which is impoſſible. where- 
fore F is not the center of the cir- 


cles ABC, CDE. Theretore if two circles, &c. Q. E. D. 
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PROP. VII. THEOR. 


by any point be taken in the diameter of a circle, 

which is not the center, of all the ſtraight lines 
which can be drawn from it to the circumference, the 

cateſt is that in which the center is, and the other 
part of that diameter is the leaſt ; and of any others, 
that which is nearer to the line which paſſes thro” the 
center is always greater than one more remote. and 
from the ſame point there can be drawn only two 


ſtraight lines that are equal to one another, one upon 
ach ſide of the ſhorteſt line. | 


Let ABCD be a circle, and AD its diameter, in which let any 
point F be taken which is not the center. let the center be E; of 
ul the ſtraight lines FB, FC, FG, &c. that can be drawn from VF 
to the circumference, FA is the greateſt, and FD the other part 
of the diameter AD is the leaſt ; and of the others, FB is greater 
than FC, and FC than FG. | 

Join BE, CE, GE; and becauſe two ſides of a triangle ate 


greater than the third, BE, EF are greater than BF; but AE is a. 26. 2 


equal to EB, therefore AE, EF, that 
s AF, is greater than BF. again, be- 
cauſe BE is equal to CE, and FE C 
common to the triangles BEF, CEF; 
the two ſides BE, EF are equal to the 
two CE, EF; but the angle BEF is 
greater than the angle CEE, therefore 
the baſe BF is greater Þ than the baſe 
IC. for the ſame reaſon, CF is grea- 
ter than GF. again, becauſe GF, FE 


D 


we greater * than EG, and EG is equal to ED; GF, FE are greater 


tran ED. take away the common part FE, and the remainder GF 
8 greater than the remainder FD. therefore FA is the greateſt, and 
ID the leaſt of all the ſtraight lines from F to the circumference , 
ad BF is greater than CF, and CF than GF. 
Aldo there can be drawn only two equal ſtraight lines from the 
pant to the circumference, one upon each fide of the ſhorteſt line 
h E 


b. 24. 3, 


— - 
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Book 111. FD. at the point E in the ſtraight line EF, make © the angle FEH 

equal to the angle GEF, and join FH. 8 

4. 23. 1. then becauſe GE is equal to EH, and PB 
EFcommon to the twotriangles GEF, C 
HEF ; the two ſides GE, EFare equal 
to the two HE, EF; and the angle 
GEFisequal to the angle HEF, there- 

d. 4. 1. fore the baſe FG is equal d to the 
baſe FH. but beſides FH no other 
ſtraight line can be drawn from F to G HK | 
the circumference equal to FG. for 1 9 
if there can, let it be FK, and becauſe FK is equal to FG, and FG 
to FH, FK is equal to FH, that is, a line nearer to that which 
paſſes thro the center is equal to one which is more remote; which 
is impoſſible, Therefore if any point be taken, &c. Q. E. D. 


PROP. VIII. THE OX. 


F any point be taken without a circle, and ſtraight 
lines be drawn from it to the circumference, 
whereof one paſſes thro” the center; of thoſe which fall 
upon the concave circumference the greateſt is that 
which paſſes thro' the center; and of the reſt, that 
which is nearer to that thro' the center is always 
greater than the more remote. but of thoſe which fall 
upon the convex circumference, the leaſt is that be- 
tween the point without the circle, and the diameter ; 
and of the reſt, that which is nearer to the leaſt is al- 
ways leſs than the more remote. and only two equal 
ſtraight lines can be drawn from the point unto the 
circumference, one upon each fide of the leaſt. 


Let ABC be a circle, and D any point without it, from which 
let the ſtraight lines DA, DE, DF, DC be drawn to the circumfe- 
rence, whereof DA paſſes thro' the center. of thoſe which fall upon 
the concave part of the circumference AEFC, the greateſt is AD 
which paſſes thro? the center; and the nearer to it is always greater 
than the more remote, viz. DE than DF, and DF than DC. but 
of thoſe which fall upon the convex circumference HLKG, the 


„ 
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leaft is DG between the point D and the diameter AG; and the Book III. 
nearer to it is always leſs than the more remote, viz. DK than Wo 
DL, and DL than DH. 

Take * M the center of the circle ABC, and join ME, Mr, MC 
MK, ML, MH. and becauſe AM is equal to ME, add MD to each, 
therefore AD is equal to EM, MD; but EM, MD are greater b h, 2. f. 
than ED, therefore alſo AD is greater than ED. again, becauſe 
ME is equal to MF, and MD common to the triangles EMD, 

FMD ; EM, MD are equal to FM, 
MD; but the angle EMD is greater 
than the angle FMD, therefore the 
baſe ED is greater © than the baſe | c. 24. 1 
FD. in like manner it may be ihewn 
that FD is greater than CD. there- 

N 

* 


5 A. 1. 3. 


fore DA is the greateſt; and DE 
greater than DF, and DF than DC. | 
and becauſe MK, KD are greater d / 


than MD. and MK is equal to MG, 
the remainder. KD is greater 9 than C 
the remainder GD, that is, GD is 
leſs than KD. and becauſe MK, DK 1 


d. 4. Ax, 


„ 


are drawn to the point K within the | 
triangle MLD from M, D the ex- / 
tremities of its fide MD; MK, ED ay 4 
are leſs © than ML, LD, whereof 

MK is equal to ML, therefore the remainder DK is leſs than the 
r:mainder DL. in like manner it may be ſhewn that DL is leſs than 
DH. therefore DG is the leaſt, and DK leſs than DL, and DL than 
DH. Alſo there can be drawn only two equal ſtraight lines from 
the point D to the circumference, one upon each ſide of the leaſt. 
at the point M in the ſtraight line MD, make the angle DMB equal 
to the angle DMK, and join DB. and becauſe MK is equal to MB, 
and MD common to the triangles KMD, BMD, the two ſides 
KM, MD are equal to the two BM, MD ; and the angle KMD is 


E. 11. n 


equal to the angle BMD, therefore the baſe DK is equal f to the f. 4 1. 
baſe DB. but beſides DB there can be no ſtraight line drawn from 


D to the circumference equal to DK. for if there can, let it be DN; 

and becauſe DK is equal to DN, and alſo to DB, therefore DB 

is equal to DN, that is the nearer to the leaſt equal to the more 

remote, which is impoſlible. If therefore any point, &c. Q. E. D. 
E 2 
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PROP. IX. THE OR. 


JT a point be taken within a circle, from which there 
fall more than two equal ſtraight lines to the ciu- 
cumference, that point is the center of the circle. 


Let the point D be taken within the circle ABC, from which 
to the circumference there fall more than two equal ſtraight lines, 
viz. DA, DB, DC. the point D is the center of the circle. 

For if not, let E be the center, 
join DE and produce it to the cir- 
cumference in F, G ; then FG is a 
diameter of the circle ABC. and be- 
cauſe in FG the diameter of the 
circle ABC there is taken the point 
D which is not the center, DG ſhall 
be the greateft line from it to the 
circumference, and DC greater * than 
DB, and DB than DA. but they are 
Iikewiſe equal, which is impoſſible. therefore E is not the center 
of the circle ABC. in like manner it may be demonſtrated that no 
other point but D is the center; D therefore is the center. Where- 
tore if a point be taken, &c. Q. E. D. 


a PROP. xX. THE OR. 


NE circumference of a circle cannot cut another 
in more than two points. 


If it be poſſible, let the circum- A 
ference ABC cut the circumference 

EF in more than two points, viz. 
in B, G, F; take the center K of the B 
circle ABC, and join KB, KG, . 
and becauſe within the circle DEF 
there is taken the point K from which 
to the circumference DEF fall more 
than two equal ſtraight lines KB, KG, 
KF, the point K is * the center of the 


th... a& a. ao 
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circle DEF. but K is alſo the center of the circle ABC; therefore 
the ſame point is the center of two circles that cut one another, 
which is impoſſible b. Therefore one circumference of a circle 
cannot cut another in more than two points. Q. E. D. 


PROP. XI THEOR 
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D. 7 3 


F two circles touch each other internally, the ſtraight 


line which joins their centers being produced ſhall 
paſs through the point of contact, 


Let the two circles ABC, ADE touch each other internally in 
the point A, and let F be the center of the circle ABC, and G the 
center of the circle ADE. the ſtraight 
line which joins the centers F, G be- A 
ing produced paſſes thro' the point A. | 

For if not, let it fall otherwiſe, if H C/ 
poſſible, as FGDH, and join AF, AG. 
and becauſe AG, GF are greater * 
than FA, that is than FH, for FA is 
equal to FH, both being from the C 
me center; take away the common 
part FG, therefore the remainder AG B 
is greater than the remainder GH. but AG is equal to GD, there- 
tore GD is greater than GH, the leſs than the greater, which is 
impoſſible, therefore the ſtraight line which joins the points F, G 
cannot fall etherwiſe than upon the point A, that is, it muſt pals 
thro? it. Therefore if two circles, &c. Q. E. D. | 


PROP, XI. THEOR. 


F two circles toych each other externally, the ſtraight 
line which joins their centers ſhall paſs thro' the 
point of contact. 


Let the two circles ABC, ADE touch each other externally in 
the point A; and let F be the center of the circle ABC, and G 
the center of ADE. the ftraight line which joins the points F, G 
ſhall paſs thro the point of contact A. 


For if not, let it paſs vtherwiſe, if poſſible, as ICD, and join 


E 3 
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Book III. FA, AG. and becauſe F is the center of the circle ABC, AF i; 
Way qual to FC. alſo becauſe 
G is the center of the cir- 
cle ADE, AG is equal to 
GD. therefore FA, AG 
are equal to FC, DG; 
wheretore the whole FG 


is greater than FA, AG. 
3. 20. 1. Put it is dee which 
is. impoſſible. therefore the ſtraight line which joins the points P, 


G (hail not paſs otherwiſe than thro' the point of contact A, that 
is, it muſt paſs thro' it. Therefore if two circles, &c. Q. E. D. 


PROP, AM. THEOR. 


SceN. NE circle cannot touch another in more points than 
one, whether it touches it on the inſide or outſide. 


For, if it be poſſible, let the circle EBF touch the circle ABC 

in more points than one, and firſt on the inſide, in the points B, D; 

2. 10. 11. 1. Join BD, and draw * GH biſecting BD at right angles. therefore 
becauſe the points B, D are in the circumference of cach of the 


b. 2 3. circles, the ſtraight line BD falls within b each of them. and their 

Cor. 1. 3-centers are © in the ſtraight line GH which biſccts BD at right 

. 1, 3. angles; therefore GH paſſes thro? the point of contact 9. but it 
does not paſs thro' it, becauſe the points B, D are without the 
ſtraight line GH, which is abſurd. therefore one circle cannot 
touch another on the inſide in more points than one. 

Nor can two circles touch one another on the outſide in more 


OF EUCLID. 71 


than one point. for, if it be poſſible, let the circle ACK touch the Book 111. 
circle ABC in the points A, C, and join AC. therefore becauſe the Ly 
two points A, C are in the circumference 

of the circle ACK, the ſtraight line AC 

which joins them ſhall fall within d the b. 2. 3. 
circle ACK. and the circle ACK is with- 

out the circle ABC, and therefore the C 

ſtraight line AC is without this laſt cir- 

cle ; but becauſe the points A, C, are in 

the circumference of the circle ABC, the 

ſtraight line AC muſt be within d the 

ſame circle, which is abſurd. therefore one 

circle cannot touch another on the out- B 

fide in more than one point. and it has 

been ſhewn that they cannot touch on the inſide in more points 

than one. therefore one circle, &c. Q. E. D. 


PROF. XIV. THEO R 


E ſtraight lines in a circle are equally diſtant 
from the center; and thoſe which are equally 
diſtant from the center, are equal to one another. 


Let the ſtraight lines AB, CD in the circle ABDC be equal to 
one another; they are equally diſtant from the center. 

Take E the center of the circle ABDC, and from it draw FF, 
EG perpendiculars to AB, CD. then becauſe the ſtraight line EF 
paſſing thro? the center cuts the ftraight line AP, which does not 
paſs thro' the center, at right angles, it C | 
alſo biſects it. wherefore AF is equal a. 3. 3. 
to FB, and AB double of AF. for the 
lame reaſon CD is double of CG. and 
AB is equal to CD, therefore AFis equal 
to CG. and becauſe AE is equal to EC, 
the ſquare of AE is equal to the ſquare 
of EC. but the ſquares of AF, FE are B 
equal d to the ſquare of AF, becauſe the | b. 47. Is 
angle AFE is a right angle; and for the 
like reaſon the ſquares of EG, GC are equal to the ſquare of EC, 
therefore the ſquares of AF, FE are equal to the ſquares of CG, 
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kya) caule AF is equal to CG; therefore the remaining ſquare of FE is 


c. 4. Def. 3- the center are equal ©. therefore AB, 


Sce N. 


A. 20. I's 


equal to the remaining ſquare of EG, and the ſtraight line FE is 
therefore equal to EG. but ſtraight lines in a circle are ſaid to be 
equally diſtant from the center, when | 

the perpendiculars drawnto them from A 


CD are equally diſtant from the center. 
Next, if the ſtraight lines AB, CD 

be equally diſtant from the center, that 

is, if FE be equal to EG; AB is equal B 

ro CD. for, the ſame conſtruction be 

ing made, it may, as befoze, be demon- 

ſtrated that AB is double of AF and 

CD double of CG, and that the ſquares of EF, FA are equal to 

the ſquares of EG, GC; of which the ſquare of FE is equal to 

the ſquare of EG, an FE is equal to EG; therefore the re- 

maining ſquare of AF is equal to the remaining ſquare of CG; 
and the ſtraight line AF is therefore equal to CG. and AB is 


double of AF, and CD double of CG; wherefore AB is equal to 


CD, Therefore equal ſtraight lines, &c, Q. E. D. 


PROP. XV. THE OR. 
F : 'HE diameter is the greatcſt ſtraight line in a circle; 


and of all others, that which is ncarer to the 
center is always greater than one more remote; and 
the greater is nearer to the center chan the leſs. 


Let ABCD be a circle, of which the diameter is AD, and center 
E; and let BC be nearer to the center than FG. AD is greater 
than any ſtraight line BC which is not a AB 
diametcr, and BC greater than FG. 

From the center draw EH, EK per- 
pendiculars to BC, FG, and join EB, 
EC, EF; and becauſe AE is equal to 
EB, and ED to EC, AD is equal to 
EB, EC. but EB, EC, are greater * than 
BC, wherefore alſo AD is greater than G 
BC. 

And becauſe BC is nearer to the cen- 
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ter than FG, EH is leſs d than EK. but, as was demonſtrated in Rook III. 
the preceding, BC is double of BH, and FG double of FK, and 
the ſquares of EH, HB are equal to the ſquares of EK, KF, of b. ;. Def. 3. 
which the ſquare of EH is leſs than the ſquare of EK, becauſe 
Ellis leſs than EK; therefore the ſquare of BH is greater than 


the ſquare of FK, and the ſtraight line BH greater than FK; 
and therefore BC is greater than FG. 

Next, let BC be greater than FG ; BC is nearer to the center 
than FG, that is, the ſame conſtruction being made, EH is lets 
than EK. becauſe BC is greater than FG, BH likewiſe is greater 
than FK. and the ſquares of BH, HE are equal to the ſquares of 
FR, KE, of which the ſquare of BH is greater than the ſquare of 
FK, becauſe BH is greater than FK; therefore the ſquare of EH 
is leſs than the ſquare of EK, and the ſtraight line EH lefs than 
EK. Wherefore the diameter, &c. Q. E. D. 


PROP. XVL TI HEOR. 


1 how ſtraight line drawn at right angles to the dia-Sce N. 
meter of a curcle, from the extremity of it, falls 

without the circle; and no ſtraight line can be drawn 

between that ſtraight line and the circumference from 

the extremity, ſo as not to cut the circle; or, which 

is the ſame thing, no ſtraight line can make ſo great 

an acute angle with the diameter at its extremity, or 

ſo ſmall an angle with the ſtraight line which is at right 

angles to it, as not to cut the circle. 


Let APC be a circle the center of which is D, and the diameter 
AB; the ſtraight line drawn at right 
gies to AB from its extremity A, 
hall fall without the circle. 


For if it does not, let it fall, if poſ- C 
ible, within the circle as AC, and B — A 
iraw DC to the point C where it 5 


meets the circumference. and be- 

cauſe DA is equal to DC, the angle 

DAC is equal ® to the angle ACD; 

wut DAC is a right angle, therefore ACD is a right angle, and 
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Book III. the angles DAC, ACD are therefore equal to two right angles; 
Way Which is impoſſible b. therefore the ſtraight line drawn from A » 


Bo £3 bo 
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right angles to BA does not fall within the circle. in the ſame man. 
ner it may be demonſtrated that it does not fall upon the circum. 
ference; therefore it muſt fall without the circle, as AE. 

And between the ſtraight line AE and the circumference ng 
ſtraight line can be drawn from the point A which does not cut 
the circle. for, if poſſible, let FA be between them, and from the 
point D draw © DG perpendicular to FA, and let it meet the cir. 
cumference in H. and becauſe AG is a right angle, and DAG 
leſs d than a right angle, DA is great- F 
ers than DG. but DAis equal to DH; E 
therefore DH is greater than DG, the : 
leſs than the greater, which is impol- 
fible. therefore no ſtraight line can be 
drawn from the point A between AE 
and rhe circumference, which does 
not cut the circle. or, which amounts 
ro the ſame thing, however great an 
acute angle a ſtraight line makes with 
the diameter at the point A, or however ſmall an angle it makes fror 
with AE, the circumference paſſes between that ſtraight line and Nad 
the perpendicular AE. © And this is all that is to be underitood, WM ton, 
© when in the Greek text and tranſlations from it, the angle of the I WI 
* ſemicircle is ſaid to be greater than any acute rectilincal angle, 


and the remaininp angle leſs than any rectilineal angle.” the 


Cor. From this it is manifeſt that the ſtraight line which is Wl ©. 
drawn at right angles to the diameter of a circle from the extremity 
of it, touches the circle; and that it touches it only in one point, 
becauſe if it did meet the circle in two, it would fall within 
ite. * Alſo it is evident that there can be but one ſtraight line | 
5 which touches the circle in the fame point. 


ſh; 

PROP. XVII. PROB. 
4 [ 0 draw a ftraight line from a given point, either F 
without or in the circumference, which ſhall I ; 


touch a given circle. 


Firſt, Let A be a given point without the given circle BCD; it WF 


z It 
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« required to draw a ſtraight line from A which ſhall touch the Book 111. 
circle. | '.. 
Find * the center E of the circle, and join AE; and from the a. 2 3. 

center L, at the diſtance EA deſcribe the circle AFG; from the 
point D draw > DF at right angles to EA, and join EBF, AB. b. 11.3. 
4B touches the circle BCD. 
«cauſe E is the center of 
the circles BCD, AFG, EA is 
equal to EF, and ED to EB; 
therefore the two ſides AE, EB 
e equal to the two FI., ED, 
and they contain the angle at 
E common to the two triangles 
AEB, FED; therefore the baſe 
DF is equal to the baſe AB, 
and the triangle FED to the 
tangle AEB, and the other 
angles to the other angles ©. Cak 
therefore the angle EBA is equal to the angle EDF. but EDF is a 
right angle, wherefore EBA is a right angle. and EB is drawn 
from the center; but a ſtraight line drawn from the extremity of 
a diameter, at right angles to it, touches the circle d. therefore AB. Cor. 16. 3. 
waches the circle; and it is drawn from the given point A. 
Which was to be done. 
But if the given point be in the circumference of the circle, as 
ne point D, draw DE to the center E, and DF at right angles 
0 DE; DF touches the circle 9. 


PROP. XVIII. THEOR. 


IL a ſtraight line touches a circle, the ſtraight line 
drawn from the center to the point of contact, 
hall be perpendicular to the line touching the circle, 


Let the ſtraight line DE touch the circle ABC in the point C, 
lake the center F, and draw the ſtraight line FC; FC is perpen- 
cular to DE. 
For if it be not, from the point F draw FBG perpendicular to 
DE; and becauſe FGC is a right angle, GCF is b an acute angle; b. 17. 1. 
aud to the greater angle the greateſt © ſide is oppoſite, therefore FC c. »9. 3. 
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Bock III. is greater than FG; but FC is e- A 
aual to FB; therefore FB is greater 


a. 18. 3. 


$ce N. 


line, &c. Q. E. D. 


DE; therefore FCE is a right angle. 


than FG, the leſs than the greater, 
which is impoſſible. wherefore FG 
is not perpendicular to DE. in the 
ſame manner it may be ſhewn, that 
no other is perpendicular to it be- 
ſides FC, that is, FC is perpendi- 
cular to DE. Therefore it a ſtraight 5 


3 


PROP. XIX. THE OR. 


IV a ſtraight line touches a circle, and from the point 

of contact a ſtraight line be drawn at right angles 
to the touching line, the center of the circle ſhall be 
in that line. 


Let the ſtraight line DE touch the circle ABC in C, and from 
C let CA be drawn at right angles to DE; the center of the 
circle is in CA. 

For if not, let F be the center, if poſſible, and join CF. Becauſe 
DE touches the circle ABC, and FC 
is drawn from the center to the point A 
of contact, FC is perpendicular to 


but ACE is alſo a right angle; there- 
fore the angle FCE is equal to the B 
angle ACE, the leſs to the greater, 
which is impoſſible. wherefore F is 
not the center of the circle ABC. in — 
the ſame manner it may be ſhewn D C F 
that no other point which is not in 

CA, is the center; that is, the center is in CA. Therefore if a 
ſtraight line, &c. Q. E. D. 


th. ts. 4 


PROP. XX. THE OR. 


T* angle at the center of a circle is double of the 
angle at the circumference, upon the ſame baſe, 
that is, upon the ſame part of the circumference. 


El 


int 
rles 


be 


"om 
the 


juſe 


— 


W art of the firſt is double of GDB a 
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Let ABC be a circle, and BEC an angle at the center, and BAC Book 111. 
n angle at the circumference, which have the ſame circumference (ay 
c for their baſe; the angle BEC is double A 
ak the angle BAC. 

Firſt, Let E the center of the circle be 
within the angle BAC, and join AE, and 
produce it to F. Becauſe EA is equal to 
FB, the angle EAB is equal * to the angle 


a. $. I 
FBA; therefore the angles EAB, EBA 
re double of the angle EAB; but the B 7 
mole BEF is equal b to the angles EAB, Þ 5 


FBA z therefore alſo the angle BEF is 
double of the angle EAB. for the ſame reaſon, the angle FEC is 
double of the angle EAC. therefore the whole angle BEC is 
double of the whole angle BAC. 
Again, Let BDC be infleted to 
the circumference, ſo that E the cen- 
ter of the circle be without the angle 
BDC, and join DE and produce it to 
G. It may be demonſtrated, as in the 
fr} caſe, that the angle GEC is double 
of the angle GDC, and that GEB a 


at of the other; therefore the re- 
maining angle BEC is double of the | 
maining angle BDC. Therefore the angle at the center, &c. Q. E. D. 


PROP. XXI. THE OR. 


* angles in the ſame ſegment of a circle are see N. 
equal to one another, 


Let ABCD be a circle, and BAD, 
ED angles in the ſame ſegment BALD; 
lie angles BAD, BED are equal to one 
mother. | 

Take Fthe center of the circle ABCD. 
ad, firſt, let the ſegment BAED be great- 
@ than a ſemicircle, and join BF, D. B 
ud becauſe the angle BFD is at the cen- 
aud the angle BAD at the circumfe- 


— — — — — — — — — 
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Book III. rence, and that they have the ſame part of the circumference Viz, 
GY NL BCD for their baſe, therefore the angle BFD is double * of the 
angle BAD. for the ſame reaſon, the angle BFD is double of the 


angle BED. therefore the angle BAD is equal to the angle BEb. 


But if the ſegment BAED be not greater than a ſemicircle, ln 


BAD, BED be angles in it; theſe 
alſo are equal to one another. draw 
AF to the center, and produce it to 
C, and join CE. therefore the ſeg- 
ment BADC is greater than a ſemi- 
circle; and the angles in it BAC, 
BEC are equal, by the firſt caſe. for 
the ſame reaſon, the angles CAD, 
CED are equal. therefore the whole 
angle BAD is equal to the whole an- 


A E 
B 


C 


gle BED. Wherefore theangles in the ſame ſegment, &c. Q. E.. 


PROP, . THEO. 


HE oppolite angles of any quadrilateral ſigure 
deſcribed in a circle, are together equal to two 


right angles. 


Let ABCD be a quadrilateral figure in the circle ABCD ; any 
two of its oppoſite angles are together equal to two right angles. 
Join AC, BD; and becauſe the three angles of every triangle 


are equal * to two right angles, the 


CAB, viz. the angles CAB, ABC, 
BCA are equal to two right angles. 
but the angle CAB is equal b to the 
angle CDB, becauſe they are in the 
{ame ſegment BADC; and the angle 
ACB is equal to the angle ADB, be- 
cauſe they are in the ſame ſegment 
ADCB. therefore the whole angle 
ADC is equal to the angles CAB, 
ACB. to each of theſe equals add 


25 


three angles of the triange 


D 
C 


the angle ABC, therefore the angles ABC, CAB, BCA are equal to 
the angles ABC, ADC. but ABC, CAB, BCA are equal to two 
right angles; therefore alſo the angles ABC, ADC are equal to 
two right angles. in the ſame manner the angles BAD, DCB 
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nay be ſhewn to be equa! to two right angles. Therefore the Book 11t. 
oppolite angles, &c. Q. E. D. 


PRO P. XXIII. THEOR. 


EPS” the ſame ſtraight line, and upon the ſame 34 N. 
ſide of it, there cannot be two ſimilar ſegments 
of circles, not coinciding with one another. 


If it be poſſible, let the two ſimilar ſegments of circles, viz. 
ACB, ADB be upon the ſame fide of the ſame ſtraight line AB, 
got coinciding with one another. then becauſe the circle ACB cuts 
the circle ADB in the two points A, B, 
they cannot cut one another in any other 
point *. one of the ſegments muſt there- 
fore fall within the other; let ACB fall 
within ADB, and draw the ſtraight line 
BCD, and join CA, DA. and becauſe the 
ſegment ACB is ſimilar to the ſegment A B 
ADB, and that ſimilar ſegments of circles 
contain b equal angles; the angle ACB is equal to the angle b. rr. Det. 
ADB, the exterior to the interior, which is impoſſible . There- c. 16. 1. 
fore there cannot be two ſimilar ſegments of a circle upon the 
lame fide of the ſame line, which do not coincide. Q. E. D. 


&. 10. Yo 


PROP. XXIV. 'THEOR; 


LAN ſegments of circles upon equal ſtraight see N. 
lines, are equal to one another. 


Let AEB, CFD be ſimilar ſegments of circles upon the equal 


ragt lines AB, CD; the ſegment AEB is equal to the ſegment 
CFD, 


For if the ſeg- 


ment AEB be ap- E F 


Pied to the ſeg- 
ment CFD, ſo as | 55 4 


the poin e ON 
point A b A B C 5 


C, and the ſtraight 
ine AB upon CD, the point B ſhall coincide with the point D, 
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Book III. becauſe AB is equal to CD. therefore the ſtraight line AB coin. 
Lay ciding with CD, the ſegment AEB muſt * coincide with the ſeg⸗ 


A. 23 3* 


Set N. 


e. a3 · 1. 


f. 4 1. 


ment CFD, and therefore is equal to it. Wherefore ſimilar ſep 
ments, &c. Q. E. D. a 


PROP. XV. PR OB. 


Segment of a circle being given, to deſcribe the 
circle of which it is the ſegment. 


Ler ABC be the given ſegment of a circle ; it is required to 
deſcribe the circle of which it is the ſegment. 

Biſect * AC in D, and from the point D draw > DB at right 
angles to AC, and join AB. Firſt, let the angles ABD, BAD be 
equal to one another; then the ſtraight line BD is equal © to DA, 
and therefore to DC. and becauſe the three ſtraight lines DA, DB, 
DC are all equal, D is the center of the circle d. from the center 
D, at the diſtance of any of the three DA, DB, DC deſcribe a 
circle; this ſhall paſs thro' the other points; and the circle of which 
ABC is a ſegment is deſcribed. and becauſe the center D is in AC, 


acÞp></| 
n 
the ſegment ABC is a ſemicircle. but if the angles ABD, BAD are 
not equal to one another, at the point A in the ſtraight line AB 
make * the angle BAE equal to the angle ABD, and produce BD 
to E, and join EC. and becauſe the angle ABE is equal to the 
angle BAE, the ſtraight line BE is equal © to EA. and becauſe AD 
is equal to DC, and DE common to the triangles ADE, CDE, the 
two ſides AD, DE are equal to the two: CD, DE, each to each; 
and the angle ADE is equal to the angle CDE, for each of them 
is a right angle; therefore the baſe AE is equal f to the baſe EC. 


but AE was ſhewn to be equal to EB, wherefore alſo BE is equal 
to EC; and the three ſtraight lines AE, EB, EC are therefore equal 


nn @ a. ee © 


fo 


* 


a 
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5 one another; wherefore 4 E is the center of the circle. from Bock II, 


the center E, at the diſtance of any of the three AE, EB, EC 
deſcribe a circle, this ſhall paſs thro? the other points; and the d. 9. 3 


arcle of which ABC is a ſegment is deſcribed. and it is evident 
that if the angle ABD be greater than the angle BAD, the center 
E falls without the ſegment ABC, which therefore is leſs than a 
Emicircle. but if the angle ABD be leſs than BAD, the center 
E falls within the ſegment ABC, which is therefore greater than a 
kmicircle. wherefore a ſegment of a circle being given, the circle 
« deſcribed of which: it is a ſegment. Which was to be done. 


PROP. XXVI. THE OR. 


N equal circles, equal angles ſtand upon equal cir- 
cumferences, whether they be at the centers or 
tircumferences. 


Let ABC, DEF be equal cixcles, and the equal angles BGC, 
EHF at their centers, and BAC, EDF at their circumferences. the 
drcumference BKC is equal to the circumference ELF. 

Join BC, EF; and becauſe the circles ABC, DEF are equal, 
the ſtraight lines drawn from their centers are equal; therefore the 
two ſides BG, GC, are equal to the two EH, HF; and the angle 


{ 


\ 


Nays, 


tG is equal to the angle at H; therefore the baſe BC is equal la. + 3 


w the baſe EF. and becauſe the angle at A is equal to the angle 


aD, the ſegment BAC is ſimilar Þ to the ſegment EDF; and they b.12.Def. 25 


re upon equal ſtraight lines BC, EF; but ſimilar ſegments of 


circles upon equal ſtraight lines are equal © to one another; e. 34+ 3: 


therefore the ſegment BAC is equal to the ſegment EDF. but 
he whole circle ABC is equal to the whole DEF, therefore the 
F : 


=, 
. 
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Book III. remaining ſegment BKC is equal to the remaining ſegment ELF, 
uud the circumference BKC to the circumference ELF. Where. 


a. 20. 3. 


b. 23. 1. 
c. 26. 3. 


fore, in equal circles, &c. Q. E. D. 


PROP. XXVI. THE OR. 


| be equal circles, the angles which ſtand upon equal 
circumferences, are equal to one another, whether 
they be at the centers, or circumferences. 


Let the angles BGC, EHF at the centers, and BAC, EDF at 
the circumferences of the equal circles ABC, DEF ſtand upon the 
equal circumferences BC, EF. the angle BGC is equal to the angle 
EHF, and the angle BAC to the angle EDF. 

If the angle BGC be equal to the angle EHF, it is manifeſt * 
that the angle BAC is alſo equal to EDF. but if not, one of them 


D 


is the greater. let BGC be the greater, and at the point G, in the 
ſtraight line BG, make b the angle BGK equal to the angle EHF; 
but equal angles ſtand upon equal circumferences ©, when they 
are at the center; therefore the circumference BK is equal to the 
circumference EF. but EF is equal to BC, therefore alſo BK is 
equa! to BC, the leſs to the greater, which is impoſlible. therefore 
the angle BGC is not unequal to the angle EHF ; that is, it is 
equal to it. and the angle at A is half of the angle BGC, and 
the angle at D half of the angle EHF. therefore the angle at A 
is equal to the angle at D. Wherefore, in equal circles, &c- 


Q. E. D. 


e 
le 


r eli Pb 


Book III. 
PROP. XXV. THEOR. — 


N equal circles, equal ſtraight lines cut off equal 
circumferences, the greater equal to the greater, 
and the leſs to the leſs. 


Let ABC, DEF be equal circles, and BC, EF equal ſtraight 
lines in them, which cur off the two greater circumferences BAC, 
EDF, and the two leſs BGC, EHF. the greater BAC is equal to 
the greater EDF, and the leſs BGC to the leſs EHF. 
Take K, L the centers of the circles, and join BK, KC, EL, a. 1. 3. 
LF. and becauſe the circles are equal, the ſtraight lines from 


* D 


— MRS 
E H 


their centers are equal, therefore BK, KC, are equal to EL, LF; 
and the baſe BC is equal to the baſe EF; therefore the angle 
BKC is equal © to the angle ELF. but equal angles ſtand upon b. 8. . 
equal © circumferences, when they are at the centers; therefore e. a6. 3. 
the circumference BGC is equal to the circumference EHF. 
but the whole circle ABC is equal to the whole EDF; the re- 
maining part therefore of the circumference, viz. BAC, is equal 


to the remaining part EDF. Therefore, in equal circles, &c. 
QE. D. 


PROP. XIX. THE OR. 


N equal circles equal circumferences are ſubtended 
by equal ſtraight lines. 


Let ABC, DEF be equal circles, and let the circumferences 

BGC, EHF alſo be equal; and join BC, EF. the ſtraight line BC 

is equal to the ſtraight line EF. | 
F 2 


- 
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Bock III. Take * K, L the centers of the circles, and join BK, KC, EL, 
An LF. and becauſe the circumference BG is equal to the circum. 


2. 1. 3. A | D 


G H. 
b. 27. 3. ference EHF, the angle BK C is equal Þ to the angle ELF. and 
becauſe the circles ABC, DEF are equal, the ſtraight lines from 
their centers are equal; therefore BK, KC are equal to EL, LF, 


e. 4 1. and they contain equal angles. therefore the baſe BC is equal © to 
the baſe EF. Therefore, in equal circles, &c. Q. E. D. 


PROP. XXX. PRO B. 


: | O biſect a given circumference, that is, to divide it 
into two equal parts. 


Let ADB be the given circumference ; it is required to biſed ang 

it. d t 

3 Join AB, and biſect it in C; from the point C draw CD at * 
right angles to AB, and join AD, DB. the circumference ADB is WM ... 
biſected in the point D. js t 

Becauſe AC is equal to CB, and CD common to the triangles WM - 

ACD, BCD, the two ſides AC, CD | 

are equal to the two BC, CD; and ÞD 1 


the angle ACD is equal to the angle 
BCD, becaufe each of them is a right 5 | 
angle; therefore the bafe AD is equal - os 

b. 4. . Þ to the baſe BD. but equal ſtraight A C B 
c. 28, 3. lines cut off equal © circumferences, the greater equal to the greater, 
and the leſs to the leſs, and AD, DB are each of them leſs than 2 
d. Cor. 1. 3. ſemicircle ; becauſe DC paſſes through the center 4. wherefore the 
circumference AD is equal to the circumference DB. therefore 
the given circumference is biſected in D. Which was to be 
done. 


258 =. 


0 


it 
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* a circle, the angle in a ſemicircle is a right angle; 

but the angle in a ſegment greater than a ſemicircle 
is leſs than a right angle; and the angle in a ſegment 
leſs than a ſemicircle is greater than a right an gle. 


Let ABCD be a circle, of which the diameter is BC, and cen- 
ter E; and draw CA dividing the circle into the ſegments ABC, 
ADC, and join BA, AD, DC. the angle in the ſemicircle BAC 
js a right angle; and the angle in the ſegment ABC, which is 
greater than a ſemicircle, is leſs than a right angle; and the angle 
in the ſegment ADC which is leſs than a ſemicircle is greater 
than a right angle. 

Join AE, and produce BA to F; and becauſe BE js equal to 
EA, the angle EAB is equal * to A. f. f. 
EBA; alſo, becauſe AE is equal to F 
EC, the angle EAC is equal to 
ECA; wherefore the whole angle 
BAC is equal to the two angles 
ABC, ACB. but FAC, the exterior 
angle of the triangle ABC, is equal B = 
d to the two angles ABC, ACB; 
therefore the angle BAC is equal 
to the angle FAC, and each of them 
is therefore a right © angle, where- 
fore the angle BAC in a ſemicircle is a right angle, 

And becauſe the two angles ABC, BAC of the triangle ABC 
ve together leſs 4 than two right angles, and that BAC is a right d. 27. 2. 
angle, ABC muſt be leſs than a right angle; and therefore the 
agle in a ſegment ABC greater than a ſemicircle, is leſs than a 
right angle, 

And becauſe ABC is a quadrilateral figure in a circle, any 
wo of its oppoſite angles are equal © to two right angles; there- e. 22. 3, 
fore the angles ABC, ADC are equal to two right angles; and 
AIC is leſs than a right angle, wherefore the other ADC is 
greater than a right angle. 

Beſides, it is manifeſt, that the circumference of the greater 
kgment ABC falls without the right angle CAB, but the circum- 


F 3 


C . . 
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angle. but ABF is likewiſe a right 
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Book 111, ference of the leſs ſegment ADC falls within the right angle CAF, 
And this is all that is meant, when in the Greek text, and the 


© tranſlations from it, the angle of the greater ſegment is ſaid to 
© be greater, and the angle of the leſs ſegment is ſaid to be 1:6 
© than a right angle.” 

Cor, From this it is manifeſt, that if one angle of a triangle 
be equal to the other two, it is a right angle, becauſe the angle 
adjacent to it is equal to the ſame two; and when the adjacent 
angles are equal, they are right angles. 


PROP. XXII. THEOR, 


FF a ſtraight line touches a circle, and from the point 

of contact a ſtraight line be drawn cutting the 
circle, the angles made by this line with the line 
touching the circle, ſhall be equal to the angles which 
are in the alternate ſegments of the circle. 


Let the ſtraight line EF touch the circle ABCD in B, and from 
the point B let the ſtraight line BD be drawn cutting the circle. 
the angles which BD makes with the touching line EF ſhall be 
equal to the angles in the alternate ſegments of the circle; that 
is, the angle FBD is equal to the angle which is in the ſegment 
DAB, and the angle DBE to the angle in the ſegment BCD. 

From the point B draw * BA at right angles to EF, and take 
any point C in the circumference BD, and join AD, DC, CB; 
and becauſe the ſtraight line EF 7 
touches the circle ABCD in the point 
B, and BA is drawn at right angles 
to the touching line from the point 
of contact B, the center of the circle 
is din BA; therefore the angle ADB 
in a ſemicircle is a right © angle, and 
conſequently the other two angles 
BAD, ABD are equal 4 to a right 


angle; therefore the angle ABF is e- K B F 
qual to the angles BAD, ABD. take 

from theſe equals the common angle 

ABD ; therefore the remaining angle DBEF is equal to the angle 


EF SCSI - $5 
BAD, which is in the alternate ſegment of the circle; and becauſe Book III 
ABCD is a quadrilateral figure in a circle, ' the oppoſite angles Weng 
BAD, BCD are equal © to two right angles; therefore the angles e. 23. 3. 
DBF, DBE, being likewiſe equal f to two right angles, are equalf. 3 T 
to the angles BAD, BCD; and DBF has been proved equal to 
BAD; therefore the remaining angle DBE is equal to the angle 
BCD in the alternate ſegment of the circle. Wherefore, * a 
ſtraight line, &c. Q. E. D. 


PROP. XXXH PRO B. 


I PON a given ſtraight line to deſcribe a ſegment see N. 
of a circle, containing an angle equal to a given 
rectilineal angle. | 


Let AB be the given ſtraight line, and the angle at C the given 
reftilineal angle; it is required to deſcribe upon the given ſtraight 
ine AB a ſegment of a circle, containing an angle equal to the 
angle C. | 

Fiſt Let the angle at C be a 
right angle, and biſect AB in F, and 
from the center F, at the diſtance 
FB, deſcribe the ſemicircle AHB ; 
therefore the angle AHB in a ſemi- — 
Grcle is b equal to the right angle A F Be. . 
a C. ; 

But if the angle C be not a right angle, at the point A in the 
right line AB, make © the angle BAD bus! to the angle C, c. 23. 1. 
and from the point A draw 4 
AE at right angles to AD; bi- 
ect ABin E, and from Fdraw 
{FG at right angles to AB, and 
join GB. and becauſe AF is e- 
qual to FB, and FG common to 
the triangles AFG, BFG, the 
two ſides AF, FG are equal to 
the two BF, FG; and the angle 
AFGis equal tothe angle BFG; g 
therefore the baſe AG is equal © e. 4, 
to the baſe GB; and the circle deſcribed _—_ the center G, ak 

F 4 | \ 


d. 11. 1, 
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Book III. the diſtance GA, ſhall paſs through the point B; let this be the 

kaya circle AHB. and becauſe from the point A the extremity of the 

f. Cox. x6, 3. diameter AE, AD is drawn at right angles to AE, therefore AD f 
touches the circle; and becauſe 
AB drawn from the point of 
contact A cuts the circle, the 
angle DAB is equal to the an- 
gle in the alternate ſegment 

g. 32. 3. AHB f. but the angle DAB is 
equal to the angle C, therefore 
alſo the angle C is equal to the 
angle in the ſegment AHB. 
wherefore upon the given ſtraight line AB the ſegment AHB of 
a circle 1s deſcribed which contains an angle equal to the given 
angle at C. Which was to be done. 


PROP. XXXIV. PROB. 


O cut off a ſegment from a given circle which ſhall 
contain an angle equal to a given rectilineal angle. 


Let ABC be the given circle, and D the given rectilineal an- 
gle; it is required to cut off a ſegment from the circle ABC that 
ſhall contain an angle equal to the angle D. 

3+ 39+ 3. Draw * the ſtraight line EF touching the circle ABC in the 

b. 33. 1. point B, and at the point B, in the ſtraight line BF, make Þ the 
angle FBC equal to the an- 
gle D. therefore, becauſe the 
ſtraight line EF touches the 
circle ABC, and BC is draun 
from the point of contact B, 

7. 32. 3. the angle FBC is equal © to D 
the angle in the alternate 
ſegment BAC of the circle. — — — 
but the angle FBC is equal = 1 
to the angle D; therefore Ly B F 
the angle in the ſe egment BAC i is equal to the angle D. wherefore 
the ſegment BAC is cut off from the given circle ABC contain- 

| ing an angle equal to the given angle D. Which was to be 
lone. 
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2 two ſtraight lines within a circle cut one another, N. 
the rectangle contained by the ſegments of one of 
them is equal to the rectangle contained by the ſeg- 

4 ments of the other. 


Let the two ſtraight lines AC, BD, within the circle ABCD, 
. cut one another in the point E; the rectangle contained by AE, 
EC is equal to the rectangle contained by 


BE, ED. D 
Y If AC, BD paſs each of them through 
N the center, ſo that E is the center; it is evi- 


dent, that AE, EC, BE, ED, being all e- 0 
qual, the rectangle AE, EC is likewiſe B 
qual to the rectangle BE, ED. 

But let one of them BD paſs thro' the center, and cut the 


[ other AC, which does not paſs thro' the center, at right angles, 
. in the point E. then, it BD be biſected in F, F is the center of 

the circle ABCD ; and join AF. and becauſe BD, which paſſes 
. thro! the center, cuts the ſtraight line AC, which does not paſs 
thro' the center, at right angles in E, D | 


AE, EC are equal * to one another. 
and becauſe the ſtraight line BD is 
cut into two equal parts in the point 
F, and into two unequat in the point 
E, the rectangle BE, ED together with 
the ſquare of EF, is equal b to the A 
ſquare of FB; that is, to the ſquare of | 
FA; but the ſquares of AE, EF are h | 
equal © to the ſquare of FA; there- B * e 
tore the rectangle BE, ED, together with the ſquare of EF, is 
equal to the ſquares of AE, EF. take away the common ſquare 
of EF, and the remaining rectangle BE, ED is equal to the re- 
maining ſquare of AE; that is, to the rectangle AE, EC. 
Next, Let BD which paſſes thro? the center, cut the other AC, 
which does not paſs thro' the center, in E, but not at right angles. 
then, as before, if BD be biſected in F, F'is the center of the circle. 


Join AF, and from F draw 9 FG perpendicular to AC; therefore. 1. :. 


4 8 
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Book III. AG is equal * to GC; wherefore the rectangle AE, EC, together 
With the ſquare of EG, is equal Þ to the ſquare of AG. to each 


A. 3. 3. 
d. 5. 2. 


C. 47. I» 


of theſe equals add the ſquare of G, therefore the rectangle AE, 
EC, together with the ſquares of EG, 

GF is equal to the ſquares of AG, D 

GF. but the ſquares of EG, GF are 

equal © to the ſquare of EF; and the 

ſquares of AG, GF are equal to the 

ſquare of AF. therefore the rectangle A C 
AE EC, together with the ſquare of 

EF is equal to the ſquare of AF; that B 
is, to the ſquare of FB. but the ſquare of FB is equal b to the rec. 
tangle BE, ED together with the ſquare of EF; therefore the rec- 
tangle AE, EC, together with the ſquare of EF, is equal to the 
rectangle BE, ED together with the ſquare of EF. take away the 
common {ſquare of EF, and the remaining rectangle AE, EC is 
therefore equal to the remaining rectangle BE, ED. 


Laſtly, Let neither of the ſtraight lines AC, BD paſs thro the 


center. take the center F, and thro? 

E the interſection of the ſtraight 

lines AC, DB draw the diameter 

GEFH. and becauſe the rectangle D 
AE, EC is equal, as has been ſhewn, 

to the rectangle GE, EH; and for A 0 
the ſame reaſon, the rectangle BE, 

ED is equal to the ſame rectangle G 
GE, EH; therefore the rectangle B 

AE, EC is equal to the rectangle BE, ED. Wherefore, if two 
ſtraight lines, &c. Q. E. D. | 


PROP. XXVI. THE OR. 
I from any point without a circle two ſtraight lines 
be drawn, one of which cuts the circle, and the 
other touches it; the rectangle contained by the whole 


line which cuts the circle, and the part of it without 


the circle, ſhall be equal to the ſquare of the line which 
touches it. 


Let D be any point without the circle ABC, and DCA, DB 


two ſtraight lines drawn from it, of which DCA” cuts the circle, 


_——_— 


SG” 


_ ſquare of FE, therefore the rectangle 


ind DB touches the ſame. the rectangle AD, DC is equal to Book III. 
the ſquare of DB. 

Either DCA. paſſes thro? the center, or it does not; firſt, let it 
paſs thro' the center E, and join EB; 
therefore the angle EBD is a right 
angle. and becauſe the ſtraight line 
AC is biſected in E, and produced to 
the point D, the rectangle AD, DC 
together with the ſquare of EC, is equal B 
d to the ſquare of ED. and CE is equal b. 6. 2. 
to EB, therefore the rectangle AD, DC, E. 
together with the ſquare of EB is equal e 
to the ſquare of ED. but the ſquare of | 
ED is equal © to the ſquares of EB, S Ws bo 
BD, becauſe EBD is a right angle. A | 
therefore the rectangle AD, DC toge- 
ther with the ſquare of EB, is equal to the ſquares of EB, BD. 
take away the common ſquare of EB ; therefore the remaining 
tectangle AD, DC is equal to the ſquare of the tangent DB. 

But if DCA does not paſs thro' the center of the circle ABC, 
take d the center E. and draw EF perpendicular © to AC, and d. r. 3. 
join EB, EC, ED; then EFD is a right angle. and becauſe thee. 12. . 
ſtraight line EF, which paſſes thro' the center, cuts the — 
line AC, which does not paſs thro' the 
center, at right angles, it ſhall likewiſe 
biſect f it ; therefore AF is equal to FC. 
and becauſe the ſtraight line AC is bi- 
ſected in F, and produced to D, the rec- 
tangle AD, DC together with the ſquare 
of FC, is equal b to the ſquare of 
FD. to each of theſe equals add the 


f. 3. 3. 


AD, DC together with the ſquares of 
CF, FE, is equal to the ſquares of DF, 
FE. but the ſquare of ED is equal © to 
the ſquares of DF, FE, becauſe EFD is 
a right angle; and the ſquare of EC is 
equal to the ſquares of CF, FE; therefore the rectangle AD, DC 
together with the ſquare of EC, is equal to the ſquare of ED. 
ud CE is equal to EB, therefore the rectangle AD, DC toge- 
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Book III. ther with the ſquare of EB, is equal to the ſquare of ED. but 
Wa) the ſquares of EB, BD are equal to the ſquare © of ED, becauſe 


®. 47. 1. 


5. 17. 3. 
b. 18. 3» 


8. 36. 3. 


EBD is a right angle; therefore the rectangle AD, DC to- 
gether with the ſquare of EB, is equal to the ſquares of EB, BD. 
take away the common ſquare of EB, therefore the remaining 
rectangle AD, DC is equal to the ſquare of DB, Wherefore, if 
from any point, &c. Q. E. D. 

Cor. If from any point without a A 
circle, there be drawn two ſtraight 
lines cutting it, as AB, AC, the rec- 
tangles contained by the whole lines 
and the parts of them without the cir- 
cle, are equal to one another, viz. the D 
rectangle BA, AE to the rectangle 
CA, AF. for each of them is equal 
to the ſquare of the ſtraight line AD C 
which touches the circle. 

R 


PROP. XXVII. THE OR. 


F from a point without a circle there be drawn two 
ſtraight lines, one of which cuts the circle, and the 
other meets it; af the rectangle contained by the whole 
line which cuts the circle, and the part of it without 
the circle be equal to the ſquare of the line which 
meets it, the line which meets ſhall touch the circle. 


Let any point D be taken without the circle ABC, and from it 
let two ſtraight lines DCA and DB be drawn, of which DCA 
cuts the circle, and DB meets it; if the rectangle AD, DC be 
equal. ts the ſquare of DB; DB touches the circle. 

Draw * the ſtraight line DE touching the circle ABC, find its 
center F, and join FE, FB, FD; then FED is a right b angle. and 
becauſe DE touches the circle ABC, and DCA cuts it, the rec- 
tangle AD, DC is equal © to the ſquare of DE. but the rectangle 
AD, DC is, by hypotheſis, equal to the ſquare of DB; therefore 
the ſquare of DE is equal to the ſquare of DB, and the ſtraight 
line DE equal to the ſtraight line DB. and FE is equal to FB, 
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wherefore DE, EF are equal to 
DB, BF; and the baſe FD is com- 
mon to the two triangles DEF, 
DBC; therefore the angle DEF is 
equal 4 to the angle DBF, but 
DEF is a right angle, therefore alſo 
DBF is a right angle, and FB, if 
produced, is a diameter, and the 
ſtraight line which is drawn at 
right angles to a diameter, from 
the extremity of it, touches © the 
circle. therefore DB touches the 
circle ABC. Wherefore, if from 
a point, &c. Q. E. D. 
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DEFINITIONS. 


I. 

Rectilineal figure is ſaid to be inſcribed in another rectilineal 
figure, when all the angles of the inſcribed figure are upon 

the ſides of the figure in which it is in- 

ſcribed, each upon each. 
II. 

In like manner, a figure is ſaid to be deſcribed | 
about another figure, when all the ſides of the | 
circumſcribed figure paſs thro” the angular 
points of the figure about which it is deſcribed, each thro! 

each. ̃ 


. 

A rectilineal figure is ſaid to be inſcribed in a 
circle, when all the angles of the inſcribed 
figure are upon the circumference of the 
circle. | 


IV. | 

A rectilineal figure is ſaid to be deſcribed about a circle, when each 
ſide of the circumſcribed figure tonches | 
the circumference of the circle. 

V. 

In like manner a circle is ſaid to be inſcribed | 
in a rectilineal figure, when the circumfe- | 
rence of the circle touches each fide of the 

figure. 


! 1 "mw YT Y* a | 
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VI. | 

A circle is ſaid to be deſcribed about a recti- . 

lineal figure, when the circumference of the 

circle paſſes thro? all the angular points of 
the figure about which it is deſcribed. 


VII. 


A ſtraight line is ſaid to be placed in a circle, when the extre- 
mities of it are in the circumference of the circle. 


PROP I. PROB. 


IN 2 given circle to place a ſtraight line, equal to a 
given ſtraight line not greater than the Ann. of 
the circle. 


Let ABC be the given circle, and D the given ſtraight line, 
not greater than the diameter of the circle. 

Draw BC the diameter of the circle ABC; then, if BC is 
equal to D, the thing required is done; for in the circle ABC a 
ſtraight line BC is placed equal 
to D. but if it is not, BC is 
greater than D; make CE equal 
to D, and from the center C, 
at the diſtance CE, deſcribe the 
circle AEF, and join CA. there- 
fore, becauſe C is the center of 
the circle AEF, CA is equal 3 e 
CE; but D is equal to CE, therefore D is equal to CA. where- 
fore in the circle ABC a ſtraight line is placed equal to the given 
ſiraight line D, which is not greater than the diameter of the 
circle. Which was to be done. 


PROP. II. PROB. 


I* a given circle to inſcribe a triangle . to 
a given triangle. 
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Rock IV. Let ABC be the given circle, and DEF the given triangle; ie 
s is required to inſcribe in the circle ABC a triangle equiangular 
to the triangle DEF. 

Draw * the ſtraight line GAH touching the circle in the point 
A, and at the point A, in the ſtraight line AH, make b the angte 
HAC equal to the angle DEF; and at the point A, in the ſtraight 


line AG, make the an- G 
gle GAB equal to the 
angle DFE, and join 


BC. therefore becauſe 
HAG touches the cir- Fa 
cle ABC, and AC is 


drawn from the point E F B 


of contact, the angle EP . 
HAC is equal © to the — | 
angle ABC in the alter- 

nate ſegment of the circle. but HAC is equal to the angle DEF, 
therefore alſo the angle ABC is equal to DEF. for the ſame rea- 
fon, the angle ACB is equal to the angle DFE ; therefore the re- 
maining angle BAC is equal d to the remaining angle EDF. 
wherefore the triangle ABC is equiangular to the triangle DEF, 
and it is inſcribed in the circle ABC. Which was to be done. 


PROP. III. PROB. 


A BOUT a gwen circle to deſcribe a triangle equi- 
angular to a given triangle. 


Let ABC be the given circle, and DEF the giver triangle; it 
is required to deſcribe a triangle about the circle ABC equiangular 
to the triangle DEF. 

Produce EF both ways to the points G, H, and find the center 
K of the circle ABC, and from it draw any ftraight line KB; at 
the point K in the ſtraight line KB, make * the angle BK A equal 
to the angle DEG, and the angle BKC equal to the angle DFH; 
and thro' the points A, B, C draw the ſtraight lines LAM, 
MN, NCL touching b the circle ABC. therefore becauſe LM, 
MN, NL touch the circle ABC in the points A, B, C to which 
from the center are drawn KA, KB, KC, the angles at the points 
A, B, C are right © angles. and becauſe the four angles of the 
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quadrilateral. figure AMBK are equal to four right angles, for it Book IV. 


can be divided into two triangles ; and that two of them KAM. 
KBM are right angles, the other two AKB, AMB are equal to two 

right angles. but the 
angles DEG, DEF 
are likewiſe equal 4 
to two right angles; 
therefore the angles 
AKB, AMB are e- 
qual to the angles 
DEG, DEF, of 
which AKB is equal 
to DEG ; where- 2 

fore the remaining M B N 

angle AM is equal to the remaining angle DF. in like manner 

the angle LNM may be demonſtrated to be equal to DFE ; and 
therefore the remaining angle MLN is equal © to the remaininge. 32. 22 
angle EDF. wherefore the triangle LMN is equiangular to the 

trangle DEF. and it is defcribed about the circle ABC, Which 

was to be done. 


d. I 2, I, 


PROP. IV. PROB. 
- inſcribe a circle in a given triangle. See N. 


Let the given triangle be ABC; it is required to inſcribe a cir- 
cle in ABC. 

Biſect * the angles ABC, BCA by the ſtraight lines BD, CD. „ , 
meeting one another in the point D, from which draw DE, DF, b. . 
DG perpendiculars to AB, BC, 
CA. and becauſe the angle EBD 
is equal to the angle FBD, for 
the angle ABC is biſected by BD, 
and that- the right angle BED is 
equal to the right angle BF, the 
two triangles EBD, FBD have two 
atgles of the one equal to two an- 
- -þ the other, and the ſide BD, | 
Which is oppoſite to one of the | 
equal angles in each, is common B F C 
to both; therefore their other ſides ſhall be equal; wherefore e. 26, . 

G 
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Bock Iv. DE is equal to DF. for the ſame reaſon, DG is equal to DF; there. 


EY fore the three ſtraight lines DE, DF, DG are equal to one another, (cri 
and the circle deſcribed from the A thr 
center D, at the diſtance of any of tria 
them, ſhall paſs thro' the extremi- | 
ties of the other two, and touch wit 
the ſtraight lines AB, BC, CA, eac 
becauſe the angles at the points E, wh 
F, G are right angles, and the op 

: ſtraight line which is drawn from the 
the extremity of a diameter at right be 
d. 16. 3. angles to it, touches 4 the circle. B F gr 
therefore the ſtraight lines AB, BC, | 20 
CA do each of them touch the circle, and the circle EFG is in- ri 
{cribed in the triangle ABC. Which was to be done, ar 
W 
PROP, V. PROB. 

See N, T O deſcribe a cirele about a given triangle. 

r 
Let the given triangle be ABC; it is required to deſcribe a 
circle about ABC. 

3 Biſect * AB, AC in the points D, E, and from theſe points 


b. 11. 1. draw DF, EF at right angles b to AB, AC; DF, EF produced 


-& 4 A 
AB 


meet one another. for if they do not meet they are parallel, where- 
fore AB, AC which are at right angles to them are parallel; 
which is abſurd. let them meet in F, and join FA; alſo, if the 
point F be not in BC, join BF, CF. then becauſe AD is equal to 
DB, and DF common, and at right angles to AB, the baſe AF 1s 
c. 4. 1. equal © to the baſe FB. in like manner it may be ſhewn that CF 
is equal to FA; and therefore BF is equal to FC; and FA, TB, 
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c are therefore equal to one another. wherefore the circle de- Book lv. 
ſeribed from the center F, at the diſtance of one of them, ſhall pals Ly 


thro! the extremities of the other two; and be deſcribed about the 
triangle ABC. Which was to be done. 

Cor. And it is manifeſt that when the center of the circle falls 
within the triangle, each of its angles is leſs than a right angle, 
each of them being in a ſegment greater than a ſemicircle. but 
when the center is in one of the ſides of the triangle, the angle 
oppoſite to this ſide, being in a ſemicircle, is a right angle. and if 
the center falls without the triangle, the angle oppoſite to the ſide 
beyond which it is, being in a ſegment leſs than a ſemicircle, is 
greater than a right angle. Wherefore, it the given triangle be 
acute angled, the center of the circle falls within it; if it be a 
right angled triangle, the center is in the fide oppoſite to the right 
angle; and if it be an obtuſe angled ttiangle, the center falls 
without the triangle, beyond the fide oppoſite to the obtule angle, 


* PROP. VL PROB. 


> ia inſcribe a ſquare in a given circle. 


Let ABCD be the given circle; it is required to inſcribe a 
{quare in ABCD. 

Draw the diameters AC, BD at right angles to one another ; 
and join AB, BC, CD, DA. becauſe BE is equal to ED, for E is 
the center, and that EA is common, and a 
at right angles to BD ; the baſe BA is 
equal to the baſe AD. and for the 
fame reaſon, BC, CD are each of them 
equal to BA or AD; therefore the qua- 
drilateral figure ABCD is equilateral. 

It is alſo rectangular ; for the ſtraight 
line BD being the diameter of the circle 
ABCD, BAD is a ſemicircle; wherefore 


the angle BAD is a right b angle. for the ſame reaſon each of the b. zi. 3. 


angles ABC, BCD, CDA is a right angle. therefore the quadri- 
lateral figure ABCD is rectangular. and it has been ſhewn to be 
equilateral, therefore it is a ſquare; and it is inſcribed in the circle 


ABCD. Which was to be done. 


G 2 
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is EBG, GH is parallel © to AC. for the 
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ray PROP. VIL. PROB. 


© be deſcribe a ſquare about a given circle. 


Let ABCD be the given circle; it is required to deſcribe x 
{ſquare about it. 

Draw two diameters AC, BD of the circle ABCD, at right 
angles to one another, and thro' the points A, B, C, D draw * FG, 
GH, HK, KF touching the circle. and becauſe FG touches the 
circle ABCD, and EA is drawn from the center E to the point of 
contact A, the angles at A are right b angles. for the ſame reaſon, 
the angles at the points B, C, D are right angles. and becauſe the 
angle AEB is a right angle, as likewiſe ( A K 


ſame reaſon, AC is parallel to FK. and 
in like manner GF, HK may each of them F 
be demonſtrated to be parallel to BED. B D 
therefore the figures GK, GC, AK, FB, 

BK are parallelograms, and GF is there- 
fore equal 4 to HK, and GH to FK. 

and becauſe AC is equal to BD, 00 H C | K 
that AC is equal to each of the two GH, FK ; and BD to each of 
the two GF, HK; GH, FK are each of them equal to GF or HK. 
therefore the quadrilateral figure FGHK is equilateral. It is alſo 
rectangular; for GBEA being a parallelogram, and AEB a right 
angle, AGB is 9 likewiſe a right angle. in the fame manner it may 
be ſhewn that the angles at H, K, F are right angles. therefore the 
quadrilateral figure FGHK is rectangular. and it was demonſtrated 


to be equilateral ; therefore it is a ſquare ; and it is deſcribed about 
the circle ABCD. Which was to be done. 


PROP. VIII. PROB. 
: | O inſcribe a circle in a given n 


Let ABCD be the given ſquare; it is ER to inſcribe 2 


circle in ABCD. 


Biſect each of the ſides AB, AD, in the points F, E, and thro' E 


draw > EH parallel to AB or DC, and thro' F draw FK parallel 20 


8. 


— 
— 
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AD or BC. therefore each of the figures AK, KB, AH, HD, AG, Book IV. 
GC, BG, GDis a parallelogram, and their oppoſite ſides are equal®. CJ 
and becauſe AD is equal to AB, and that AE is the half of AD, c. 34 . 

4 AF the half of AB; AE is equal to 
AF. wherefore the ſides oppoſite to theſe A E D 
are equal, viz. FG to GE. in the ſame 
manner it may be demonſtrated that GH, 
GK are each of them equal to FG or G K 


GE. therefore the four ſtraight lines | 
GE, GF, GH, GK are equal to one ano- ] 
ther; and the circle deſcribed from the 


center G, at the diſtance of one of them | 
ſhall paſs thro'the extremitiesof the other B H C 

three, and touch the ſtraight lines AB, BC, CD, DA; becauſe the 

angles at the points E, F, H, K are right 4 angles, and that the d. 20. r. 
ſtraight line which is drawn from the extremity of a diameter, at 

right angles to it, touches the circle ©, therefore each of the e. 16. 3. 
ſtraight lines AB, BC, CD, DA touches the circle, which there- 

fore is inſcribed in the ſquare ABCD. Which was to be done, 


PROP. IX PROB. 
4 2 deſcribe a circle about a given ſquare. 


Let ABCD be the given ſquare; it is required to deſcribe a 
circle about it. | 

Join AC, BD cutting 6ne another in E. and becauſe DA is equal 
to AB, and AC common to the triangles DAC, BAC, the two ſides 
DA, AC are equal to the two BA, AC; 
and the baſe DC is equal to the baſe BC; 
wherefore the angle DAC is equal to the \ a8. 1, 
angle BAC, and the angle DAB is biſected | E ä 
by the ſtraight line AC. in the ſame man- | 
ner it may be demonſtrated that the angles 
ABC, BCD, CDA are ſeverally biſected by B C 
the ſtraight lines BD, AC. therefore be- 
cauſe the angle DAB is equal to the angle ABC, and that the angle 
LAB is the half of DAB, and EBA the half of ABC; the angle EAB 
1s equal to the angle EBA; wherefore the ſide EA is equal b to the b. 6. . 
ſde EB. in the ſame manner it may be demonſtrated that the ſtraight \ 

G 3 | 
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Bock Iv. lines EC, ED are each of them equal to EA or EB. therefore the 
our ſtraight lines EA, EB, EC, ED are equal to one another; 


. 11. 2. 


b. 1. 4. 


C. 5. 4. 


d. 37. 3. 


. 


f. 32. 1. 


one of which cuts, and the other 


and the circle deſcribed from the center E, at the diſtance of one 
of them, ſhall paſs thro' the extremities of the other three, and be 
deſcribed about the ſquare ABCD. Which was to be done. 


PROP.X PROB. 


> is deſcribe an iſoſceles triangle, having each of the 
angles at the baſe double of the third angle, 


Take any ſtraight line AB, and divide * it in the point C, ſo 
that the rectangle AB, BC be equal to the ſquare of CA; and 
from the center A, at the diſtance AB deſcribe the circle BDE, 
in which place b the ſtraight line BD equal to AC, which is not 
greater than the diameter of the circle BDE ; join DA, DC, and 
about the triangle ADC deſcribe © the circle ACD, the triangle 
ABD is ſuch as is required, that is, each of the angles ABD, 
ADB is double of the angle BAD. 

Becauſe the rectangle AB, BC is equal to the ſquare of AC, and 
that AC is equal to BD, the rectangle AB, BC is equal to the 
ſquare of BD. and becauſe from 
the point B without the circle F 
ACD two ſtraight lines BCA, BD 
are drawn to the circumference, 


meets the circle, and that the rec- 
rangle AB, BC contained by the 
whole of the cutting line, and the 
part of it without the circle, is e- 
qual to the ſquare of BD which 
meets it; the ſtraight line BD 
touches 9 the circle ACD. and 
becauſe BD touches the circle, 
and DC is drawn from the point | 

of contact D, the angle BD is equal © to the angle PAC in the 
alternate ſegment of the circle; to each of theſe add the angle 
CDA, therefore the whole angle BDA is equal to the two angles 
CDA, DAC. but the exterior angle BCD is equal f to the angles 
CDA, DAC; therefore alſo BDA is equal ro BCD. but BDA is 


he 


7; 
ne 
be 


8 
C 
3 
8 
5 


quently the three angles BDA, DBA, BCD are equal to one ano- g. s. 1. 
ther, and becauſe the angle DBC is equal to the angle BCD, the 

ſide BD is equal h to the fide DC. but BD was made equal to CA, h. 6. 1. 
therefore alſo CA is equal to CD, and the angle CDA equal 8 to g. 5. 2. 
the angle DAC. therefore the angles CDA, DAC together, are 

double of the angle DAC. but BCD is equal to the angles CDA, 

NAC; therefore alſo BCD is double of DAC. and BCD is equal 

to each of the angles BDA, DBA; each therefore of the angles 

BDA, DBA is double of the angle DAB. wherefore an iſoſceles 

triangle ABD is deſcribed having each of the angles at the baſe 

double of the third angle. Which was to be done. 


PROP. AL PARK UB 
= inſcribe an equilateral and equiangular penta- 


gon in a given circle. 


Let ABCD E be the given circle; it is required to inſcribe an 
equilateral and equiangular pentagon in the circle ABCDE. 

Deſcribe * an Iſoſceles triangle FG H having each of the angles a: 10. 4. 
at G, H double of the angle at F; and in the circle ABCD E in- 
ſcribe d the triangle ACD equiangular to the triangle FGH, ſo b. 2. 4+ 
that the angle CAD be equal A | 
to the angle at F, and each of 
the angles ACD, CDA equal 
to the angle at Gor H; where- 
fore each of the angles ACD, 
CDA is double of the angle 
CAD. Biſe& * the angles 
ACD, CDA by the ſtraight 
lines CE, DB, and join AB, 
BC, DE, EA. ABCDE is the 
pentagon required. 

Becauſe each of the angles ACD, CDA is double of CAD, and 
are biſected by the ſtraight lines CE, DB, the five angles DAC, 
ACE,ECD, CDB, BDA are equal to one another. but equal angles 
ſtand upon equal 4 circumferences; therefore the five circumferen- d. 26, 3. 
ces AB, BC, CD, DE, EA are equal to one another. and equal 
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equal * to the angle CBD, becauſe the ſide AD is equal to the Bock Iv. 
de AB; therefore CBD, or DBA is equal to BCD; and conſe- 3 


— — ——— — 
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Book Iv circumferences are ſubtended by equal © ſtraight lines; therefore 
e the five ſtraight lines AB, BC, CD, DE, EA are equal to one 


8. 29. 3. 


F. 37+. 3. 


89 * 
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another. Wherefore the pentagon ABCDE is equilateral. It is 
alſo equiangular ; becauſe the 
circumference AB is equal to 
the circumference DE, it to 
each be added BCD, the whole 
ABCD is equal to the whole 
EDCb. and the angle AED 
ſtands on the circumference 
ABCD, aad the angle BAE 
0:1 the circumference EDCB; 
therefore the angle BAE is 0 H | 
qual f to the angle AED. for the ſame reaſon, each of the angles 
ABC, BCD, CDE is equal to the angle BAL or AED. therefore the 
pentagon ABCDE is equiangular ; and it has been ſhewn that it is 
equilateral. Wherefore in the given circle an equilateral and equi- 
angular pentagon has been inſcribed. Which was to be done. 


PROP. XII. PROB. 


s : O deſcribe an equilateral and equiangular penta- 
gon about a given circle. 


Let ABCDE be the given circle; it is required to deſcribe an 
equilateral and equiangular pentagon about the circle ABCDE. 

Let the angles of a peniagon inſcribed in the circle, by the laſt 
propoſition, be in the points A, B, C, D, E, ſo that the circumfe- 
rences AB, BC, CD, DE, EA are equal *; and thro' the points A, 
B, C, D, E draw GH, HK, KL, IM, MG touching b the circle; 
take the center F, and join FB, FK, FC, FL, FD. and becauſe the 
ſtraight line KL touches the circle ABCD E in the point C, to 
which FC is drawn from the center F, FC is perpendicular © to KL; 
therefore each of the angles at C is a right angle. for the ſame rea- 
ſon, the angles at the points B, D are right angles. and becauſe FCK 
is a right angle, the ſquare of FK is equal 4 to the ſquares of FC, 
CK. for the ſame reaſon the ſquare of FK is equal to the ſquares 
of FB, BK. therefore the ſquares of FC, CK are equal to the ſquares 
of FB, BK, of which the ſquare of FC is equal to the ſquare of FB; 
the remaining ſquare of CKis therefore equal tothe remaining ſquare 


EJ. ͤ -d, ̃⅛ ⅛ iu T 
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to 5 
of BK, and the ſtraight line CK equal to BK. and becauſe FB is Book Iv. 
equal to FC, and FK common to the triangles BFK, CFK, the two.. 
BF, FK are equal to the two CF, FK; and the baſe BK is equal 
to the baſe KC; therefore the angle BFK is equal © to the angle e. 8. . 
KFC, and the angle BKF to FKC. wheretore the angle BFC is 
double of the angle KFC, and BKC double of FKC. for the 
fame reaſon, the angle CFD js double of the angle CFL, and CLD 
double of CLF. and becauſe the circumference BC is equal to the 
circumference CD, the angle BFC G : 


is equal f to the angle CFD. and 


f. 27. 3. 
BFC is double of the angle KFC, 


and CFD double of CFL; there- 
fore the angle KFC is equal to th H 
angle CFL; and the right angle 


FCK is equal to the right angle 
FCL. theretore in the twotriangles B 5 
TKC, FLC, there are two angles W 
— 1 


of one equal to two angles of the 
other, each to each, and the fide 


IC, which is adjacent to the equal angles in each, is common to 
both; therefore the other ſides ſhall be equal ® to the other ſides, 8. 26. 1. 
ud the third angle to the third angle. therefore the ſtraight line 
K2 is equal to CL, and the angle FK C to the angle FLC. and be- 
caiſe KC is equal to CL, KL is double of KC. in the ſame man- 
ner, it may be ſhewn that HK is double of BK. and becauſe BK 

is equal to KC, as was demonftrated, and that KL is double of 
KC, and HK double of BK, HK ſhall be equal to KL. in like 
manner it may be ſhewn that GH, GM, ML are each of them 
equal to HK or KL. therefore the pentagon GHKLM is equila- 
terd. It is alſo equiangular ; for ſince the angle FKC is equal to 
the angle FLC, and that the angle HKL is double of the angle 
FKC and KLM double of FLC, as was before demonſtrated ; the 
angle HKL is equal to KLM. and in like manner it may be ſhewn, 
that eich of the angles KHG, IGM, GML is equal to the angle 
HKL or KLM. therefore the five angles GHK, HKL, KLM, 
IMC, MGH being equal to one another, the pentagon GHKLM 

is equiargular. and it is equilateral, as was demonſtrated; and it 


is deſcrited about the circle ABCDE. Which was to be done. 
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C. 12. 1. 


EA. and becauſe the angle HCF is 
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E inſcribe a circle in a given equilateral and equi. 
angular pentagon. 77 


Let ABCDE be the giver equilateral and equiangular pentz. 
gon; it is required to inſcribe a circle in the pentagon ABCDE. 

Biſect * the angles BCD, CDE by the ſtraight lines CF, DF, 
and from the point F in which they meet draw the ſtraight lines 
FB, FA, FE. therefore ſince BC is equal to CD, and CF common f 
to the triangles BCF, DCF, the two ſides BC, CF are equal to the 
two DC, CF; and the angle BCFis equal to the angle DC; there. 
fore the baſe BF is equal b to the baſe FD, and the other angles 
to the other angles, to which the equal ſides are oppoſite; thers. 
fore the angle CBF is equal to the angle CDF. and becauſe the an- 
gle CDE is double of CDF, and that CDE is equal to CBA, and 
CDF to CBF; CBA is allo double ; 
of the angle CBF; therefore the an- A 
gle ABF is equal to the angle CBF; 
wherefore the angle ABC is biſect- 
ed by the ſtraight line BF. in th 
ſame manner it may be demonſtrat 
ed that the angles BAE, AED are 
biſected by the ſtraight lines AF, FE. H 
from the point F draw © FG, FH, 
FK, FL, FM perpendiculars to the 
ſtraight lines AB, BC, CD, DE, 


equal to KCF, and the right angle FHC equal to the right argle 
FKC; in the triangles FHC, FKC there are two angles of one 
equal to two angles of the other; and the ſide FC, which is op- 
poſite to one of the equal angles in each, is common to both; 
therefore the other ſide ſhall be equal d, each to each; wheetore 
the perpendicular FH is equal to the perpendicular FK. in the 
ſame manner it may be demonſtrated that FL, FM, FG are each of 
them equal to FH ar FK; therefore the five ſtraight lines FG, FH, 
FK, FL, FM are equal to one another. wherefore the circle de- 
ſcribed from the center F, at the diſtance of one of theſe five, ſhall 
paſs tliro the extremities of the other four, and touch the ſtraight 
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lines AB, BC, CD, DE, EA, becauſe the angles at the points G, Book IV. 
H, K, L, M are right angles; and that a ſtraight line drawn from 
the extremity of the diameter of a circle at right angles to it, 

touches © the circle. therefore each of the ſtraight lines AB, BC, e. 16. 3. 
CD, DE, EA touches the circle; wherefore it is inſcribed in the 

pentagon ABCDE, Which was to be done. 


PROP. XIV. PROB. 


T O deſcribe a circle about a given CHEN and 
equiangular pentagon. 


Let ABCDE be the given equilateral and equiangular penta- 
gon it is required to deſcribe a circle about it. 

Biſect * the angles BCD, CDE by the ſtraight lines CF, FD, a. 9. 1. 
and from the point F in which they meet draw the ſtraight lines 
FB, FA, FE to the points B, A, E. It 
may be demonſtrated,in the ſame man- 
ner as in the preceding propoſition, 
that the angles CBA, BAE, AED are 
biſected by the ſtraight lines FB, FA, 
FE. and becauſe the angle BCD is e- 
qual to the angle CDE, and that FCD 
is the half of the angle BCD, and 
CDF the half of CDE; the angle FCD 
is equal to FDC; wherefore the ſide 
CF is equal d to the ſide FD. in like manner it may be demon- b. 6. 2. 
{trated that FB, FA, FE are each of them equal to FC or FD. 
therefore the five ſtraight lines FA, FB, FC, FD, FE are equal to 
one another; and the circle deſcribed from the center F, at the 
diſtance of one of them, ſhall paſs thro the extremities of the other 
four, and be deſcribed about the equilateral and equiangular ,pen« 
tagon ABCDE. Which was to be done. 
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PROP. XV. PROB. 
Lg inſcribe an equilateral and equiangular hexagon 


in a given circle. 


Let ABCDEF be the given circle; it is required to inſcribe an 
equilateral and equiangular hexagon in it. 

Find the center G of the circle ABCD EF, and draw the dia- 
meter AGD; and from D as a center, at the diſtance DG deſcribe 
the circle EGCH, join EG, CG and produce them to the points 
B, F; and join AB, BC, CD, DE, EF, FA. the hexagon ABCDEF 
is equilateral and equiangular. 

Becauſe G is the center of the circle ABCDEF, GE is equal to 
GD. and becaule D is the center of the circle EGCH, DE is equal 
to DG; wherefore GE is equal to ED, and the triangle EGD is 
equilateral, and therefore its three angles EGD, GDE, DEG are 
equal to one another, becauſe the angles at the baſe of an ifoſceles 
triangle are equal *. and the three angles of a triangle are equal b to 
two right angles; therefore the angle EGD is the third =—_— of two 
right angles. in the ſame manner it may 
be demonſtrated that the angle DGC is 
allo the third part of two right angles. R. 
and becauſe the ſtraight line GC = 
with EB the adjacent angles EGC, CGB A 
equal © to two right angles; the re- 
maining angle CG is the third part 0 
two right angles; therefore the angles E. 2 | 
EGD, DGC, CGB are equal to one 
another. and to theſe are equal d the 
vertical oppoſite angles BGA, AGF, 
FGE. therefore the fix angles EGD, 
DGC, CGB, BGA, AGF, FGE, are 
equal to one another. but equal angles H 
ſtand upon equal © circumferences; therefore the ſix circumferences 
AB, BC, CD, DE, EF, FA are equal to one another. and equal 
circumferences are ſubtended by equal f ſtraight lines; therefore 
the ſix ſtraight lines are equal to one another, and the hexagon 
ABCDEF is equilateral. It is alſo equiangular ; for ſince the cir- 
cumference AF is equal to ED, to each of theſe add the circum- 
ference ABCD; therefore the whole circumference FABCD ſhall 
be equal to the whole EDCBA. and the angle FED ſtands upon 
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de circumference FABCD, and the angle AFE upon EDCBA ; Bock Iv. 
therefore the angle AFE is equal to FED. in the ſame manner it may (ya 
de demonſtrated that the other angles of the hexagon ABCDEFare 
each of them equal to the angle AFE or FED. therefore the hexa- 
is equiangular. and it is equilateral, as was ſhewn ; and it is 

uſcribed in the given circle ABCDEF. Which was to be done. 

Cor. From this it is manifeſt, that the ſide of the hexagon is 
equal to the ſtraight line from the center, that is, to-the ſemi- 
dameter of the circle. 

And if thro' the points A, B, C, D, E, F there be drawn ſtraight 
ines touching the circle, an equilateral and equiangular hexagon 
hall be deſcribed about it, which may be demonſtrated from what 
has been ſaid of the pentagon; and likewiſe a circle may be inſcrib- 
ed in a given equilateral and equiangular hexagon, and circum- 
{ribed about it, by a method like to that uſed for the pentagon. 


PROP. XVI PROB. 


{ By inſcribe an equilateral and equiangular quinde- See N. 
cagon in a given circle. 


Let ABCD be the given circle; it is required to inſcribe an 
equilateral and equiangular quindecagon in the circle ABCD. 

Let AC be the ſide of an equilateral triangle inſcribed “ in the, . 4. 
arcle, and AB the ſide of an equilateral and equiangular penta- 
gon inſcribed d in the ſame ; therefore of ſuch equal parts as the b. rr. 4. 
whole circumference ABCDF contains fifteen, the circumference 
ABC, being the third part of the 
whole, contains five; and the cir- 
cumference AB, which is the fifth 
part of the whole, contains three; 
therefore BC their difference con- B 
tans two of the ſame parts. biſe&t © N 
in E; therefore BE, EC are, each ©; 
of them, the fifteenth part of the C 
vhole circumference ABCD. there- 
fore if the ſtraight lines BE, EC be 
daun, and ſtraight lines equal to them be placed 9 around in the d. 1. 4. 


vhole circle, an equilateral and equiangular quindecagon ſhall be 
aſcribed in it. Which was to be done. 
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Book IV. And in the ſame manner as was done in the pentagon, if thre 

A the points of diviſion made by inſcribing the quindecagon, ſtraight 
lines be drawn touching the circle, an equilateral and equiangu- 
lar quindecagon ſhall be deſcribed about it. and likewiſe, as in the 

Pentagon, a circle may be inſcribed in a given equilateral and 
equiangular quindecagon, and circumſcribed about it. 
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DEFINITION. S. 


I. 

LESS magnitude is ſaid to be a part of a greater magnitude, 
when the leſs meaſures the greater, that is, © when the leſs is 1 
contained a certain number of times exactly in the greater. | y 

II. | f 
A greater magnitude is ſaid to be a multiple of a leſs, when the my 
greater is meaſured by the leſs, that is, when the greater con- ; | 
* tains the leſs a certain number of times exactly. 
III. 
Ratio is a mutual relation of two magnitudes of the ſame kind see N. 
© to one another, in reſpect of quantity.” 


Magnitudes are ſaid to have a ratio to one another, when the leſs 

can be multiplied ſo as to exceed the other. | 

V. HON | 

The firſt of four magnitudes is faid to have the ſame ratio to the ſe- 

cond, which the third has to the fourth, when any equimultiples | 

whatſoever of the firſt and third being taken, and any equimul- | 
tiples whatſoever of the ſecond and fourth; if rhe multiple of the 
firſt be leſs than that of the ſecond, the multiple of the third is 
alſo leſs than that of the fourth; or, if the multiple of the firſt be 
equal to that of the ſecond, the multiple of the third is alſo equal 
to that of the fourth; or, if the multiple of the firſt be greater 
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than that of the ſecond, the multiple of the third is alſo greates 
than that of the fourth. 
| VI. 

Magnitudes which have the ſame ratio are called proportional 
N. BE. When four magnitudes ere proportionals, it is uſually 
© expreſſed by ſaying, the firſt is to the ſecond, as the third to 
© the fourth.” 

VII. 

When of the equimultiples of four magnitudes (taken as in the 
3th Definition) the multiple of the firſt is greater than that of 
the ſecond, bur the multiple of the third is not greater than 
the multiple of the fourth; then the firſt is ſaid to have to the 
ſecond a greater ratio than the third magnitude has to the 
fourth; and on the contrary, the third is faid to have to the 
fourth a leſs ratio than the firſt has to the ſecond. 

VIII. 
** Analogy, or proportion, is the ſimilitude of ratios.” 
IX. 
Proportion conſiſts in three terms at leaſt. 
X. 

When three magnitudes are proportionals, the firſt is ſaid to have to 

the third the duplicate ratio of that which it has to the ſecond. 
XI. 

When four magnitudes are continual proportionals, the firſt is ſaid 
to have to the fourth the Triplicate ratio of that which it bas 
to the ſecond, and ſo on Quadruplicate, &c. increaſing the de- 
nomination {tilt by unity, in any number of proportionals. 

Definition A, to wit, of Compound ratio. 

When there are any number of magnitudes of the ſame kind, the 
firſt is ſaid to have to the laſt of them the ratio compounded of 
the ratio which the firft has to the ſecond, and of the ratio 
which the ſecond has to the third, and of the ratio which the 
third has to the fourth, and ſo on unto the laſt magnitude. 

For example, If A, B, C, D be four magnitudes of the fame kind, 

the firſt A is ſaid to have to the laſt D the ratio compounded 
of the ratio A to B, and of the ratio of B to C, and of the ratio 

of C to D; or, the ratio of A to D is faid to be compounded 
of the ratios of A to B, B to C, and C to D. 

And if A has to B, the ſame ratio which E has to F; and B to C, 
the fame ratio that G has to H; and C to D, the ſame that K 


| 
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has to IL; then, by this Definition, A is ſaid to have to D the Book V. 
ratio compounded of ratios which are the fame with the ratios Coy 


ofEtoF, G to H, and K to L. and the ſame thing is to be un- 
derſtood when it is more briefly expreſſed, by ſaying A has to 1) 
the ratio compounded of the ratios of Eto F, Gto H, and Kto L. 

In like manner, the ſame things being ſuppoſed, if M has to N 
the ſame ratio which A has to D, then, for ſhortneſs fake, M 
is faid to have to N, the ratio compounded of the ratios of E. 
to F, G to H, and K to L. 

XII. 

lu proportionals, the antecedent terms are called homologous to 
one another, as alſo the conſequents to one another. 

© Geometers make uſe of the following technical words to ſignify 
© certain ways of changing either the order or magnitude of pro- 
* portionals, ſo as that they continue {till to be proportionals,” 

XIII. 

Permutando, or Alternando, by Permutation, or alternately; this 
word is uſed when there are four proportionals, and it is infer- 
red, that the firſt has the ſame ratio to the third, which the ſe- 
cond has to the fourth; or that the firſt is to the third, as the 
ſecond to the fourth. as is ſhewn in the 16th Prop. of this 5th 
Book. 

| XIV. 

Invertendo, by Inverſion; when there are four proportionals, and 
it is inferred, that the ſecond is to the firſt, as the fourth to the 
third. Prop. B. Book 5th 

XV. 

Componendo, by Compoſition; when there are four proportionals, 
and it is inferred, that the firſt together with the ſecond, is to 
the ſecond, as the third together with the fourth, is to the 
fourth. 1 8th Prop. Book p th. 

XVI. | | 

Dividendo, by Diviſion; when there are four proportionals, and it 
is inferred, that the Exceſs of the firſt above the ſecond, is to 
the ſecond, as the Exceſs of the third above the fourth, is to the 
fourth. 17th Prop. Book 5th. 

XVII. 

Convertendo, by Converſion; when there are four proportionale, 
and it is inferred that the firſt is to its Exceſs above the ſ-cont, 
as the third to its Exceſs above the fourth. Prop. E. Bcok 5:lz, 

H 
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\ RY Ex aequali (ſc. diſtantia,) or, ex aequo, from equality of diſtance 


when there ie any number of magnitudes more than two, and 
as many others, ſo that they are proportionals when taken two 
and two of each rank, and it is inferred, that the firſt is to the 
laſt of the firſt rank of magnitudes, as the firſt is to the laſt of 
the others. of this there are the two following kinds, which 
* ariſe from the different order in which the magnitudes are 
taken two and two.” 
XIX. 

Ex aequali, from equality; this term is uſed ſimply by itſelf, when 
the firſt magnitude is to the ſecond of the firſt rank, as the firſt 
to the ſecond of the other rank; and as the ſecond is to the 
tlird of the firſt rank, fo is the ſecond to the third of the other; 
and ſo on in order, and the inference is as mentioned in the 
preceding Definition; whence this is called Ordinate Propor- 
tion. It is demonſtrated in 22d Prop. Book z th. 

XX. | 

Ex aequali, in proportione perturbata, ſeu inordinata, from equa- 
lity, in perturbate or diſorderly proportion “; this term is uied 
when the firſt magnitude is to the ſecond of the firſt rank, as 
the laſt but one is to the laſt of the ſecond rank; and as the ſe- 
cond is to the third of the firſt rank, ſo is the laſt but two to 
the laſt but one of the ſecond rank ; and as the third is to the 
fourth of the firſt rank, ſo is the third from the laſt to the laſt 

but two of the fecond rank; and ſo on in a croſs order. and the 


inference is as in the 18th Definition. Ir is demonſtrated in 
23d Prop. of Book 5th. 


147711 


I. 
QUIMULTIPLES of the ſame, or of equal magnitudes, 


are equal to one another. 
II. 
Thoſe 8 of which the ſame, or equal magnitudes, are 
oquimaitplcs, are equal to one another. 
III. 
A multiple of a greater magnitude is greater than the ſame multiple 
of a leſs. 


4. Prop. Lib. 3. Archimedis de ſphaera et cylindro. 
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That magnitude of which a multiple is greater than the ſame mul. 
tiple of another, is greater than that other magnitude. 


PROP.-L *THEOR 


I any number of magnitudes be equimultiples of as 
many, each of each; what multiple ſoever any one 
of them is of its part, the ſame multiple ſhall all the 


irſt magnitudes be of all the other. 


Let any number of magnitudes AB, CD be equimultiples of 
5 many others E, F, each of each; whatſoever multiple AB is of 
E the fame multiple ſhall AB and CD together be of E and F 


together. 


Becauſe AB is the ſame multiple of E that CD is of F, as many 
magnitudes zs are in AB equal to E, ſo many are there in CD 


Aj 


equal to F. Divide AB into magnitudes equal 
to E, viz. AG, GB; and CD into CH, HD e- 
qual each of them to F. the number therefore 
of the magnitudes CH, HD ſhall be equal to the 
number of the others AG, GB. and becauſe AG 
js equal to E, and CH to F; therefore AG and 
CH together are equal to * E and F together. 

for the ſame reaſon, becauſe GB is equal to E, 

and HD to F; GB and HD together are equal 
to E and F. er Wherefore as many mag- 
nitudes as are in AB equal to E, ſo many are 
there in AB, CD together equal to E and F to- 
gether. Therefore whatſoever multiple AB is of 
E the ame multiple is AB and CD together of 
E and F together. 


Therefore if any magnitudes, how many ſoever, be equimultiples 
of as many, each of each, whatſoever multiple any one of them is 
of its part, the fame multiple ſhall all the firſt magnitudes be of 
U the other. © for the ſame Demonſtration holds in any number 


of magnitudes, which was here applied to two. 


us Ba 


G 


2 


E 
H 


| v 


D 


Q. E. D. 
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"Ry PROP. II. THE OR. 


F the firſt magnitude be the ſame multiple of the 
{ſecond that the third is of the fourth, and the fifth 
the ſame multiple of the ſecond that the ſixth is of the 


fourth; then ſhall the firſt together with the fifth he tur 
\ the ſame multiple of the ſecond, that the third toge | mul 
ther with the ſixth is of the fourth. four 
Let AB the firſt be the ſame multiple of C the ſecond, that DF L 
the third is of F the fourth; and BG the fifth the ſame muluple Wl wire 
of C the ſecond, that EH the ſixth is of F the fourth. Then is GH 
AG the ſirſt together with the fifth the AJ. | D. 
{ame multiple of C the ſecond, that A D i 
DH the third together with the ſixth _ 
is of F the fourth. E. C1 
Becauſe AB is the ſame multiple of B 1 mas 
C, that DE is of F; there are as many cu 
magnitudes in AB equal to C, as there LH 
ale in DE equal to F. in like manner, | | WW cr 
as many as there are in BG equal to | nit 
C, fo many are there in EH equal to G O II 1 cu. 
F. as many then as are in the whole AG equal to C, ſo many arc oth 
there in the whole DH equal to F. therefore AG is the ſame Al 
multiple of C, that DH is of F; that is, AG the firſt and fifth to- tha 
gether, is the ſame multiple of the ſecond C, that DH the third is 
and ſixth together is of the fourth F. If C; 
therefore the firſt be the ſame multiple, &c. D. 1 
Q. E. D A ; D. 
| 7 of 
Cox. From this it is plain, that if any pl z de 
© number of magnitudes AB, BG, GH be | w! 
multiples of another C; and as many DE, | K+ th 
EK, KL be the ſame multiples of F, each G+ | for 
of each; the whole of the firſt, viz. AH | tip 
js the ſame multiple of C, that the whole | ſ 
* of the laſt, viz, DL is of F.“ 


OFF EUCLID. 


PROF. UH. THEOK 


U the firſt be the ſame multiple of the ſecond, which 
the third is of the fourth; and if of the firſt and 
third there be taken equimultiples, theſe ſhall be equi- 
nul iples the one of the ſecond, and the other of the 
fourth. 


Let A the firſt be the ſame multiple of B the ſecond, that C the 
wird is of D the fourth; and of A, C let the equimultiples EF, 
GH be taken. then EF is the ſame multiple of B, that GH is of 
D 


Becauſe EF is the ſame multiple of A, that GH is of C, there 
re 48 many magnitudes in EF equal to A, as are in GH equal to 
C. kt EF be divided into the ; 
magnitudes EK, KF, each e- F H. 
qual to A, and GH into GL, | 
LH, each equal to C. the | 
rumber therefore of the mag- | 
ntudes EK, KF, ſhall be e- 4 | 
onal to the number of the K N 4 f 
others GL, LH. and becauſe | « 
4 is the ſame multiple of B, | 
tiat Cis of D, and that EK | 

equal to A, and GL to | i 

C; therefore EK is the ſame E A B G C D 

multiple of B, that GL is of | 

D. for the ſame reaſon KF is the ſame multiple of B, that LH is 

of D; and fo, if there be more parts in EF, GH equal to A, C. 

becauſe therefore the firſt EK is the ſame multiple of the ſecond B, 

which the third GL is of the fourth D, and that the fifth KF is 

tie ſame multiple of the ſecond B, which the fixth LH is of the 

fourth D; EF the firſt together with the fifth is the ame mul- 

tiple of the ſecond B, which GH the third together with the a. 3. 5. 
lch is of the fourth D. If therefore the firſt, &c. Q. E. D. 


H 3 
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the 

PROP. IV. THEOR. and 

I the firſt of four magnitudes has the ſame ratio to 0) 
the ſecond which the third has to the fourth; then ; 

R X . thi 

any equimultiples whatever of the firſt and third ſhall 
have the ſame ratio to any equimultiples of the ſecond 6; 
and fourth, viz. the equimultiple of the firſt ſhall eq 
have the ſame ratio to that of the ſecond, which the for 
* equimultiple of the third has to that of the fourth. A 
- de 

Let A the firſt have to B the ſecond, the ſame ratio which the G 
third C has to the fourth D; and of A and C let there be taken any i 
equimultiples whatever E, F; and of B and D any equimultiples F, 
whatever G, H. then E has the is 


fame ratio to G, which F has to H. 
Take of E and F any equimul- | 
tiples whatever K, L, and of G, H, 
any equimultiples whatever M, N. 
then becauſe E is the ſame multiple | 

of A, that F is of C; and of E and | | 
F have been taken equimultiples K, 

L; therefore K is the ſame multiple 
of A, that Lis of C *. for the ſame 
reaſon M is the ſame multiple of B, 
that N is of D. and becauſe as A NK L. 
is to B, ſo is C to Db, and of A I. F 

© 


and C have been taken certain equi- 
multiples K, L; and of B and D 
have been taken certain equimul- 
tiples M, N; if therefore K be great- | 
er than M, L is greater than N; | | 
and if equal, equal; if leſs, leſs ©. 
And K, L are any equimultiples 
whatever of E, F; and M, N any 
whatever of G, H. as therefore E 
is to G, ſo is F to H. Therefore 

if the firſt, &c. Q. E. D. | 
Cox. Likewile if the firſt has the ſame ratio to the ſecond, which 
the third has to the fourth, then alſo any equimultiples whatever cf 


h 
of 
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ind in like manner the firſt and the third have the ſame ratio to EY 


wy equimultiples whatever of the ſecond and fourth. 
Let A the firſt have to B the ſecond, the ſame ratio which the 


third C has to the fourth D, and of A and C let E and F be ur | 


equimultiples whatever; then E is to B, as F to D. 

Take of E, F any equimultiples whatever K, L, and of B, D any 
equimultiples whatever G, ; then it may be demonſtrated, as be- 
fore, that K is the ſame multiple of A, that L is of C. and becauſe 
Ais to B, as C is to D, and of A and C certain equimultiples have 
deen taken, viz. K and L; and of B and D certain equimultiples 
G, H; therefore if K be greater than G, L is greater than H; and 


if equal, equal; if leſs, leſs ©. and K, L are any equimultiples of c. 5. Def. 3. 


E, F, and G, H any whatever of B, D; as therefore E is to B, fo 
b F to D. and in the fame way the other caſe is demonſtrated, 


PROP. V. TIE OX. 


J one magnitude be the ſame multiple of another, 
which a magnitude taken from the firſt is of a mag- 


See N. 


nitude taken from the other; the remainder ſhall be 


the ſame multiple of the remainder, that the whole is 
of the whole. 


Let the magnitude AB be the ſame multiple of CD, that AE 
taken from the firſt, is of CF taken from the 8 
other; the remainder EB ſhall be the ſame 
multiple of the remainder FD, that the whole 
AB is of the whole CD. A 

Take AG the ſame multiple of FD, that AE 
isof CF. therefore AE is * the ſame multiple of 8. 
CF, that EG is of CD. but AE, by the hypothe- 
ſis, is the ſame multiple of CF, that ABis of CD. E ll 
therefore EG is the ſame multiple of CD that AB 1 
i of CD; wherefore EG is equal to AB b. take F 
from them the common magnitude AE; the 
remainder AG is equal to the remainder EB, 
Wherefore ſince AEis the ſame multiple of CF, B P 
that AG is of FD, and that AG is equal to EB; therefore AE is 
the ſame multiple of CF, that EB is of FD, but AE is the ſamo 

H 4 
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Book V. multiple of CF, that AB is of CD; therefore EB is the ſame mul. 
Wa tiple of FD, that AB is of CD. Therefore it one magnitude, &c, 


Gee N. 


b. 1 Ax. 5. 
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Q. E. D. 


PROP. VL :T HEOR:; 


F two magnitudes be cquimultiples of two others, the 
and if equimultiples of theie be taken from the er t 

ark two, the remainders are either equal to theſe o- 
thers, or equimultiples of them. a 
Let the two magnitudes AB, CD be equimultiples of the two " 
E, F, and AG, CH taken from the firſt two be equimultiples of rag 
the ſame E, F; the remainders GB, HD are either equal to E, F, < 
or equimultiples of them. * 
Firſt, Let G be equal to E; HD is equal to F. make ck equal og 
to P; and becauſe AG is the {ame multiple A 


of E, that CH is of F, and that GB is equal 
to , and CK to F; therefore AB is the ſame 
multiple- of E, that KH is of F. But AB, 
by the hypotheſis, is the ſame multiple of E 
that CD is of F; therefore KH is the {ame 
multiple of F, that CD is of F; wherefore 
KH is equal to CD®. take away the common 
magnitude CH, then the remainder KC is 
equal to the remainder HD. but KC is equal 
to F, HD therefore is equal to F. 


But let GB be a multiple E; then HD is the ſame multiple of F. 


Make CK the ſame multiple of F, thar GB 
is of E. and becauſe AG is the ſame mul- 
tiple of E, that CH is of F, and GB the 
{ame puultiple of E, that CK is of F, there- 
fore AB is the fame multiple of E, that KH 
is of F >. but AB is the fame multiple of 


E, that CD is of F; therefore KH is the G 


{ame multiplc of F, that CD is of it; where- 
tore KH is equal to CD *. take away CH 
from both, therefore the remainder KC i is 

equal to the remainder D. and becauſe GB 
is the ſame multiple of E, that KC is of F, 


1 A 


G 


n 


2 


B 


1 


| 


DEF 


and that KC is equal to HD; therefore HD is the ſame multiple of 
F, that GB is of E. if therefore two magnitudes, &c. Q, E. D. 
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J 
6) 


OF EUCLID. 


FROP. A HTN 


F the firſt of four magnitudes has to the ſecond, the is N. 
ſame ratio which the third has to the fourth; then if 


che firſt be greater than the ſecond, the third is alſo great- 
er than the fourth; and if equal, equal; if leſs, leſs. 


Take any equimultiples of each of them, as the doubles of each. 
then by Def. 5th of this Book, if the double of the firſt be greater 
than the double of the ſecond, the double of the third is greater 
than the double of the fourth. but if the firſt be greater than the 
{cond, the double of the firſt is greater than the double of the ſe- 
cond. wherefore alſo the double of the third is greater, than the 
double of the fourth; therefore the third is greater than the fourth. 
in like manner, if the firſt be equal to the ſecond, or leſs than it, 
the third can be proved to be equal to the fourth, or leſs than it. 


Therefore if the firſt, Kc. O. E. D. 


PFRUE -B- LHEUCK 


F four magnitudes are proportionals, they are pro- Sec N. 
portionals alſo when taken inverſely. 


If the magnitude A be to B, as C is to D, then alſo inverſely 


Zis to A, as D to C. 

Take of B and D any equimultiples what- 
erer E and F; and of A and C any equimul- 
üples whatever G and H. Firſt, Let E be 
greater than G, then G is leſs than E; and 
becauſe A is to B, as C is to D, and of A and 
C the firſt and third, G and H are equimul- 
tiples ; and of B and D the fecond and fourth, 
E and F are equimultiples; and that G is leſs 
than E, H is alſo * leſs than F; that is, F is 
greater than H. if therefore E be greater than 


E, F is greater than H. in like manner, if 


E be equal to G, F may be ſhewn to be e- 
qual to H; and if leſs, leſs. and E, F are any 
equimultiples whatever of B and D, and G, H 
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See N. 


3. 5. 


5. B. 5. 


. Def. 5. 
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Book V, any whatever of A and C. Therefore as B is to A, ſo is D to & 
ul then four magnitudes, &c. Q. E. D. 


PROP. C. THE OR. 


| © the firſt be the ſame multiple of the ſecond, or the 
ſame part of it, that the third is of the fourth; the 
firſt is to the ſecond, as the third is to the fourth, 


Let the firſt A be the ſame multiple of B the ſecond, that C 


the third is of the fourth D. A is to B, as C 
is to D. 

Take of A and C any equimultiples what- 
ever E and F; and of B and D any equi- 
multiples whatever G and H. then becauſe 
A is the ſame multiple of B that C is of D; 
and that E is the ſame multiple of A, that 
F is of C; E is the ſame multiple of B, that 
Fis of D *; therefore E and F are the ſame 
multiples of B and D. bur G and H are e- 
quimultiples of B and D; therefore if E be 
a greater multiple of B, than G is; F is a 
greater multiple of D, than H is of D; that 
is, if E be greater than G, F is greater than 
H. in like manner, if E be equal to G, or 


leſs; F is equal to H, or leſs than it. But 


E, F are equimultiples, any whatever, of A, 

C, and G, H any equimultiples whatever of 

B, D. Therefore A is to B, as C is to Db. 
Next, Let the fu ſt A be the ſame 

part of the ſecond B, that the third 

C is of the fourth D. A is to B, as C 

is to D. for B is the ſame multiple of 

A, that D is of C; wherefore by the 

preceding caſe B is to A, as D is to 

C; and inverſely © A is to B, as C 

is to D. Therefore if the firſt be A 

the ſame multiple, &. Q. E, D 


A 


E 


| 
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PROP. D. THEOR. Ly 8 
U the firſt be to the ſecond as the third to the fourth, 3. N. 
and if the firſt be a multiple, or part of the ſecond; 
the third is the ſame multiple, or the ſame part of the 
fourth. 


Let A be to B, as C is to D; and firft let A be a multiple af 
3; C is the ſame multiple of D. 


Take E equal to A, and whatever multiple | 
A or Eis of B, make F the ſame multiple of 


D. then becauſe A is to B, as C is to D; and 

o B the ſecond and D the fourth equimul- 

tples have been taken E and F; A is to E, | | 

C to F“. but A is equal to E, therefore 0 

Cis equal to Fb. and F is the ſame multiple | 1 

of D, that A is of B. Wherefore C is the A B C D 

me multiple of D, that A is of B. : 
Next, Let the firſt A be a part of theſes „ F Seer 

cond B; C the third is the ſame part of the foot of the 

fourth D. | preceding 
Becauſe A is to B, as C is to D; then, Page- 

inverſely B is © to A, as D to C. but A is . B. 5. 

a part of B, therefore B is a multiple of A, 

and, by the preceding caſe, D is the ſame | 


multiple of C; that is, C is the ſame part of D, that A is of B. 
Therefore if the firſt, &c. Q. E. D. 


PROP. VI. THE OR. 


EN A L magnitudes have the ſame ratio to the 


lame magnitude; and the ſame has the ſame ratio 
to equal magnitudes. 


Let A and B be equal magnitudes, and C any other. A and B 
have each of them the ſame ratio to C. and C has the ſame ratio 
to each of the magnitudes A and B. 


Take of A and B any equimultiples whatever D and E, and 
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cf A, that E is of B, and that A is equal to 


A. 1. Ax. 5. 


d. 5. Del. . 


See N. 


Q. . D. 
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C any multiple whatever F. then becauſe D is the ſame multiple 


B; Dis * equal to E. therefore if D be greater 

than F, E is greater than F; and if equal, e- 

qual; if leſs, leſs. and D, E are any equimul- 

tiples of A, B, and F is any multiple of C. 

Therefore d as A is to C, fois B to C. | 
Likewiſe C has the ſame ratio to A that 

it has to B. for, having made the ſame con- D 1 


ſtruction, D may in like manner be ſhewa e- H 
qual to E. therefore if F be greater than D, 
it is likewiſe greater than E; and if cqual, 
equal; if leſs, leſs. and F is any multiple what- 
ever of C, and D, E, are any equimultiples 
whatever of A, B. Therefore C is to A, as 
Cis to Bb. Therefore equal magnitudes, &c. 


PROP. VIII. THE OR. 


F unequal magnitudes the greater has a greater 

ratio to the ſame than the leſs has. and the ſame 

magnitude has a greater ratio to the leſs than it has to 
the greater. 


Let AB, BC be anequal magnitudes of which AB is the greater, 
and let D be any magnitude whatever AB E 
has a greater ratio to D than BC to D. and 
D has a greater ratio ro BC than unto AB. 

If the magnitude which is not the great- F 
er of the two AC, CB, be not leſs than D, | 
take EF, FG the doubles of AC, CB, as C24 
in Fig. 1. but if that which is not the 
greater of the two AC, CB be leſs than D | 
(as in Fig. 2. and 3.) this magnitude can G 
be multiplied ſo as to become greater than L. 
D, whether it be AC or CB. Let it be 
multiplied until it become greater than D, 
and let the other be multiplied as often; 
and let EF be the multiple thus taken of 
AC, and FG the ſame multiple of CB. 


le 


Go SU CLI D. 
therefore EF and FG are each of them greater than D. and in Book V. 
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excry one of the caſes take H the double of D, K its triple, and \ „ 
o on, till the multiple of D be that which firſt becomes greater 
than FG. let L be that multiple of D which is firſt greater than 
FG, and K the multiple of D which is next leſs than L. 

Then becauſe L is the multiple of D which is the firſt that be- 
comes greater than FG, the next preceding multiple K is not 
greater than FG; that is, FG is not leſs than K. and ſince EF is 
the ame multiple of AC, that FG is of CB; FG is the ſame mul- 
tiple of CB, that EG is of AB * ; wherefore EG and FG are equi- a. 1. 5. 


multiples of AB and CB. 
and it was ſhewn that FG 
was not leſs than K, and, 
by the conſtruction, EF is 
greater than D; therefore 
the whole EG is greater 
than K and D together, 
but K together with D is 
equal to I.; therefore EG 
is greater than L; but FG 
is not greater than L; and 
EG, FG are equimultiples 
of AP, BC, and L is a 
multixle of D; therefore b 
AB bas to D a greater ra- 
tio tian BC has to D. 
Aſo D has to BC a 
greater ratio than it has 
t© AB. for, having made 


EI 
F. 


L 


— 
* 


C 


A 


| 


he ſame conſtruction, it may be ſhewn, in like manner, that L is 
greater than FG, but that it is not greater than EG. and L is a 
multiple of D; and FG, EG are equimultiples of CB, AB. There- 
fore D has to CB a greater ratio b than it has to AB. Wherefore 


ot unequal magnitudes, &c. 


Q. E. D. 


b. 7. Deſ- 4. 
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PROP. IX. THEOR. 


M GNITU DES which have the ſame ratio to 

the ſame magnitude are equal to one another; 
and thoſe to which the ſame magnitude has the ſame 
ratio are equal to one another. 


Let A, B have each of them the ſame ratio to C; A is equal to 
B. for if they are not equal, one of them is greater than the other; 
let A be the greater; then, by what was ſhewn in the preceding 
Propoſition, there are ſome equimultiples of A and B, and fome 
multiple of C ſuch, that the multiple of A is greater than the mul- 
tiple of C, but the multiple of B is not greater than that of C. 
Let ſuch multiples be taken, and lex D, E, be the equimultiples of 


A, B, and F the multiple of C ſo that D may be greater than P, 


and E not greater than F. but becauſe A 

is to C, as Bis to C, and of A, B are taken 
equimultiples D, E, and of C is taken a 
multiple F; and that D is greater than F; 

E ſhall alſo be greater than F *; but L is A | 
not greater than F, which is impoſſible. 

A therefore and B are not unequal ; that 

is, they are equal. 

Next, Let C have the fame ratio to C | | 
each of the magnitudes A and B; A is B | 
equal to B. for if they are not, one of E. 
them is greater than the other; let A be | 
the greater, therefore, as was ſhewn in 
Prop. 8th, there is ſome multiple F of C, and ſome equimultiples 
E and D of B and A ſuch, that F is greater than E, and not great- 
er than D. but becauſe C is to B, as C is to A, and that F the 
multiple of the firſt is greater than E the multiple of the ſecond; 
F the multiple of the third is greater than D the multiple of the 
fourth. but F is not greater than D, which is impoſſible. There- 
fore A is equal to B. Wherefore magnitudes which, &c. Q. E D. 


* 
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PROP. X THEOR. 9 
* AT magnitude which has a greater ratio than see N. 
another has unto the ſame magnitude is the 
greater of the two. and that magnitude to which the 
une has a greater ratio than it has unto another mag- 
nude is the leſſer of the two. ; 
Let & have to C a greater ratio than B has to C; A is greater 
dan B. for becauſe A has a greater ratio to C, than B has to C, 
here are ſome equimultiples of A and B, and ſome multiple of a. 7.Def.s. 
C ſuch, that the multiple of A is greater than the multiple of C, 
bu: the multiple of B is not greater than 
it, let them be taken, and let D, E be e- | 
quimultiples of A, B, and F a multiple of D 
Cſuch, that D is greater than F, but E is A 
not greater than F. therefore D is greater | | 
than E, and becauſe D and E are equi- 
multiples of A and B, and D is greater 0 F 
than E; therefore A is d greater than B. b. 4 Ax. 5. 
Next, Let C have a greater ratio to B | | 


than it has to A; B is leſs than A. for * B | 
there is ſome multiple F of C, and ſome 
equimultiples E and D of B and A ſuch, 

that F is greater than E, but is not greater / 

than D. E therefore is leſs than D; and becauſe E and D are equi- 
multiples of B and A, therefore B is b leſs than A. That mag- 
utude therefore, &c. Q. E. D. 8 


AT los that are the ſame to the ſame ratio, are 
the ſame to one another. 


Let A be to B, as Cis to D; and as C to D, ſo let E be to F; 
is to B, as E to F. 

Take of A, C, E any equimultiples whatever G, H, K; and of 
B, D, F any equimultiples whatever L, M, N. Therefore ſince 
Aisto B, as C to D, aud of A, C are taken equimultiples G, 


THE ELEMENTS 


Book v. II; and L, Mof B, D; if G be greater than I, H is greater thay 
Way M; and if equal, equal; and if leſs, leſs *. Again, becaule C is, 
2. 5. Det. 5. D, as E is to F, and H, K are taken equimultiples of C, E; and M, 


N of D, F; if H be greater than M, K is greater than N; and is 
equal, equal; and if leſs, leſs. but if G be greater than L, it ha 


A—— Co—.E— 
B — D-— | SOR 
1 M- No 


been ſhewn that II is greater than M; and if equal, equal; and if 
leſs, leſs ; therefore if G be greater thin L, K is greater than N; 
and if equal, equal; and if lefs, leſs. and G, K, are any equimul- 
tiples whatever of A, E; and L, N any whatever of B, F. There- 
fore as A is to B, ſo is E to F. Wherefore ratios that, &c, 


Q. E. b. 


PROF. MI. THEO. 


FF any number of magnitudes be proportionals, as onc 

of the antecedents is to its conſequent, ſo ſhall all 
the antecedents taken together be to all the conſe- 
quents. 


Let any number of magnitudes A, B; C, D; E, F, be propor- 
tionals ; that is, as A is to B, ſo C to D, and E to F. as A is to 
B, ſo thall A, C, E together be to B, D, F together. 

Take of A, C, E any equimultiples whatever G, I, K; and of 


I. M N — 
B, D, F any equimultiples whatever IL, M, N. then becauſe Ais to 
B, as C is to D, and as E to F; and that G, H, K are equimyltip!ss 


Co 


Ul 


to 
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4 x, C, E, and L, M, N equimultiples of B, D, F; if G be greater Pook v. 
dan L, H is greater than M, and K greater than N; and if equal, 
equal; and if leſs, leſs *. Wherefore if G be greater than L, then a. 5.Def. 3. 
G, H, K together are greater than L, M, N together; and it equal, 

equal; and if leſs, leſs. and G, and G, H, K together are anyequi- 

multiples of A, and A, C, E together, becauſe if there be any 

number of magnitudes equimultiples of as many, each of each, 

whatever multiple one of them is of its part, the ſame multiple 

ö the whole of the whole b. for the ſame reaſon L, and L, M, N Þ: . 5 
ue any equimultiples of B, and B, D, F. as therefore A is to B, 

b are A, C, E together to B, D, F together. Wherefore if any 

number, &c. Q. E. D. 6 


PROP. XIII. THEO R. 


F the firſt has to the ſecond the ſame ratio which 8 N. 
the third has to the fourth, but the third to the 

fourth a greater ratio than the ſifth has to the ſixth ; 

the firſt ſhall alſo have to the ſecond a greater ratio 

than the fifth has to the fixth. 


Let A the firſt have the ſame ratio to B the ſecond which C 
the third has to ID the fourth, but C the third to D the fourth a 
greater ratio than E the fifth to F the ſixth. allo the firſt A (hat! 
have to the ſecond B a greater ratio than the fifth E to the ſixth F. 

Bceauſe C has a greater ratio to D, than E to F, there are ſome 
equimultiples of C and E, and ſome of I and ſuch, that the mul- 
ple of C is greater than the multiple of D, but the multiple of E. is 


M — H 
bm Gm 
N—— K L 


not greater than the multiple of F.. let ſuch be taken, and of C, E a. Def, 


lt G, H be equimultiples, and K, L equimultiples of DD, F ſo that 

G be greater than K, but H not greater than L; and whatever mul- 

bple G is of C take M the ſame multiple of A; and what mul- 

tple K is of D, take N the ſame multiple of B. then becauſe A is 

to h, as C to D, and of A and C, M and G are equimultiples, aud ot 
I 


A ds. 


' 
} 
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B and D, N and K are equimultiples ; if M be greater than N, 


[[ is greater than K; and if equal, equal; and if leſs, leſs e; * 


D. 3. Def. 5. 


a. 7. Deſ. 5. 


Zee N. 


2. . 4. 


G is greater than K, therefore M is greater than N. but H is not 
greater than L; and M, H are equimultiples of A, E; and N, I. 
equimultiples of B, F. Therefore A has a greater ratio to B, than 
E has to F*®. Wherefore if the firſt, &c. Q. E. D. 

Cor. And if the firſt has a greater ratio to the ſecond, than 
the third has to the fourth; but the third the ſame ratio to the 
fourth, which the fifth has to the ſixth; it may be demonſtrated in 
like manner that the firſt has a greater ratio to the ſecond than 
the fifth has to the ſixth. 


PROP. XIV. THEOR. 


1 F the firſt has to the ſecond the ſame ratio, which 

the third has to the fourth; then, if the firſt be 
greater than the third, the ſecond ſhall be greater than 
the fourth; and if equal, equal; and if lels, leſs. 


Let the firſt A have to the ſecond B the ſame ratio, which the 


third C has to the fourth D; if A be greater than C, B is greater 
than D. 

Becauſe A is greater than C, and B is any other magnitude, A 
has to B a greater ratio than C to B*. but as A is toB,ſoisC to 


2 | 
1 | 2 3 


two magnitndes, that to which the {ame has the greater ratio is the 
leiſer*. wherefore D is leſs than B that is, B is greater than D. 
Secondly, If A be equal to C, B is equal D. for A is to B, ® 
C, that is A, to D; B therefore is equal to D#. 
Thirdly, If A be leſs than C, B ſhall be leſs than D. for C is 


greater than A, and becauſe C is to D, as A is to B, D is great? 
than B by the firſt caſe; wherefore B is leſs than D. Therefor* | 


if the firſt, &c. Q. E. D. 


AB D ABU D AN GN 


D; therefore alſo C has to D a greater ratio than C has to B b. but of | 


as 


hag - =, © bY im @ = I 


«CC ©» 0» _ «a _ en 
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PROP. XV. THEOR. 


AGNITUDES have the ſame ratio to one ano- 
ther which their equimultiples have. 


Let AB be the ſame multiple of C that DE is of F. C is to F, 
1: AB to DE. 

Becauſe AB is the ſame multiple of C that DE is of F, there are 
23 many magnitudes in ABequal to C, as there are in DE equal to F. 
Let AB be divided into magnitudes, each 
canal to C, viz. AG, GH, HB; and DE A 
into magnitudes, each equal to F, viz. DK, 

EL, LE. then the number of the firſt AG, 8 
GH, HB ſhall be equal to the number of 

the laſt DK, KL, LE. and becauſe A G, 

GH, HB are all equal, and that DK, KL, 

LE zre alſo equal to one another; there- H | | 
fore AG is to DK, as GH to KL, and as | | 
HB to LE *. and as one of the antecedents | 5 i 
toits conſequent, ſo are all the antecedents V 
together to all the conſequents together b; wherefore as AG is to b. 22. 54 
D, ſo is AB to DE. but AG is equal to C, and DK to F. therefore 

5 Cis to F, ſo is AB to DE. Therefore magnitudes, &c. Q. E. D. 


PROP. XVI. THE OR. 


bo four magnitudes of the ſame kind be propor- 


tionals, they ſhall alſo be proportionals when taken 
aternately. 


Let the four magnitudes A, B, C, D be proportionals, viz. as & 
toB,ſo C to D. they 


hall alſo be propor- E G 6 
tonals when taken — C mo 


alternately; that is, 
Als to C, as B to D. B 
Take of A and F | H 
B any equimultiples 
Whatever E and F; and of C and D take any equimnltiples whatever 
I 2 
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Book v. G and H. and becauſe E is the ſame multiple of A, that Þ is o- 


., and that magnitudes have the ſame ratio to one another which 


a. 15. 5. 
b. ir. 5. 


e. 14. f. 


their equimultiples have * ; therefore A is to B, as E is to F. but 
as A is to B, fois C to D. wherefore as C is to D, ſo b is L to F. 
again, becauſe G, II | EX 


are equimultiples of E — G— — 
C, D, as C is to D, e 

Sab bs 2h C 

2s C is to D, ſo is E B- 33 

to FT. Wherefore as F H 3 


E is to F, ſo is G to 

He. But when four magnitudes are proportionals, if the firſt be 
greater than the third, the ſecond ſhall be greater than the fourth; 
and if equal, equal; if leſs, leſs ©. Wherefore if E be greater 
than G, F likewiſe is greater than H; and if equal, equal; if leſs, 
leſs. and E, F are any equimultiples whatever of A, B; and G, 


d. 5. Def. 5. H any whatever of C, D. Therefore A is to C, as B to D 9, If 


See N. 


2 . 


5 


then four magnitudes, &c. Q. E. D. 


PROP. VII.  THEOKR. 


F magnitudes taken jointly be proportionals, they 
ſhall alſo be proportionals when taken ſeparately, 
that is, if two magnitudes together have to one of them, 


the ſame ratio which two others have to one of thele, 


the remaining one of the firſt two ſhall have to the 
other, the ſame ratio which the remaining one of the 
laſt two has to the other of theſe, 


Let AB, BE; CD, DF be the magnitudes taken jointly which- 


are proportionals ; that is, as AB to BE, ſo is CD to DF; they 
ſhall alſo be proportionals taken ſeparately, viz. as AE to ED, 


CF to FD. 


Take of AE, EB, CF, FD any equimultiples whatever GH, HR, 
LM, MN; and again, of EB, FD, take any equimultiples whatever 
KX, NP. and becauſe GH is the ſame multiple of AE that HK is 


of EB, therefore GH is the ſame multiple * of AE, that GK is of 


AB. but GH is the ſame multiple of AE, that LM is of CF; where- 


fore GK is the ſame multipleof AB, that LM is of CF. Again, be- 


— 


my wy © a oo eee de 0 


TT Kxw'g Fx 


IM is the ſame multiple * of CF, that LN is of CD. but LM was 
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auſe LM is the fame multiple of CF that MN is of FD ; therefore Bock v 
— 


A. I. $+ 


h:wn to be the ſame multiple of CF, that GK is of AB; GK 
therefore is the ſame multiple of AB, that LN is of CD ; that is, 
GK, LN are equimultiples of AB, CD. Next, becauſe HK is the 
{me multiple of EB, that MN is of FD; 

and that KX is allo the ſame multiple of X 

EB, that NP is of FD; therefore HX is : 
th: fame multiple ® of EB that MP is of | P ki. 
FD, And becauſe AB is to BE, as CD 2 
i; to DF, and that of AB and CD, GK K 1 | 
and LN are equimultiples, and of EBand 
FD, HX and MP are equimultiples; if + | h 
GK be greater than HX, then LN 1 H 1 | 


preater than MP; and if equal, equal 
and if leſs, leſs ©. but if GH be greater E . 
than KX, by adding the common part 
HK to both, GK is greater than HX; 
wherefore alſo LN is greater than MP; | 
aud by taking away MN from both, LM G A C L 
is greater than NP. therefore if GH be greater than KX, LM is 
greater than NP. In like manner it may be demonſtrated, that if 
GH be equal to KX, LM likewiſe is equal to NP; and if leſs, leſs. 
and GH, LM are any equimultiples whatever of AE, CF, and 
KX, NP are any whatever of EB, FD. Therefore © as AE is to 
EB, ſo is CF to FD. If then magnitudes, &c. Q. E. D. 


PROP. XVII. THEO R. 
I magnitudes taken ſeparately be proportionals, they See N. 
{hall alſo be proportionals when taken jointly, that 
i, if the firſt be to the ſecond, as the third to the fourth, 
the firſt and ſecond together ſhall be to the ſecond, as 
the third and fourth together to. the fourth. 

Let AE, EB, CF, FD be proportionals; that is, as AE to EB, 
fois CF to FD; they ſhall alſo be proportionals when taken jointly 
that is, as AB to BE, ſo CD to DF. 

Take of AB, BE, CD, DF any equimultiples whatever GH, HR, 
IM, MN; and again of BE, DF take any whatever equimultiples 
$0, NP and becauſe KO, NP are equimultiples of B E, DF; ab 

„ 
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g. 6. 5. 


multiple of CD, that MN is of DF, M 
N 
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Book V. that KH, NM are equimultiples likewiſe of BE, DF, if KO the 
multiple of BE be greater than KH which is a multiple of the 


ſame BE, NP likewiſe the multiple of DF ſhall be greater than NM 
the multiple of the ſame DF; and if 
KO be equal to KH, NP ſhall be e- H 
qual to NM; and if leſs, leſs. 

Firſt, Let KO not be greater than 
KH, therefore NP is not greater than 
NM. and becauſe GH, HK are equi- 
multiples of AB, BE, and that AB K + 
is greater than BE, therefore GH is 
greater * than HK; but KO is not 


2 w= 


greater than KH, wheretore GH is B 

greater than KO. In like manner ir | D 
may be ſhewn that LM is greater than E 
NP. Therefore if KO be not greater F 


than KH, then GH the multiple of | 
AB is always greater than KO the GiA!C 


L 


multiple of BE; and likewiſe LM the multiple of CD greater than 


NP the multiple of DF. | 
Next, Let KO be greater than KH; therefore, as has been ſhewn, 
NP is greatcr than NM. and becauſe the whole GH is the ſame 
multiple of the whole AB, that HE is of BE, the remainder GK is 
the ſame multiple of the remainder 
AE that GH is of ABb, which is the O 
ſame that LM is of CD. In like H | 
manner, becauſe LM is the ſame I 


the remainder LN is the ſame mul- 

tiple of the remainder CF, that the K B 
whole LM is of the whole CD b. 
but it was ſhewn that LM is the ſame E. 
multiple of CD that GK is of AE; | 

therefore GK is the ſame multiple of 
AE that LN is of CF; that «GK, G A C | L 
LN are equimultiples of AE, CF. | 


and becauſe KO, NP are equimultiples of BE, DF, if from KO, 
NP there be taken KH, NM, which are likewiſe equimultiples of 
BE, DF, the remainders HO, MP are either equal to BE, PF, or 
equimultiples of them ©. Firlt, Let HO, MP be equal to BE, DF; 


fre 


„ i 
E 


* * 
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nd becauſe AE is to EB, as CF to FD, and that GK, LN are Book v. 
equimultiples of AE, CF; GK ſhall be to EB, as LN to FD9. but 
HO is equal to EB, and MP to FD; wherefore GK is to HO, as d. Cor. 4.5. 
IN to MP. If therefore GK be greater than HO, LN is greater 
an MP; and if equal, equal; and if leſs, leſs e. e. A. 5. 
But let HO, MP be equimultiples of EB, FD; and becauſe AE 
to EB, as CF to FD, and that of AF, CF are taken equimultiples 
GK, LN; and of EB, FD, the equimultiples HO, MP; if GK be 
geater than HO, LN is greater than 
MP; and if equal, equal; and if leſs, 
est; which was likewiſe ſhewn in H P 
de preceding caſe. If therefore f 
GH be greater than KO, taking KH | 
from both, GK is greater than HO; M 
wherefore alſo LN is greater than K 
MP; and conſequently, adding NM 7F B N L 
to both, LM is greater than NP. D | 
therefore if GH be greater than KO, E | F 
IM is greater than NP. In like Rh | 
manger it may be ſhewn that if GH 
be equal to KO, LM is equal to G | A C 1. 
NP; and if leſs, leſs. And in the caſe in which KO is not greater 
than KH, it has been ſhewa that GH is always greater than KO, 
ad likewiſe LM than NP. but GH, LM are any equimultiples of 
AB,CD, and KO, NP are any whatever of BE, DF; therefore f as 
ABis to BE, fo is CD to DF. If then magnitudes, &c. Q. E. D. 


f. 5. Def. ę. 


PROP. XX. THE OR. 


[* a whole magnitude be to a whole, as a magni- see N, 
tude taken from the firſt is to a magnitude taken | 

from the other ; the remainder ſhall be to the remain- 

der as the whole to the whole. 


Let the whole AB be to the whole CD, as AE a magnitude 
laken from AB to CF a magnitude taken from CD; the remain- 
28 be to the remainder FD, as the Whole AB, to the 

. 


14 
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Book v. Becauſe AB is to CD, as AE to CF ; like- 
wife, alternately * BA is to AE, as DC to CF. A 
a..r6. 3. and becauſe if magnitudes taken jointly be pro- 
Þ. 17. 5- portionals, they are alſo proportionals d when C 
= taken ſeparately ; therefore as BE is to EA, ſo E. a 
is DF to FC; and alternately, as BE is to DF, | 
ſo is EA to FC. but as AE to CF, ſo, by the 
Hypotheſis, is AB to CD; therefore alſo BE the 
remainder ſhall be to the remainder DF, as the 
whole AB to the whole CD. Wherefore if the | 
whole, &c. Q. E. DPD). B D 
Co R. If the whole be to the whole, as a magnitude taken from 
the firſt is to a magnitude taken from the other; the remainder 
likewife is to the remainder, as the magnitude taken from the firſt 
to that taken from the other, the Demonſtration is contained in 
the preceding. 


PROP. E. THEOR. 
1 F four magnitudes be proportionals, they are alſo 
proportionals by converſion, that is, the firſt is to 
its excels above the ſecond, as the third to its excels 
above the fourth. 


A 


Let AB be to BE, as CD to DF; then BA . 
is to AE, as DC to CF. | C - 
- Becauſe AB is to BE, as CD to DF, by EA 1 
2.17. 5 diviſion , AE is to EB, as CF to FD; and | F . 
b. B. 3. by derten b, BE is to EA, as DF to FC. ; N 
c. 18. 5, Wherefore, by Compoſition ©, BA is to AE, [ 
as DC is to CF. It therefore four, &c. ] 
2. 5 
» B D 
s PROP. XX. THE OR. 
bee N. F there be three magnitudes, and other three, which 
1 taken two and two have the ſame ratio; if the firlt 


be greater than the third, the fourth ſhall be greater 
than the ſixth; and if um equal; and if leſs, — 


y Es. 


Tc OE” OR: OP 
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Let A, B, C be three magnitudes, and D, F, F other three, Book V. 
which taken two and two have the ſame ratio, viz. as A is to B,. 


ois D to E; and as B to C, ſo is E to F. If A be 
geater than C, D ſhall be greater than F; an 


i equal, equal; and if leſs, leſs. | 


Becauſe A is greater than C, and Bis any other 
magnitude, and that the greater has to the ſame 
magnitude a greater ratio than the leſs has to it a; 
therefore A has to B a greater ratio than C has 
to B. but as D is to E, fois A to B; therefore b 
D has to E a greater ratio than C to B. and be- 
cauſe B is to C, as E to F, by inverſion, C is to 
5, as F is to E; and D was ſhewn to have to E a 
greater ratio than C to B; therefore D has to E a 
greater ratio than F to Ee. but the magnitude 


which has a greater ratio than another to the ſame magnitude, is 


the greater of the two d. D is therefore greater than F. 


- Secondly, Let A be equal to C; D ſhall be equal to F. becauſe 
A and C are equal to one another, A 


istoB, as Cis toB®. but A ĩs to B, | 
u D to E; and C is to B, as F to 
E; wherefore D is to E, as F to Ef; 
2nd therefore D is equal to Fs. 

Next, Let A be leſs than C; D A 
ſhall be leſs than F. for C is great- D 
er than A, and, as was ſhewn in 
the firſt caſe, C is to B, as F to E, 
and in like manner B is to A, as E | 
toD; therefore F is greater than | 
D, by the firſt caſe ; and therefore 


B C 


A 


f 


ABC 
f | b. 13. 5. 


' 


Dis leſs than F. Therefore if there be three, &c. Q. E. 


PROP. XXI THEOR. 


FF there be three magnitudes, and other three, which 
have the ſame. ratio taken two and two, but in a 


137 


| 


a. 8. 5. 


c. Cor. 13.5. 


d. 10. 5. 


| 


5. 9+ $o 


* 
- WE 


crols order; if the firſt magnitude be greater than the 
third, the fourth ſhall be greater than the ſixth 


if equal, equal; and if leſs, leſs, 


z and 
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Let A, B, C be three magnitudes, and D, E, F other three, 


LYY%S Which have the ſame ratio taken two and two, but in a croſs order, 


a. 8. 5. 
b. 13. 5. 


e. Cor. i 3.5. 


d. 10. 5. 


Zce N. 


viz. as A is to B, ſo is E to F, and as Bis to C, ſo 
is D to E. If A be greater than C, D ſhall be great- 
er than F; and if equal, equal; and if leſs, leſs. 
Becauſe A is greater than C, and B is any other 
magnitude, A has to B, a greater ratio * than C 
has to B. but as E to F, ſo is A to B; therefore b 
E has to F a greater ratio than C to B. and be- A B 
cauſe B is to C, as D to E, by inverſion, C is to D E 


C 


B, as E to D. and E was ſhewn to have to F a 
greater ratio than C to B; therefore E has to F a 
greater ratio than E to D ©, but the magnitude to 
which the ſame has a greater ratio than it has to 
another, is the leſſer of the two d. F therefore is 
leſs than D; that is, D is greater than F. 
Secondly, Let A be W to C; D ſhall be equal to F. Becauſe 
A and Care equal, A is to B, as C is to B. but A is to B, as E 
to F; and C is to B, as E to D; 
waerefore E is to F, as E to Df; 
and therefore D is equal to FS. 
Next, Let A be leſs than C; | 
D ſhall be lefs than F. for Cis A B 


than A, and C ABC 
greater than A, and, as was 
ſhewn, C is to B, as E to D, | I | If] 


and in like manner B is to A, 
as F to E; therefore F is great- 
er than D, by caſe firſt ; and 
therefore D is leſs than F. 
Therefore if there be three, &c. Q. E. D. 


PROP. XIII. THE OR. 


f there be any number of magnitudes, and as many 
others, which taken two and two in order have 


the ſame ratio ; the firſt ſhall have to the laſt of the 


firſt maguitudes the ſame ratio which the firſt of the 
others has ro the laſt. N. B. F! is uſually cited by 


the words * ex aequal!, or, ex aequo.“ 
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Firſt, Let there be three magnitudes A, B, C, and as many Book v. 
others D, E, F, which taken two and two have the ſame ratio, Cy 


tis ſuch that A is to B, as D to E; and as Bis to C, ſo is E 


b F. A ſhall be to C, as D to F. 


Take of A and D any equimultiples whatever G and H; and 


of Band E any equimultiples 
whatever K and L; and of C 
and F any whatever M and N. 
then becauſe A is to B, as D 
to E, and that G, H are equi- 
nultiples of A, D, and K, L 
equimultiples of B, E; as G is 
10 K, ſo is H to L. for che 
{me reaſon K is to M, as L to 
N. and becauſe there are three 
magnitudes G, K, M, and other 
tree H, L, N, which two and 
two have the ſame ratio; if G 
be greater than M, H is greater 
than N; and if equal, equal; 
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a, . 


and if leb leſs b. and G, H are any equimultiples whatever of A, b. 20. 
D, and M, N are any equimultiples whatever of C, F. therefore © e. 5. oe g. 


5 A is to C, ſo is D to F. 


Next, Let there be four magnitudes A, B, C, 
D, and other four E, F, G, H, which two and 
two have the ſame ratio, viz. as A is to B, ſo is 
E to F; and as B to C, ſo F to G; and as C to 


A. B. C. 
E. F. G. 


* 


D 


] 


H 


D, ſo G to H. A ſhall be to D, as E to H. 
Becauſe A, B, C are three magnitudes, and E, T, G other three, 


which taken two and two have the ſame ratio; by the foregoing 


at, A is to C, as E to G. but C is to D, as G is to H; where- 


tore again, by the firſt caſe, A is to D, as E to H. and fo on, 


uhaterer be the number of magnitudes. Therefore if there be 
ay number, &c. Q. E. D 


See N. 


u. IS. 5. 


b. 11. 5. 


Ce 4. Se 


d. 21. 5. 
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PROP. XXIII. 


THEOR. 


| 1 there be any number of magnitudes, and as many 


others, which, taken two and two, in a croſs or- 


der, have the ſame ratio; the firſt ſhall have to the laſt 


of the firſt magnitudes che ſame ratio which the firſt 
of the others has to the laſt. N. B. This is uſually 


"© 07, 6X aequo perturbate.“ 


cited by the words © ex aequali in proportione perturbata, 


Firſt, Let there be three magnitudes A, B, C, and other three 
D, E, F, which taken two and two in a croſs order have the ſame 


is D to E. A is to C, as D to F. 


ratio, that is ſuch that A is to B, as E to F; and as B is to C, ſo 


Take of A, B, D any equimultiples whatever G, H, K; and of 
C, E, F any equimultiples whatever L, M, N. and nt G, H 


are equimultiples of A, B, and that 
magnitudes have the ſame ratio which 
their equimultiples have *; as A is 
to B, ſo is G to H. and for the ſame 
reaſon, as E is to F, ſo is M to N. 
but as A is to B, ſo is E to F; as 
therefore G is to H, ſo is M to N. 
and becauſe as B is to C, ſo is D to 
E, and that H, K are equimultiples 
of B, D, and L, M of C, E; as H 
is to L, fois © K to M. and it has 
been ſhewn that G is to H, as M 
to N. then becauſe there are three 


magnitudes, G, H, L, and other three 


K, M, N which have the ſame ratio 
taken two and two in a croſs order; 
if G be greater than L, K is greater 


than N; and if equal, equal; and if leſs, leſs 4. and G, K are any 
equimultiples whatever of A, D; and L, N any whatever of C, F; 
as therefore A is to C, ſo is D to F. 


_—xS Oo. 
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Next, Let there be four magnitudes A, B, C, D, 
and other four E, F, G, H, which, taken two and | i 
two in a croſs order, have the ſame ratio, viz. A E. 
v B, s G to I; B to C, as F to G; andC to D, 

1 E to F. A is to D, as E to H. 

Becauſe A, B, C are three magnitudes, and F, G, H other three, 
which, taken two and two in a croſs order, have the ſame ratio; 
by the firſt caſe, A is to C, asFto H. but C is to D, as E is to 
F; wherefore again, by the firſt caſe, A is to D, as E to H. and 
ſo on, whatever be the number of magnitudes. Therefore if there 
de any number, &c. Q. E. D. 


PROP. XXIV. THE OR. 


F the firſt has to the ſecond the ſame ratio which the see N. 
third has to the fourth; and the fifth to the ſecond 
the ſame ratio which the ſixth has to the fourth; the firſt 
and fifth together ſhall have to the ſecond, the ſame ratio 
which the third and ſixth together have to the fourth. 


Let AB the firſt have to C the ſecond the ſame ratio, which 
DE the third has to F the fourth ; and let BG the fifth have to C 
the ſecond the ſame ratio, which EH the 
fixth has to F the fourth. AG, the firſt G 
and fifth together, ſhall have to C the ſe- | H 
cond the fame ratio, which DH, the third | 
and ſixth together, has to F the fourth. | ; 

Becauſe BG is to C, as EH to F; by B | E | 
inverſion C is to BG, as F to EH. and be- 
cauſe as AB is to C, ſo is DE to F; and 
3C to BG, ſo F to EH; ex aequali AB 4. 23. fl. 
is to BG, as DE to EH. and becauſe theſe | , 
magnitudes are proportionals, they ſhall 
likewiſe be proportionals when taken joint- AC DF 
ly>; as therefore AG is to GB, ſo is DH to HE; but as GB to b. 18. 5. 
C, fois HE to F. Therefore, ex acquali*, as AG is to C, ſo is 
DH to F. Wherefore if the firſt, &c. QE DPD. 

Cox. 1. If the ſame Hypotheſis be made as in the Propoſition, 
the exceſs of the firſt and fifth ſhall be to the ſecond, as the exceſs 
ef the third and ſixth to the fourth. the Demonſtration of this is the 
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Book V. ſame with that of the Propoſition, if Diviſion be uſed inſtead of 


A Compolition. 


Cor. 2. The Propoſition holds true of two ranks of magti. 
tudes, whatever be their number, of which each of the firſt ranks 
has to a ſecond magnitude the ſame ratio that the correſponding 
one of the ſecond rank has to a fourth magnitude; as is mani. 


feſt. 


PROP. XXV. THEOR. 


1 F four magnitudes are proportionals, the greateſt 
and leaſt of them together are greater than the 


other two together. 


Let the four magnitudes AB, CD, E, F be proportionals, viz, 
AB to CD, as E to F; and let AB be the greateſt of them, and 
>.A,&r4 g. conſequently F the leaſt *. AB together with F are greater than 


CD together with E. 


Take AG equal to E, and CH equal to F. then becauſe as AB 
to CD, fois E to F, and that AG is equal to E, and CH equa} 


to F; AB is to, CD, as AG to CH. and 
becauſe AB the whole is to the whole 
CD, as AG is to CH; likewiſe the remain- B 
der GB ſhall be to the remainder HD, as ,. | D 
b. 19. 5. the whole AB is to the whole d CD. but G | 
e. A.s. AB is greater than CD, therefore © GB H 
is greater than HD. and becauſe AG is 
equal to E, and CH to F; AG and F to- 
gether are equal to CH and E together. 
If therefore to the unequal magnitudes 
GB, HD, of which GB is the greater, A C 


E F 


there be added equal magnitudes, viz. to GB the two AG and F, 
and CH and E to HD; AB and F together are greater than CD 


and E. Therefore if four magnitudes, &c. Q. E. D. 


PROP. F. THE OR. 


zee N. ATIOS which are compounded of the ſame ratios, 


are the ſame with one another. 


whi 


«4 > 
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Let A be to B, as D to E; and B to C, as E to F. the ratio Book V. 
which is compounded of the ratios of A to B, and ered 
; to C, which, by the Definition of compound ra- A. B. C 
tio, is the ratio of A to C, is the ſame with the ra- D = p. 
tio of D to F, which, by the ſame Definition, is e 
compounded of the ratios of D to E, and E to F. — 

Becauſe there are three magnitudes A, B, C, and three others 
D, E, F which taken two and two in order have the ſame ratio 


ex aequali, A is to C, as D to F.. 6 . 
Next, Let A be to B, as E to F; and B to C, as D to E; there- 
fore, ex aequali, in proportione perturbata d, A is b. . kk 


o C, as D to F; that is, the ratio of A to C, which A. B. c 
is compounded of the ratios of A to B, and B to is Ei 
C, is the ſame with the ratio of D to FP, which is D. E. F. 
compounded of the ratios of D to E, and E to F. 
and in like manner the Propoſition may be demonſtrated whatever 
de the number of ratios in either caſe. 


PROP. G. THEOR. 


1 ſeveral ratios be the ſame with ſeveral ratios, each See N. 
to each; the ratio which is compounded of ratios 

which are the ſame with the firſt ratios, each to each, 

is the ſame with the ratio compounded of ratios which 

are the ſame with the other ratios, each to each. 


Let Abe to B, as Eto F; and C to D, as G to H. and let A 
de to, as K to L; and C to D, as L to M. then the ratio of K 
to M, by the Definition of com- 
pound ratio, is compounded of the 
ratios of K to L, and L to M, which A. B. C. D. K. L. NMI. 
ve the ſame with the ratios of A | E. F. G. H. N. O. P. 
to B, and C to D. and as E to F, ſo n 
let N be to O; and as G to H, fo let O be to P; then the ratio 
of N to P is compounded of the ratios of N to O, and O to P, 
which are the ſame with the ratios of E to F, and G to H. and 
it is to be ſhewn that the ratio of K to M, is the ſame with the 
ratio of N to P, or that K is to M, as N to P. 

Becauſe K is to L, as (A to B, that is, as E to F, that is as) 
Nu O; and 2s L to M, fo is (C to D, and fois G to H, and fo 
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Book v. is) O to P. ex aequali*, K is to M, as N to P. Therefore if fl. 
A veral ratios, &c. Q. E. D. 


2. 22. 5. 


PROP. H. THEOR. 


* 1 F a ratio compounded of ſeveral ratios be the ſams 
with a ratio compounded of any other ratios, and 
if one of the firſt ratios, or a ratio compounded of an; 
of the firſt, be the ſame with one of the laſt ratios, or 
with the ratio compounded of any of the laſt; ; then the 
ratio compounded of the remaining ratios of the firſt, 
or the remaining ratio of the firſt, if but one remain, 
is the ſame with the ratio compounded of thoſe remain- 
ing of the laſt, or with the remaining ratio of the laſt, 


Let the firſt ratios be thoſe of A to B, B to C, C to D, DtoF, 
and E to F; and let the other ratios be thoſe of G to I, I to K, 
K to L, and L to M. alſo let the ratio of A to F, which is com- 
2. Defini- pounded * of the firſt ratios be the ſame 
tion of com- th the ratio of G to M, which is com- 7 


1 pounded of the other ratios. and beſides, A. B. C. D. E. 
let the ratio of A to D, which is com- G. H. K. L. M. 
pounded of the ratios of A to B, B to C, 
C to D, be the ſame with the ratio of G to K, which is compoun& 
ed of the ratios of G to H, and H to K. then the ratio compound- 
ed of the remaining firſt ratios, to wit, of the ratios of D to E, 
and E to F, which compounded ratio is the ratio of D to F, is the 
fame with the ratio of K to M, which is compounded of the re- 
maining ratios of K to L, and L to M of the other ratios. 
Becauſe, by the Hypotheſis, A is to D, as G to K, by inver- 
b. B. 5. ſion b, D is to A, as K to G; n ſo is G to M; 
c. 22. 5. therefore e, ex aequali, D is to F, as K to M. If therefore a rade 
which is, &c. Q. E. D. 
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Book V. 


PROP. k. THE OR. „ 


[ there be any number of ratios, and any number of I 
other ratios ſuch, that the ratio compounded of ra- 
tios which are the ſame with the firſt ratios, each to each, 


is the ſame with the ratio compounded of ratios which 


are the ſame, each to each, with the laſt ratios; and if 


one of the firſt ratios, or the ratio which is compound- 


ed of ratios which are the ſame with ſeveral of the firſt 
ratios, each to each, be the ſame with one of the laſt 
ratios, or with the ratio compounded of ratios which 
are the ſame, each to each, with ſeveral of the laſt ra- 
tios. then the ratio compounded of ratios which are the 
ſame with the remaining ratios of the firſt, each to each, 
or the remaining ratio of the firſt, if but one remain; 
is the ſame with the ratio compounded of ratios which 


are the ſame With thoſe remaining of the laſt, each to 


each, or with the remaining ratio of the laſt. 


Let the ratios of A to B, C to D, E to Fbe the firſt ratios ; and 
the ratios of G to H, K to L, M toN, O to P, Q to R, be the 
other ratios. and let A be to B, as S to T; and C to D, as T to 
Vʒ and E to F, as V to X. therefore, by the Definition of compound 
ratio, the ratio of S to X is compounded of the ratios of 5 to T, 


I. | 
AB © Dr; EF. 8, T., V, X. 
G, H; K, L; M, N; O, P; Q, R. — T4 is Dy Co te 
e, f, g m, u, O, p | Z 


„ 


Ito V, and V to X, which are the ſame with the ratios of A to B, 
C to D, E to F, each to each. alſo as G to H, fo let Y be to Z; 
and K to L, as Z to a; M to N, as a to b; O to P, as b to c; and 
Qto R, as c to d. therefore, by the ſame Definition, the ratio of 
Y tod is compounded of the ratios of Y to Z, Z to a, a to bb t 
K 


* 
* 
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Book V. c, and c to d, which are the ſame, each to each, with the ratios gf 
H, Kto L, Mto N, OtoP, andQ toR. therefore, by the 


&. 11. 3. 


Hypotheſis, 8 is to X, as Y to d. alſo let the ratio of A to B, that 
is, the ratio of S to T, which is one of the firſt ratios, be the ſame 
with the ratio of e to g, which is compounded of the ratios of e 
to f, and f to g, which, by the Hypotheſis, are the ſame with the 
ratios of G to H, and K to L, two of the other ratios; and let the 
ratio of h to 1 be that which is compounded of the ratios of h to 
k, and k to l, which are the ſame with the remaining firſt ratios, 
viz. of C to D, and EE to F; alſo let the ratio of m to p be that 
which is compounded of the ratios of m to n, n to o, and o to p, 
which are the ſame, each to each, with the remaining other ratios, 
viz. of M toN, O to P, and Q to R. then the ratio of h to.1 is 
the ſame with the ratio of m to p, or h is to l, as m to p. 


h, k, I 
A,B; GiU-EF S, T, V, X 
G, H; K, L; M, N; O, P; Q, R 1, 2Z, 4, b. C0 
e, f, g- m, n, o, p. 


Becauſe e is to f, as (G to H, that is as) Y to Z; and f is to g, 
as (K to L, that is as) Z to a; therefore, ex aequali, e is to g, as 
Y to a. and, by the Hypotheſis, A is to B, that is S to T, as e to 


g; wherefore 5 is to T, as Y to a, and, by inverſion, T is to 8, as a 


to Y; and 8 is to X, as Y to d; therefore, ex aequali, 'T is to X, as 
a to d. alſo becauſe h is to k, as (C to D, that is as) T to V; and 
k is to l, as (E to F, that is as) V to X; therefore, ex aequali, h is 
to I, as T to X. in like manner it may be demonſtrated that m 
is to p, as a to d. and it was ſhewn thay T is to X, as a to d- 
therefore * h is to l, as m to p. Q. E. D. 

The Propoſitions G and K are uſually, for the ſake of brevity, 
expreſſed in the ſame terms with Propoſitions F and H. and there- 
fore it was proper to ſhew the true meaning of them when they 


are ſo expreſſed; eſpecially ſince they are very frequently made uſe 


of by Geometers., 


{ 
\ 


« 
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OR. d  : * 


BOOK VL 


D'E'FI1IN1-T 1-0QN-S; 


I. 
NIMILAR redtilineal figures 
8 are thoſe which have their RE \ | 
ſeveral angles equal, each to each, 4 
and the ſides about the equal an- - 
gles proportionals. 


II. 
* Reciprocal figures, viz. triangles and parallelograms, are ſuch as see N. 
have their ſides about two of their angles proportionals in 
« ſuch manner, that a ſide of the firft figure is to a fide of the 
© other as the remaining ſide of this other is to the remaining 
* fide of the firſt.” 
| III. 
A ſtraight line is ſaid to be cut in extreme and mean ratio, when 
the whole is to the greater ſegment, as the greater ſegment is 
to the leſs. 


IV. 
The attitude of any figure is the ſtraight line 
drawn from its vertex perpendicular to the 
daſe. 


K 2 


See N. 
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PROP.-L'THEUR 
RIANGLES and parallelograms of the ſame 
altitude are one to another as their baſes. 


Let the triangles ABC, ACD, and the parallelograms EC, CF 
have the me altitude, viz. the perpendicular drawn from the 


point A to BD. then as the baſe BC is to the baſe CD, fo is the 


2, 38. 1. 


triangle ABC to the triangle ACD, and the parallelogram EC to 
the parallelogram CF. 
Produce BI) both ways to the points H, L, and take any num- 


ber of ſtraight lines BG, GH, each equal to the baſe BC; and DK, 


KL, any number of them, each equal to the baſe CD; and join 
AG, AH, AK, AL. then becauſe CB, BG, GH are all equal, the 
triangles AHG, AGB, ABC are all equal *. therefore whatever 
multiple the- baſe HC is of the baſe BC, the ſame multiple is the 
triangle All C of the triangle ABC. for the lame reaſon whatever 
multiple the baſe LC is of 


the baſe CD, the ſame mul- E A F 
tiple is the triangle ALC of / 
the triangle ADC. and if the 


baſe HC be equal to the 
baſe CL, the triangle AHC 


is alſo equal to the triangle 


. Al C“; and if the baſe HCH E 95 D K J 


b. 3. Def. 5. 


be greater than the baſe CL, 

likewiſe the triangle AHC is greater than the triangle ALC; and 
if leſs, leſs. therefore ſince there are four magnitudes, viz. the two 
baſes BC, CD, and the two triangles ABC, ACD; and of the bale 
BC and the triangle ABC the firſt and third, any equimultiples 
whatever have been taken, viz. the baſe HC and triangle AHC; 
and of the baſe CD and triangle ACD the ſecond and fourth have 
been taken any equimultiples whatever, viz. the baſe CL and tri- 
angle ALC; and that it has been ſhewn that if the baſe HC be 
creater than the baſe CL, the triangle AHC is greater than the 
triangle ALC; and if equal, equal; and if leſs, leſs. Therefore 


as the baſe BC is to the baſe CD, ſo is the triangle ABC to the 


triangle ACD.. 


ne 
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And becauſe the parallelogram CE is double of the triangle Book vi. 


ABC e, and the parallelogram CF double of the triangle ACD, 
and that magnitudes have the ſame ratio which their equimultiples 
have 4; as the triangle ABC is to the triangle ACD, ſo is the pa- 
rallelogram EC to the parallelogram CF. and becauſe it has been 
neun that as the baſe BC is to the baſe CD, ſo is the triangle ABC 
to the triangle ACD; and as the triangle ABC to the triangle 
ACD, ſo is the parallelogram EC to the parallelogram CF; there- 
fire as the baſe BC is to the baſe CD, ſo is © the parallelogram EC 
to the parallelogram CF. Wherefore triangles, &c. Q. E. D. 

Cor. From this it is plain that triangles and parallelograms that 
have equal altitudes, are one to another as their bales. 

Let the figures be placed fo as to have their baſes in the ſame 
fraight line; and having drawn perpendiculars from the vertices of 
the triangles to the baſes, the ſtraight line which joins the vertices 
is parallel to that in Which their baſes are f, becauſe the perpen- 
diculars are both equal and parallel to one another. then, if the 
ſame conſtruction be made as in the Propolition, the Demonſtra- 
tion will be the ſame. 


PROP. H, 1T-HREOR,; 


[ a ſtraight line be drawn parallel to one of the ſides 

of a triangle, it ſhall cut the other ſides, or theſe 
produced, proportionally. and if the ſides, or the ſides 
produced be cut proportionally, the ſtraight line which 
joins the points of , ſection ſhall be parallel to the re- 
maining fide of the triangle. 


Let DE be drawn parallel to BC ane of the ſides of the triangle 


ABC. BD is to DA, as CE to EA. 

Join BE, CD; then the triangle BDE is equal to the triangle 
CDE *, becauſe they are on the ſame baſe DE, and between the 
ame parallels DE, BC. ADE is another triangle, and equal magai- 
tudes have to the ſame, the ſame ratio b; therefore as the triangle 
BDE to the triangle ADE, ſo is the triangle CDE to the triangle 
ADE; but as the triangle BDE to the triangle ADE, ſo is © BD to 
DA, becauſe having the ſame altitude, viz. the perpendicular drawn 
rom the point E to AB, they are to one another as their baſes. and 

| K 3 


c. 41. t. 


d. 18. 6. 


e. 11. $» 


f. 33.7; 


See N, 


a. 37. 1 


b. 7. So 


Ce. 1. 8. 
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Book VI. for the ſame reaſon, as the triangle CDE to the triangle ADE, 0. 
i CE toEA. Therefore as BD to DA; ſo is CE to EA «, 


4.17. 5. 


6. 1. 6, 


S. 9. 5. 


F. 39. Is 


oF 


Next, Let the ſides AB, AC of the triangle ABC, or theſe pro- 


A A 1 


D 


| 
— — N bs 
B C D E B > 


duced, be cut proportionally in the points D, E, that is, ſo that BD 
be to DA, as CE to EA; and join DE. DE is parallel to BC. 
The ſame conſtruction being made, becauſe as BD to DA, ſo 


is CE to EA; and as BD to DA, ſo is the triangle BDE to the 


triangle ADE; and as CE to EA, fo is the triangle CDE to the 
triangle ADE; therefore the triangle BDE is to the triangle ADE, 
as the triangle CDE to the triangle ADE, that is, the triangle: 
BDE, CDE have the fame ratio to the triangle ADE; and there- 
fore © the triangle BDE is equal to the triangle CDE. and they are 
on the ſame baſe DE; but equal triangles on the fame baſe are 
between the ſame parallels f; therefore DE is parallel to BC 


Wherefore if a ſtraight line, &c. Q. E. D. 


PROP. Il, TH EO R. 


I. the angle of 2 triangle be divided into two equal 
L angles, by a ſtraight line which alſo cuts the bale; 
the ſegments of the baſe ſhall have the ſame ratio which 
the other ſides of the triangle have to one another. and 
if the ſegments of the bafe have the ſame ratio which 
the other ſides of the triangle have to one another, the 


ſtraight line drawn from the vertex to the point of ſec- 


tion divides the vertical angle into two equal angles. 


Let the angle BAC of any triangle ABC be dividad in two equal 
angles by the ſtraight line AD. BD is to DC, as BA to AC. 


Wy ” * Mt... «© ® e 
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0 Thro' the point C draw CE parallel * to DA, and let BA pro- Book VI. 
duced meet CE in E. Becauſe the ſtraight line AC meets the pa. 

£ rallels AD, EC, the angle ACE is equal to the alternate angle a. 31. 1. 
CA De. but CAD, by the Hypotheſis, is equal to the angle BAD; b. a9. 1. 


wherefore BAD is equal to the angle ACE. Again, becauſe the 
ſtraight line BAE meets the pa- 


allels AD, EC, the outward an- E 
gle BAD is equal to the ward 
and oppoſite angle AEC. but the 
angle ACE has been proved e- 
qual to the angle BAD; there- 
fore alſo ACE is equal to the 
angle AEC, and conſequently the 


ſide AE is equal to the fide © AC. B D C «6... 
) and becauſe AD is drawn parallel to one of the ſides of the tri- 

angle BCE, viz. to EC, BD is to DC, as BA to AE d; but AE is d. 2. 6. 
5 equal to AC ; therefore as BD to DC, ſo is BA to AC s. e. 7. 5 
2 Let now BD be to DC, as BA to AC, and join AD; the an- 
- ole BAC is divided into two equal angles by the ſtraight line 
) AD. 


The ſame conſtruction being made, becauſe as BD to DC, ſo 

is BA to AC; and as BD to DC, fo is BA to AE , becauſe AD 

is parallel to EC; therefore BA is to AC, as BA to AE f. con- f. 11. 5. 
ſequently AC is equal to AE*, and the angle AEC is therefore g. 9. s. 

equal to the angle ACE h. but the angle AEC is equal to the out- h. 5. 1. 

ward and oppoſite angle BAD ; and the angle ACE is equal to 

the alternate angle CAD d. wherefore alſo the angle BAD is e- 

qual to the angle CAD. therefore the angle BAC is cut into two 

equal angles by the ſtraight live AD. Therefore if the angle, 

&c. Q. E. D. Et 
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CAD 


JE the outward angle of a triangle made by producing 
one of its ſides, be divided into two equal angles, 
by a ſtraight line which allo cuts the baſe produced ; ; 
the ſegments between the dividing line and the extre- 
mities of the baſe have the ſame ratio which the other 
ſides of the tr jangle have to one another. and if the ſeg. 
ments of the baſe produced have the ſame ratio which 
the other ſides of the triangle have, the ſtraight line 
drawn from the vertex to the point of ſection divides the 
outward angle of the triangle into two equal angles. 


Let the outward angle CAE of any triangle ABC be divided 
into two equal angles by the ſtraight line AD which meets the 
baſe produced in D. BD is to DC, as BA to AC. 

a. 31. 1. Through C draw CF parallel to AD*; and becauſe the might 
| line AC meets the parallels AD, FC, the angle ACF is equal to 
b. 29. 1. the alternate angle CA b. but CAD is equal to the angle DAE *; 
© HY Pe therefore alſo DAE is equal to the angle ACF. Again, becauſe 
tie ſtraight line FAE meets the parallels AD, FC, the outward 
angle DAE is equal to the in- EE” E 
ward and oppoſite angle CFA. 
but the angle ACE has been A 
proved equal to the angle 
DAE; therefore alſo the an- K 
gie ACF is equal to the angle 
CFA, and conſequently the 8 
| ſide AF 1s equal to the de B C D 
4.6.1. AC, and becauſe AD is parallel to FC a ſide of the triangle BCF, 
e. 2.6. DD is to DC, as BA to AF; but AF is equal to AC; as there- 
| fore BD is to DC, fo is BA to AC. 
Let now BD be to DC, as BA to AC, and join AD; the angle 
CAD is equal to the angle DAE. 
The fame conſtruction being made, becauſe BD is to DC, as 
D to AC; and that BD is alſo to DC, as BA to AF*; therefore 
r. 9 oy BA is to AC, as BA to AF f. wherefore AC is equal to AF, 
1. 5. . and the angle AFC equal h to the angie ACT. but the wg AFC 
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i; equal to the outward angle EA, and the angle ACF to the Book VI. 
ternate angle CAD 3 therefore alſo EAD is equal to the augle Kay 
04D. Whearelore if the outward, &c. Q. E. D. 


PROP. Iv. THE OR. 


HE ſides about the equal angles of equiangular tri- 
angles are proportionals; and thoſe which are op- 
rote to the equal angles are homologous ſides, that is, 
re the antecedents or conſequents of the ratios. 


Let ABC, DCE be equiangular triangles, having the angle ABC 
tene to the angle DCE, and the angle ACB to the angle DEC, 
v4 conſequentlyꝰ the angle BAC equal to the angle CDE. The 2. 32. 2. 
ſes about the equal angles of the triangles ABC, DCE are pro- 
porcionals 3 and thoſe are the homologous ſides which are oppo- 
ſte to the equal angles. 

Let tae triangle DCE be placed fo that its ſide CE may be con- 
tous to BC, and in the {ame ſtraight line with it. and becauſe 
the angles ABC, ACB are together leſs than two right angles b; b. 19. f. 
ABC and DEC, which is equal to | 
ACP, are alſo leſs than two right an- F 
ges. wherefore BA, ED produced 
ſhall mect e; let them be produced A | c. 12. Ax. 4. 
and meet in the point F. and becauſe I) 
the angle ABC is equal to the angle 
ICE, BF is parallel 9 to CD. Again, d. 28. l. 
becauſe the angle ACB is equal to — 5 
te angle DEC, AC is parallel to 5 C E 
Ee. therefore FACD is a parallelogram; and conſequently AF is 
equal to CD, and AC to FD®. and becauſe AC is parallel to FE e. 34. 1. 
one of the ſides of the triangle FBE, BA is to AF, as BC to CEf. f. x. 6. 
but AF is equal to CD, therefore s as BA to CD, ſo is BC to CE; & 7. 8. 
ad alternately, as AB to BC, ſo DC to CE. Again, becauſe CD 
parallel to BF, as BC to CE, ſo is FD to DEf; but FD is equal 
AC; therefore as BC to CE, ſo is AC to DE. and alternately, 
38 BC to CA, ſo CE to ED. therefore becauſe it has been proved 
that AB is to BC, as DC to CE; and as BC to CA, ſo CE to ED, 


12 , BA is to AC, as CD to DE. Therefore the ſides, &c. h. 22. 5. 
E. D. ; . 


A. 23. 1. 


THE ELEMENTS. 


PR OP. V. THEOR. 


1 F the ſides of two triangles, about each of their an- 

gles, be proportionals, the triangles ſhall be equian- 
gular, and have their equal angles oppoſite to the ho- 
mologous ſides. 


Let the triangles ABC, DEF have their ſides proportionals, ſo 
that AB is to BC, as DE to EF; and BC to CA, as EF to FD; 
and conſequently, ex aequali, BA to AC, as ED to DF. the trian- 
gle ABC is equiangular to the triangle DEF, and their equal angles 
are appoſite to the homologous ſides, viz. the angle ABC equal to 
the angle DEF, and BCA to EFD, and alſo BAC to EDF. 

At the points E, F in the ſtraight line EF make * the angle FEG 
equal to the angle ABC, and the angle EFG equal to BCA; where- 
fore the remaining angle BAC 
is equal to the remaining angle A 
EGF Þ, and the triangle ABC D 
is therefore equiangular to the 
triangle GEF; and conſequently 


they have their ſides oppoſite to E 
the equal angles proportionalse. B C 
wherefore as AB to BC, ſo is G 


GE to EF; but as AB to BC, 
ſo is DE to EF; therefore as DE to EF, ſo 4 GE to EF. therefore 
DE and GE have the fame ratio to EF, and conſequently are e- 
qual ©. for the ſame reaſon DF is equal to FG. and becauſe, in the 
triangles DEF, GEF, DE is equal to EG, and EF common, the 
two ſides DE, EF are equal to the two GE, EF, and the baſe DF 
is equal to the baſe GF; therefore the angle DEF is equal f to the 
angle GEF, and the other angles to the other angles which are 
ſubtended by the equal ſides s. Wherefore the angle DFE is e- 
qual to the angle GFE, and EDF to EGF. and becauſe the angle 
DEF is equal to the angle GEF, and GEF to the angle ABC; 
therefore the angle ABC is equal to the angle DEF. for the ſame 
reaſon, the angle ACB is equal to the angle DFE, and the angle 
at Ato the angle at D. Therefore the triangle ABC is equiangula 
to the triangle DEF. Wherefore if the ſides, &c. Q. E. D. 


1 
1 
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PROP. VI THEOR. YN 


F two triangles have one angle of the one equal to 
one angle of the other, and the ſides about the e- 
qual angles proportionals, the triangles ſhall be equian- 
gular, and {hall have thoſe angles equal which are op- 
poſite to the homologous ſides. 


Let the triangles ARC, DEF have the angle BAC in the one 
equal to the angle EDF in the other, and the ſides about thoſe 
angles proportionals; that is, BA to AC, as ED to DF. The tri- 
angles ABC, DEF are equiangular, and have the angle ABC equal 
to the angle DEF, and ACB to DFE. 

At the points D, F, in the ſtraight line DF, make * the angle a. 23.1. 
DG equal to either of the angles BAC, EDF; and the angle DFG 
equal to the angle ACB. where- 
fore the remaining angle at B is A 
equal to the remaining one at 2 
Gb, and conſequently the tri- D C "pI 
angle ABC is equiangular to 
the triangle DG; and there- 
fore as BA to AC, ſo is © GD c. 4. 6. 
to DF. but, by the Hypothe ſis, 
3s BA to AC, ſo is ED to DF; _— 
as therefore ED to DF, ſo is 3 C E F d. 11. f. 
GD to DF; wherefore ED is | 
equal © to DG; and DFis common to the two triangles EDF, GDF. e. 9+ 5. 
therefore the two ſides ED, DF are equal to the two ſides GD, 
DF; and the angle EDF is equal to the angle GDF, wherefore 
the baſe EF is equal to the baſe FG f, and the triangle EDF to f. 4. 1. 
the triangle GDF, and the remaining angles to the remaining angles, 
each to each, which are ſubtended by the equal ſides. therefore 
the angle DFG is equal to the angle DFE, and the angle at G to 
the angle at E. but the angle DFG is equal to the angle ACB; 
therefore the angle ACB is equal to the angle DFE. and the angle 
BAC is equal to the angle EDF s; wherefore alſo the remaining g. Hyp. 
angle at B is equal to the remaining angle at E. Therefore the 
tangle ABC is equiangular to the triangle DEF. Wherefore if 
two TRY &. Q. E. D. 


— 
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THE EL EMENT'S. 


PROP. VIE THE OR. 


1 F two triangles have one angle of the one equal to 

one angle of the other, and the ſides about two o. 
ther angles proportionals ; then 1t each of the remain- 
ing angles be either leſs, or not leſs than a right angle; 
or if one of them be a right angle. the triangics ſhall 
be equiangular, and have thoſe angles equal about which 
the ſides are proportionals. N 


Let the two triangles ABC, DEF have one angle in the one 
equal to one angle in the other, viz. the angle BAC to the angle 
EDF, and the ſides about two other angles ABC, DEE propor- 
tionals, ſo that AB is to BC, as DE to EF; and, in the firſt caſe, 
let each of the remaining angles at C, F be leſs than a right angle. 
The triangle ABC ts equiangular to the triangle DEF, viz. the 
angle ABC is equal to the angle DEF, and the remaining angle 
at C, to the remaining angle at F. 

For if the angles ABC, DEF be not equal, one of them is greater 
than the other; let ABC be the greater, and at the point B in the 
ſtraight line AB make the an- 
gle ABG equal to the angle * A 
DEF. and becauſe the angle at 
A is equal to the angle at D, 
and the angle ABG to the an- 
gle DEF; the remaining angle << 
AGB is equal Þ to the remain- B C 2 F 
ing angle DFE. therefore the | 
triangle ABG is equiangular to the triangle DEF; wherefore © as 
AB is to BG, ſo is DE to EF; but as DE to EF, ſo, by Hypothe- 
ſis, is AB to BC; therefore as AB to BC, ſo is AB to BG; and 
becauſe AB has the ſame ratio to cach of the lines BC, BG; 
EC is equal © to BG, and therefore the angle BGC is equal to 
the angle BCGf. but the angle BCG is, by Hypotheſis, leſs than 
a right angle; therefore alſo the angle BGC is leſs than a right 


D 


angle, and the adjacent angle AGB muſt be greater than a right 


angle s. But it was proved that the angle AGB is equal to the 
angle at F; therefore the angle at F is greater than a right angle. 
but, by the Hypotheſis, it is leſs than a right angie; which is ab- 


ern 177 


fard, Therefore the angles ABC, DEF are not unequal, that is, Book vi 
they are equal. and the angle at A is equal to the angle at D; Pra 
wheretore the remaining angle at C is equal to the remaining angle 
at F. therefore the triangle ABC is equiangular to the triangle 
Df. 

Next, Let each of the angles at C, F be not leſs than a right 
angle. the triangle ABC is alſo in this cafe equiangular to the tri- 
angle DEF. | 

The ſame conſtruction being 
made, it may be proved in like 


manner that BC is equal to D 
BG, and the angle at C equal . 
to the angle BGC. but the an- & 

B CE. F 


ge at C is not leſs than a tight 
nale; therefore the angle 
BGC is not leſs than a right angle. wherefore two angles of the 
triangle BGC are together not leſs than two right angles; which 
is impoſſible h; and therefore the triangle ABC may be proved to h. 17. 1. 
be equiangular to the triangle DEF, as in the firſt caſe. 

Laſtly, Let one of the angles at C, F, viz. the angle at C be a 
right angle; in this caſe likewiſe the triangle ABC is equiangular 
to the triangle DEF. 

For if they be not equiangu- A 
lar, make at the point B of the 
ſtraight line AB the angle ABG 
equal to the angle DEF; then 92 Pol 
it may be proved, as in the arſe 
caſe, that BG is equal to BC. D 


C 
but the angle BCG is a right A . 
angle, therefore f the angle BGC * 
is alſo a right angle; whence two — 
of the angles of the triangle BGC | E. F 
are together not leſs than two 
right angles; which is ===] 
ble d. therefore the triangle ABC 


is equiangular to the triangle DEF. Wherefore if two triangles, 
Kc. Q. E. D. | 
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AY 
10e N. 1 N a right angled triangle, if a perpendicular be draus 
from the right angle to the baſe; the triangles on 
each ſide of it are ſimilar to the whole triangle, and to 
one another. | 


Let ABC be a right angled triangle having the right angle 
BAC; and from the point A let AD be drawn perpendicular to 
the baſe BC. the triangles ABD, ADC are ſimilar to the whole 
triangle ABC, and to one another. 

Becauſe the angle BAC is equal to the angle ADB, each of them 
being a right angle, and that the angle at B is common to the two 
triangles ABC, ABD ; the re- 

maining angle ACB is equal to A 
2. 32. 1. the remaining angle BAD. there- 
fore the triangle ABC is equian- 
gular to the triangle ABD, and 
the ſides about their equal angles 
b. 4. 6. are proportionals b, wherefore the B 
c. 1. Def. 6. triangles are ſimilar ©. in the like 


D C 


manner it may be demonſtrated that the triangle ADC is ſimilar 


to the triangle ABC. 

Allo the triangles ABD, ADC are ſimilar to one another. 
Hecauſe the right angle BDA is equal to the right angle ADC, 
and allo the angle BAD to the angle at C, as has been proved ; the 
remaining angle at B is equal to the remaining angle DAC. there- 
fore the triangle ABD is equiangular and fimilar © to the triangle 
ADC. Therefore in a right angled, &c. Q. E. D. 

Con. From this it is manifeſt that the perpendicular drawn from 
the right angle of a right angled triangle to the baſe, is a mean 
proportional between the ſegments of the baſe. and alſo that each 
of the ſides is a mean proportional between the baſe, and its ſeg- 
ment adjacent to that ſide. becauſe in the triangles BDA, ADC, 
BD is to DA, as DA to DC o; and in the triangles ABC, DBA, 
BC is to BA, as BA to BD Þ; and in the triangles ABC, ACD, 
BC is to CA, as CA to CD b. 


Fl 


£& Ir © Q ty 
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PROP. IX. PROB. wy i 
n 1 a given ſtraight line to cut off any part re- see N. | i 
n quired. u 
0 


Let AB be the given ſtraight line; it is required to cut off any 
part from it. | 

From the point A draw a ſtraight line AC making any angle 
with AB; and in AC take any point D, and take AC which is the 
ame multiple of AD that AB is of the part A 
which is to be cut off from it; join BC, and 
law DE parallel to it. then AE is the ſame 
part of AB that AD is of AC; that is, AE E 
is the part required to be cut off. 

Becauſe ED is parallel to one of the ſides 
of the triangle ABC, viz. to BC, as CD is to 


DA, fois * BE to EA; and, by compoſition d,, _ 4.2.6. 
CA is to AD, as BA to AE. but CA is a C b. 18. 5. 
multiple of AD, therefore © BA is the ſame 88 


multiple of AE. whatever part therefore AD is of AC, AE is the 
fame part of AB. wherefore from the ſtraight line AB the part 
required is cut off. Which was to be done. 


PROF. X PRO 


1 divide a given ſtraight line ſimilarly to a given 

divided ſtraight line, that is, into parts that ſhall 
have the ſame ratios to one another which the parts of 
the divided given ſtraight line have. 


Let AB be the ſtraight line given to be divided, and AC the di- 
iided line; it is required to divide AB 
imilarly to AC. A 
Let AC be divided in the points D, 
L; and let AB, AC be placed ſo as to 
contain any angle, and join BC, and F 
tarough the points D, E draw * DF, & 


3 S A. 31. . 
LG parallels to it; and through D draw I 
DHK parallel to AB. therefore each of B * , C 


o 


tte figures FH, HB is a parallelogram. 
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Book VI. wherefore DH is equal bto FG, and HK to GB. and becauſe He 
Wa is parallel to KC one of tlie ſides of the 


b. 34. 1. 
E. Yo 6, 


4. 7. 1. 


b. 2. 


6. 


triangle DRC, as CE to ED, fo is © KH 

to HD. but KH is equal! to BG, and 

HD to GF; therefore as CE to ED, ſo 

is BG to GF. again, becauſe FD is p- F 
rallel to EG one of the ſides of the tri- 
angle AGE, as ED to DA, fo is GF to 
FA. but it has been proved that CE is RE 
to ED, as BG to GF; as therefore CE K C 
to ED, fo is BG to GF; and as ED to DA, ſo GF to FA. there. 
fore the given ſtraight line AB is divided ſimilarly to AC. Which 
was to be done. 


PROP. XL PROB. 


O ind a third proportional to two given fraight 
lines. 


Let AB, AC be the two given ſtraight lines, and let them be 
placed fo as to contain any angle; it is required 
to find a third proportional to AB, AC. A 

Produce AB, AC to the points D, E; and 
make DD equal to AC, and having joined BC, 


Iro D draw DE parallel to it *. 'B C 


Becauſe BC is parallel to DE a ſide of the 
triangle ADE, AB is b to BD, as AC to CE. 
but BD is equal to AC, as therefore AB to 
AC, fo is AC to CE. Wherefore to the two D E 
given ſtraight lines AB, AC a third proportional CE is found. 
Which was to be done. 


— 


PROP. XIL PROB. 


: ; O find a fourth proportional to three given ſtraigut 
lines, 


Let A, B, C be the three given ſtraight lines ; it is required 
to ſind a fourth proportional to A, B, C. 


8 


5 


1d, 


upon theſe make DG equal 
to A, GE equal to B, and D 
DH equal to C; and having 455 


OF EUCLID. 
Take two ſtraight lines DE, DF containing any angle EDF; and 


ined GH, draw EF paral- . 


el * to it through the point 'Þ 


F. and becauſe GH is paral- _ C 5 
el to EF one of the ſides of / 8 0 | 

the triangle DEF, DG is to 

GE, as DH to HF b. but 

DG is equal to A, GE to B, E F 

and DH to C; therefore as A is to B, ſo is C to HF. Wherefore 


to the three given ſtraight lines A, B, C a fourth proportional HF 
is found. Which was to be done. 


PROP. XII PROB. 


T O find a mean proportional between two given 
ſtraight lines, 


Let AB, BC be the two given ſtraight lines ; it is required to 
fad a mean proportional between them. 

Place AB, BC in a ſtraight line, and upon AC deſcribe the ſe- 
micircle ADC, and from the point 
B draw * BD at right angles to D 
AC, and join AD, DC. 

Becauſe the angle ADC in a ſe- 
micircle is a right angle d, and be- 
cauſe in the right angled triangle 
ADC, DB is drawn from the right 
angle perpendicular to the baſe, DB A B C 
b a mean proportional between 


AB, BC the ſegments of the baſe e. therefore between the two e. Cor. 8.6; 


gven ſtraight lines AB, BC, a mean propertional . DB is found. 
Which was to be done. 


T. 
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PROP. XIV. THE OR. 
F. Q UAL parallelograms which have one angle of 


the one equal to one angle of the other, have 
their ſides about the equal angles reciprocally propor. 
tional. and parallelograms that have one angle of the 
one equal to one angle of the other, and their ſides 
about the equal angles reciprocally proportional, are 
equal to one another. 


Let AB, BC be equal parallelograms which have the angles at 
B equal, and let the ſides DB, BE be placed iu the fame ſtraight 
line; wherefore alſo FB, BG are in one ſtraight line *. the ſides of 
the parallelograms AB, BC about the equal angles, are reciprocaily 
proportional; that is, DB is to BE, as GB to BF. 

Complete the parallelogram FE; and becauſe the parallelogram 
AB is equal to BC, and that F 
FE is another parallelogram, a 
AB is to FE, as BC © FE b. 
but as AB to FL, ſo is the baſe 
DB to BE; and as BC to FE, 
ſo is the baſe GB to BF; there- 
fore as DB to-BE, fo is GB to | 
BF a. Wherefore the ſides of G 


A 
* 
[ee 

E 


the parallelograms AB, BC a- 


bout their equal angles are reciprocally proportional. 

But let the ſides about the equal angles be reciprocally propor- 
tional, viz. as DB to BE, ſo GB to BF; the parallelogram AB is 
equal to the parallelogram BC. | 

Becauſe as DB is to BE, fo GB to BF; and as DB to BE, ſos 


the parallelogram AB to the parallelogram FE; and as GÞ te 


BF, fo is parallelogram BC to parallelogram FE; therefore as AV 
to FE, ſo BC to FE d. wherefore the parallelogram AB is equal* 
to the parallelogram BC. Therefore equal parallelograms, &c. 


Q, E. D, 


1 
f 


PROP. XV. THEOR. 3 


On L triangles which have one angle of the one 
equal to one angle of the other, have their ſides 
about the equal angles reciprocally proportional. and 
triangles v which have one angle in the one equal to one 
angle in the other, and their ſides about the equal angles 
reciprocally proportional, are equal to one another. 


Let ABC, ADE be equal triangles which have the angle BAC 
equal to the angle DAE; the ſides about the equal angles of the 
triangles are reciprocally proportional; that is, CA is to AD, as 
EA to AB. 

Let the triangles be placed fo that their fides CA, AD be in 
one ſtraight line; wherefore alſo EA and AB are in one ſtraight _ 
ne“; and join BD. Becauſe the B D 4. 14 * 
triangle ABC is equal to the triangle — k 
ADE, and that ABD is another tri- 
angle; therefore as the triangle CAB 
is to the triangle BAD ſo is triangle 
EAD to triangle DAB b. but as tri- 
angle CAB to triangle BAD, lo is \ | 
the baſe CA to ADe; and as triangle C E . 6. 
EAD to triangle DAB, ſo is the baſe 
La to AB e; as therefore CA to AD, ſo is LA to AB«, wherefore d. 
the ſides of the triangles ABC, ADE about the equal angles are 
reciprocally proportional. 

But let the fides of the triangles ABC, ADE about the equal 
angles be reciprocally proportional, viz. CA to AD, as EA to AB; 
the triangle ABC is equal to the triangle ADE. 

Having joined BD as before, becauſe as CA to AD, ſo is EA 
to AB; and as CA to AD, fo is triangle BAC to triangle BAD © ; 
and as EA to AB, ſo triangle FAD to triangle BAD® ; therefore a 
i triangle BAC to triangle BAD, ſo is triangle EAD to triangle 
BAD; that is, the triangles BAC, FAD have the ſame ratio to the 
tangle BAD. wherefore the triangle ABC is equal © to the tri- . 7. © 
angle ADE. Therefore equal triangles, &c. Q. E. D. 


n 


L x 


b. 7. 5. 


DH is contained by CD and 


THE ELEMENTS 


PROP. XVI. THE OR. 


17 four ſtraight lines be proportionals, the rectangle 
contained by the extremes 1s equal to the rectangle 
contained by the means. and if the rectangle contained 
by the extremes be cqual to the rectangle contained by 
the mcans, the four ſtraight lines are proportionals, 


Let the four ſtraight lines AB, CD, E, F be proportionals, viz, 
as AB to CD, ſo E to F; the rectangle contained by AB, F is e- 
qual to the rectangle contained by CD, E. 

From the points A, C draw * AG, CH at right angles to AB, 
CD; and make AG equal to F, and CH equal to E, and complete 
the parallelograms BG, DH. becauſe as AB to CD, fois E to P; 
and that E is equal to CH, and Fto AG; ABis b to CD, as CH 
to AG. therefore the ſides of the parallelograms BG, DH about 
the equal angles are reciprocally proportional; but parallelograms 
which have their fldes about equal angles reciprocally proportional, 
are equal to one another © ; therefore the parallelogram BG is equa! 
to the parallelogram DH. and 


the parallelogram BG is con- E. * H 
rained by the ſtraight lines " P—] 
AB, F, becauſe AG is equal 


to F; and the parallelogram G 


E, becauſe CH is equal to E. 
therefore the rectangle con- | 
tained by the ſtraight lines R ec —* 
AB, F is equal to that which A B C 

is contained by CD and E. 

And if the rectangle contained by the ſtraight lines AB, F be 
equal to that which is contained by CD, E; theſe four lines are 
proportionals, viz. AB is to CD, as E to F. 

The ſame conſtruction being made, becauſe the rectangle con- 


tained by the ſtraight lines AB, F is equal to that which is con- 


tained by CD, E, and that the rectangle BG is contained by AB, 
F, becauſe AG is equal to F; and the rectangle DH by CD, E, 
becauſe CH is equal to E; therefore the parallelogram BG is equal 
to the parallelogram DH; and they are equiangular. but the ſides 


"TT un YU 1 


bout the equal angles of equal parallelograms are reciprocally pro- Book vl. 
portional ©. wherefore as AB to CD, ſo is CH to AG; and 1M 
ij equal to E, and AG to F. as therefore AB is to CD, ſo E to F. c. 14. 6. 


Wherefore if four, &c. Q. E. D. 


PROP. XVII. THE OR. 


I three ſtraight lines be proportionals, the angle 
contained by the extremes is equal to the ſquar 
of the mean. and if the rectangle contained by the ex- 
tremes be equal to the ſquare of the mean, the three 

ſtraight lines are proportionals. 


Let the three ſtraight lines A, B, C be proportionals, viz. as A 
toB, ſo B to C; the rectangle contained by A, C is equal to the 
ſquare of B. 
Take D equal to B; and becauſe as A to B, ſo B to C, and that 
Bis equal to D; A is * to B, as D to C. but if four ſtraight lines a, 5. f. 
be proportionals, the rec- 
tangle contained by the N. * 
extremes is equal to that B | 
which is contained by the 


meansb, therefore the rec- C | b. 16. 6, 
tangle contained by A, C 

is equal to that contained | a: 

by B, D. but the rectan- | 0 


gle contained by B, D is © 5 
the ſquare of B; becauſe A B | 
Bis equal to D. therefore the rectangle contained by A, C is equal 
to the ſquare of B. 

And if the rectangle contained by A, C be equal to the ſquare 
of B; A is to B, as B to C. 5 

The ſame conſtruction being made, becauſe the rectangle con- 
taned by A, C is equal to the ſquare of B, and the ſquare of B is 
equal to the rectangle contained by B, D, becauſe B is equal to D; 
therefore the rectangle contained by A, C is equal to that contained 
by B, D. but if the rectangle contained by the extremes be equal 
to that contained by the means, the four ſtraight lines are propor- 
nonals b. 3 A is to B, as D to C; but B is equal to D; 
L 3 
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Book VI. wherefore as A to B, ſo B to C. Therefore if three firaght 
sss, & c. Q. E. D. My 


b. 22. 1. 


c. 4. 6. 


. 


PROP. XVM. PRO B. 


Ur a given ſtraight line to deſcribe a rectilineal 
| figure ſimilar, and ſimilarly ſituated to a given 
rectilineal figure. 


Let AB be the given ſtraight line, and CDEF the given recti. 
lineal ſigare of four ſides; it is required upon the given ſtraight 
line AB to delcribe a rectiliueal figure ſimilar and ſimilarly ſituated 
to CDEF, | | 

Join VF, and at the points A, B in the ſtraight line AB make 
the angle BAG equal to the angle at C, and the angle ABG equal to 
the angle CDF therefore the remaining angle CFD is equal to the 
remaining angle AGB ». waerefore the triangle FCU is equiangula: 
to the triangle GAB. 
again, at the points G, 
B in the {traight line 
GB make * the angle 
BGII equal to the an- 
gle DFE, and the angle 
GBH equal to FDE ; | 
therefore the remaining a | 
angle FED is equal to A. B 0 Þ 
the remaining angle GHB, and the triangle FDE equiangular to 
the triangle GBH. then becauſe the angle AGB is equal to the au- 
gle CFD, and BGH to DE, the whole angle AGH is equal to 
the whole CFE. for the ſame reaſon, the angle ABH is equal to the 


angle CDE; alto the angle at A is equal to the angle at C, and the 


angle GHB to FED. therefore the rectilineal figure ABHG 1s 
equiangular to CDEF. but likewiſe theſe figures have their ſides 
about the cqual angles proportionals. becauſe the triangles GAÞ, 
FC being equiangular, BA is © to AG, as DC to CF; and be- 
cauſe AG is to GB, as CF to FD; and as GB to GH, ſo, by 
reaſon of the equiangular triangles BGH, DFE, is FD to FE; 
therefore, ex acqualid, AG is to GH, as CF to FE. in the {ame 
manner it may be proved that AB is to BH, as CD to DE. and 
GH is to HB, as FE to ED ©. Wherefore becauſe the rectilinca 
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{ures ABHG, CDEF are equiangular, and have their ſides about Book VL. 
the equal angles proportionals, they are fimilar to one another. 
Next, Let it be required to deſcribe upon a given ſtraighr line e. 1. Pef. 6. 
AB, a rectilineal figure ſimilar, and ſimilarly ſituated to the recti- | 
ligezl figure CDKEF of five ſides. 
Join DE, and upon the given ſtraight line AB deſcribe the rec- 
tilneal figure ABHG fimilar and ſimilarly fituated to the quadri- 
lateral figure CDEF, by the former caſe. and at the points B, H 
in the ſtraight line BH, make the angle HBL equal to the angle 
EDK, and the angle BHL equal to the angle DEK; therefore the 
remaining angle at K is equal to the remaining angle at L. and be- 
cauſe the figures ABHG, CDEF are ſimilar, the angle GHB is 
equal to the angle FED, and BHL is equal to DEK; wherefore 
the whole angle GHL is equal to the whole angle FEK. for 
the fame reaſon, the angle ABL is equal to the angle CDK. there- 
fore the five ſided figures AGHLB, CFEED are equiangular. and 
becauſe the figures AGHB, CFED are ſimilar, GH is to HB, as 
FE to ED; and as HB to HL, fo is ED to EK; therefore ex c. 4. 6. 
aequali d, GH is to HL, as FE to EK. for the fame reaſon, AB is d. 22. g, 
to BL, as CD to DK. and BL is to LH, as © DK to KE, becauſe 
the triangles BLH, DKE are equiangular. therefore becauſe the five 
fided figures AGHLB, CFEED are equiangular, and have their 
fides about the equal angles proportionals, they are ſimilar to one 
another. and in the ſame manner a rectilineal figure of fix ſides 
may be deſcribed upon a given ſtraight line ſimilar to one given, 
and ſo on. Which was to be done, 


PROP. XIX. THEOR, 


SIMILAR triangles are to one another in the du- 
plicate ratio of their homologous ſides, 


Let ABC, DEF be ſimilar triangles having the angle B equal to 
the angle E, and let AB be to BC, as DE to EF, ſo that the ſide 
BC is homologous to EF *. the triangle ABC has to the triangle a. 12, Def. f, 
DEF, the duplicate ratio of that which BC has to EF. 

Take BG a third proportional to BC, EF b, fo that BC is to EF, b. 27. 6, 
3$EF to BG, and join GA. then, becauſe as AB to BC, fo DE to 
BF; alternately, AB is to DE, as BC to EF. but as BC to EF, ſo c. 16. f. 


— Wo > — — 
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ol 
V fore the ſides of the triangles ABG, DEF which are about the e. * 
d. 11.5. qual angles are reciprocally proportional. but triangles which kaye angle 
the fdes about two equal angles reciprocally proportional are equal the ti 

e. 16. 6. to one another ©. there- the 0 
fore the triangle ABG A triany 

is equal to the triangle FGL 

DEF. and becauſe as | D beca 

BC is to EF, ſo EF to to tl 

BG; and that if three | | equi 

{traight lines be propor- FG! 

f. 10. Def. g. tionals, the firſt is ſaid f h the 
to have to the third the B G& 0 E F ex 

duplicare ratio of that which it has to the ſecond ; BC therefore the 

has to BG the duplicate ratio of that which BC has to EF. but as uis 

. 2. 6. BC to BG, ſo is s the triangle ABC to the triangle ABG. there. ire 
fore the triangle ABC has to the triangle ABG, the duplicate ratio res 

of that which BC has to EF. but the triangle ABG is equal to gl 

the triangle DEF; whercfore allo the triangle ABC has to the Wi 

triangle DEF the duplicate ratio of that which BC has to EF, to 
therefore ſimilar triangles, &c. Q. E. D. L 

Cor. From this it is manifeſt, that if three ſtraight lines be tl 
proportionals, as the firſt is to the third, ſo is any triangle upon the 8 

ſirſt to a ſimilar and ſimilarly deſcribed triangle upon the ſecond. I 

\ 

PROP. AX. THEOR. f 


g! MILAR polygons may be divided into the ſame 
number of ſimilar triangles, having the ſame ra- 


tio to one another that the polygons have; and the po- 


lygons have to one another the duplicats ratio of that 
which their homologous ſides have. 


Let ABCDE, FGHKL be ſimilar polygons, and let AB be the 
homologous ſide to FG. the polygons ABCDE, FGHKL may be 
divided into the ſame number of ſimilar triangles, whereof each to 

each has the ſame ratio which the polygons have; and the poly- 
gon ABCDE has to the polygon FGHKL the duplicate ratio of 
that which the {ide AB has to the fide FG. 
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L Join BE, EC, GL, LH, and becauſe the polygon ABCDE is Book vt. 
£ {milar to the polygon FGHKL, the angle BAE is equal to the 
angle GFL“, and BA is to AE, as GF to FL *. wherefore becauſe a. 1. Def. s. 
1 the triangles ABE, FGL have an angle in one equal to an angle in : 
the other, and their ſides about theſe equal angles proportionals, the 
triangle ABE is equiangular d, and therefore fimilar to the triangle b. 6. 6. 
FGL® ; whercfore the angle ABE is equal to the angle FGL. and, c. 4. 6. 
becauſe the polygons are ſimilar, the whole angle ABC is equal“ 
to the whole angle FGH ; therefore the remaining angle EBC is 
equal to the remaining angle LGH. and becauſe the triangles ABE, 
FGL are ſimilar, EB is to BA, as LG to GF“; and alfo, becauſe 
the polygons are ſimilar, AB is to BC, as FG to CH * ; therefore, 
ex acquali 9, EB is to BC, as LG to GH; that is, the ſides about g. 22. f. 
the equal angles EBC, LGH are proportionals ; therefore d the 


triangle EBC is equiangular to the triangle LGH, and ſimilar to 
te. for the ſame 


reaſon the tr ĩian- A 
gle ECD like» 
wiſe is ſimilar 

to the * 
LHK. therefore 

the ſimilar poly- 
gons ABC DE, 

FGHKL are di- D C 


vided into the ſame number of ſimilar triangles. 

Alſo theſe triangles have, each to each, the ſame ratio which the 
polygons have to one another, the antecedents being ABE, EBC, 
ECD, and the conſequents FGL, LGH, LHK. and the polygon 
ABCDE has to the polygon FGHKL the duplicate ratio of that 
which the ſide AB has to the homologous ſide FG. 

Becauſe the triangle ABE is ſimilar to the triangle FGI,, ABE 
has to FGL the duplicate ratio © of that which the ſide BE has to . 79.8. 
the fide GL. for the ſame reaſon, the triangle BEC has to GLH the 
duplicate ratio of that which BE has to GL. therefore as the tri- | 
angle ABE to the triangle FG, fof is the triangle BEC to the triangle f. 11. f. 
GLH. Again, becauſe the triangle EBC is ſimilar to the triangle 
LGH, EBC has to LGH, the duplicate ratio of that which the ſide 
IC has to the ſide LH. for the ſame reaſon, the triangle ECD has 
to the triangle LHR, the duplicate ratio of that which EC has to 
LH, as therefore the triangle EBC to the triangle LGH, ſo is f the 
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ſides. 


h. 10. Def. 5. 


i, Cor. 19. 6. 
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triangle ECD to the triangle LHK. but it has been proved that 
the triangle EBC is likewile to the triangle LGH, as the triangle 
ABE to the triangle FGL. Therefore as the triangle ABE is t, 
the triangle F GL, ſo is triangle EBC to triangle LGH, and tri, 
angle ECD to 
triangle LHR, 
and therefore 
as one of the 
antecedents to 
onc of the con- 
ſequents, ſo are 
all the antece- 

dents to all the D C | K H 
conſequents 2. Wherefore as the triangle ABE to the triangle 
FGI,, ſo is the polygon ABCDE to the polygon FGHEL, but 
the triangle ABE has to the triangle FGL, the duplicate ratio of 
that which the fide AB has to the homologous fide FG. There. 
tore alſo the polygon ABCDE has to the polygon FGHRL the 
duplicate ratio of that which AB has to the homologous ſide FG, 
Wherctore ſimilar polygons, &c. Q. L. D. 

Co. 1. In like manner it may be proved that ſimilar four 
ſided figures, or of any number of ſides are one to another in the 
duplicate ratio of their homologous fides, and it has already been 
proved in triangles. Therefore univerſally, ſimilar rectilineal fi- 
gurcs are to one another in the duplicate ratio of their homologous 


Con. 2. And if to AB, FG two of the homologous ſides a 
third proportional M be taken, AB has k to M the duplicate ratio 
of that which AB has to FG. but the four ſided figure or polygon 
vpon AB has to the four ſided figure or polygon upon FC like- 
wife the duplicate ratio of that which AB has to FG. therefore 
as ABis to M, ſo is the figure upon AB to the figure upon FG, 
Which was allo proved in triangles i. Therefore, univerſally, it is 
manifeſt, that if three ſtraight lines be proportionals, as the firſt is 
to tlic third, ſo is any rectilineal figure upon the firſt, to a ſimilay 
and ſimilarly deſcribed rectilineal figure upon the ſecond. 


rectilineal figure KAB is to LCD, as MF to NH. 
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ECTILINEAL figures which are ſimilar to the 
R ſame rectilineal ſigure, are alſo ſimilar to one 
mother. 


Let each of the rectilineal figures A, B be ſimilar to the recti- 
lineal figure C. the figure A is ſimilar to the figure B. 
Becauſe A is ſimilar to C, they are equiangular, and alſo have 
their ſides about the equal angles proportionals . Again, becauſe 2. Det. c. 
Bis ſimilar to C, they are 
equiangular, and have 
their ſides about the e- 
qual angles proportio- 
nals *, therefore the fi- 
cures A, B are each of | 
them equiangu/ar to C, and have the ſides about the equal angles 
of each of them and of C proportionals. Wherefore the recti- 
lineal figures A and B are equiangular b, and have their ſides about b. 1. Ax. 1. 
the equal angles proportionals *, Therefore A is ſimilar * to B. c. 11. 5. | 


Q. E. D. 


PROP. All, THEO R, 


FF four ſtraight lines be proportianals, the ſimilar rec- 
tilineal figures ſimilarly deſcribed upon them {hall 
alſo be proportionals. and if the ſimilar rectilineal figures 
ſimilarly deſcribed upon four ſtraight lines be propor- 
tionals, thoſe ſtraight lines ſhall be proportionals. 


Let the four ſtraight lines AB, CD, EF, GH be proportionals, 
viz. AB to CD, as EF to GH, and upon AB, CD let the ſimilar 
rectilineal figures KAB, LCD be ſimilarly deſcribed ; and upon 
EF, GH the ſimilar rectilineal figures MF, NH, in like manner. the 


To AB, CD take a third proportional“ X; and to EF, GH a 2. 17. 
third proportional O. and becanſe AB is to CD, as EF to GH, b 1. 
therefore CD is b to X, as GH to O; wherefore ex acquali®, as AB e. az. g. 


H 


i 
0 


44 
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Bock VI. to X, ſo EF to O. but as AB to X, fo is the rectilineal KAB tg 
ya) the reftilineal LCD, and as EF to O, fo is d the rectilineal MF tg 

d. 2. Cor. the rectilineal NH. therefore as KAB to LCD, ſo ® is MF to NH, 

£ 4% * And if the rectilineal KAB be to LCD, as MF to NH; the 
n ſtraight line AB is to CD, as EF to GH. 

e. 12. 6, Make © as AB to CD, ſo EF to PR, and upon PR deſcribe © 

f. 18.6. the rectilineal figure SR ſimilar and ſimilarly ſituated to either of 


E F G H 2 
the figures MF, NH. then becauſe as AB to CD, ſo EF to PR, and 
that upon AB, CD are deſcribed the ſimilar and ſimilarly ſituated 
rectilineals KAB, LCD, and upon EF, PR, in like manner, the 
ſimilar rectilineals MF, SR; KAB is to LCD, as MF to SR; but, 
by the Hypotheſis, KAB is to LCD, as MF to NH; and therefore 
the rectilineal MF having the ſame ratio to each of the two NH, 
g- 9. 5. SR, theſe are equal *® to one another. they are alſo ſimilar, and fi, 
milarly ſituated z therefore GH is equal to PR. and becauſe as AB 
to CD, ſo is EF to PR, and that PR is equal to GH; AB is to 
CD, as EF to GH. If therefore four ſtraight lines, &c. Q. E. D. 


PROP. XXI. THE OR. 


See N. F QUIANGULAR parallelograms have to one 
another the ratio which is compounded of the 
ratios of their ſides. 


Let AC, CF be equiangular parallelograms, having the angle 
BCD equal to the angle ECG. the ratio of the parallelogram AC 
to the parallelogram CF, is the ſame with the ratio which is com- 
pounded of the ratios of their ſides 
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Let BC, CG be placed in a ſtraight line, therefore DC and CE Book vi. 
re alſo in a ſtraight line; and complete the parallelogram DG, La9vay 
and, taking any ſtraight line K, make b as BC to CG, ſo K to L; a. 14 x. 
and as DC to CE, ſo make b L to M. therefore the ratios of K to b. 12. 6. 
L, and L to M are the ſame with the ratios of the ſides, viz. of 
BC to CG, and DC to CE. But the ratio of K to M is that which 
is {aid to be compounded © of the ratios of K to L, and L to M. e. A. Def. g. 
wherefore alſo K has to M, the A 


D H 
ratio compounded of the ratios of _ 
the ſides. and becauſe as BC to \ \ * 
B C 


CG, ſo is the parallelogram AC to 
the parallelogram CH 9; but as BC 
to CG, ſo is K to L; therefore K is 

*to L, as the parallelogram AC 

to the parallelogram CH. again, | 
becauſe as DC to CE, ſo is the pa- 
rallelogram CH to the parallelo- KLM E F 

gram CF; but as DC to CE, fo is L to M; wherefore L is © to M, 

as the parallelogram CH to the parallelogram CF. therefore ſince 

it has been proved that as K to L, ſo is the parallelogram AC to 

the parallelogram CH; and as L to M, fo the parallelogram CH 

to the parallelogram CF; ex aequalif, K is to M, as the parallelo- f. 22. 5. 
gram AC to the parallelogram CF. but K has to M the ratio which 

is compounded of the ratios of the ſides; therefore alſo the paral- 
lelogram AC has to the parallelogram CF the ratio which is com- 
pounded of the ratios of the fides. Wherefore equiangular pa- 
rallelograms, &c. Q. E. D. 


PROP. XXIV. THE OR. 


PHE parallelograms about the diameter of any pa- ce N. 
rallelogram, are ſimilar to the whole, and to one 

another. 

Let ABCD be a parallelogram, of which the diameter is AC; 
and EG, HK the parallelograms about the diameter. the parallelo- 
grams EG, HK are ſimilar both to the whole parallelogram ABCD, 
and to one another. | 

Becauſe DC, G are parallels, the angle ADC is equal * to the a. 29. x. 
angle AGF. for the ſame reaſon, becauſe BC, EF are parallels, the 
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e. t. Def. 6. 


gram FHCK. Wherefore each of the parallelograms GE, KH 


f. 21. C. 
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angle ABC is equal to the angle AEF. and each of the angle: iefcri 
BCD, EFG is equal to the oppoſite angle DAB b, and therefore au cl 


equal to one another; wherefore the parallelograms ABCD, AFEFC nllele 


are equiangular. and becauſe the angle ABC is equal to the anole Wl four: 


AEF, and the angle BAC common to the two triangles BAC, Ear, Wl vlog; 


B 


they are equiangular to one another; | 
therefore © as AB to BC, ſo is AE to A LY 
EF. and becauſe the oppoſite ſides of 
paralielograms are equal to one ano- C4 
ther d, AB is 4 to AT), as AE to AG; 
and DC to CB, as GF to FE; and alſo 
CD to DA, as FS to GA. therefore 
the fides of the parallelograms ABCD, yy = 

AEFG about the equal angles are pro- D K C 

portionals; and they are therefore ſimilar to one another *. for the 
ſame reafon, the parallelogram ABCD is ſimilar to the parallelo. 


is fimilar to DB. but rectilineal figures which are ſimilar to the 
ſame rectilineal figure, are alſo ſimilar to one another t, therefor: 
the parallelogram GE is ſimilar to KII. Wherefore the patallelo- 
grams, &c. Q. E. D. 


PROP. XXV. PROB. 


T O deſeribe a rectilineal figure which ſhall be ſimi- 
lar to one, and equal to another given rectilineal 
£gure. 


Let ABC be the gieren rectilineal figure, to which the figure to 
be deſcribed is required to be ſimilar, and D that to which it muſt 
be equal. It is required to deſcribe a rectilineal figure fimilar to 
ABC and equal to D. 

Upon the ftraight line BC deſcribe * the parallelogram BE equz! 
to the figure ABC; allo upon CE deſcribe * the parallelogram CN 
equal to D, and having the angle FCE equal to the angle CDI. 
therefore BC and CF are in a ftraight line b, as alſo LE and EM. n 
between BC and CF find © a mean proportional GH, and upon 
GH deſcribe 9 the rectilineal figure KGH ſimilar and ſimilarly 
ſituated to the figure ABC. and becauſe BC is to GH, as GH to 
CF, and if three ſtraight lines be proportionals, as the firſt is 0 
the third, ſo is © the figure upon the firſt to the ſimilar and ſimilar'7 


14 
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i-f-ribed figure upon the ſecond ; therefore as BC to CF, ſo is the Book vi. 
ectilineal figure ABC to KGH. but as BC to CF, fo, is f the pa- 
nlelogram BE to the parallelogram EF. therefore as the rectilineal f. 1. 6. 


iqure ABC is to KGH, ſo is the parallelogram BE to the paral- 
Klogram EF s. and the rectilineal figure ABC is equal to the pa- 3. 11. f. 


allelogram BE ; therefore the rectilineal figure KGH is equal l h. 24 5 
wo the parallelogram EF. but EF is equal to the figure D, where- 
fore alſo KGH is equal to D; and it is ſimilar to ABC. Therefore 


he rectilineal figure KGH has been deſcribed ſimilar to the f- 
gure ABC, and equal to D. Which was to be done. 


PROP. XXVII. THE OR. 
F two ſimilar parallelograms have a common angle, 
and be ſimilarly ſituated; they are about the ſame 
diameter. 
Let che parallelograms ABCD, AEFC be ſimilar and fimilarly 
ſtuated, and have the angle DAB common. ABCD and ALFG 
are about the ſame diameter. 


For if not, let, if poſſible, the A 


parallelogram BD have its diame- — P 
ter AHC in a different ſtraight line *K . 
from AP the diameter of the paral- KE Ao A 3 

| logram EG, and let GF meet AHC | | 
n H; and thro H draw HK parallel | | 
to AD or BC. therefore the paral- ES | 

lelograms ABCD, AKIIG being * C 

about the ſame diameter, they are ſimilar to one another . where- a. 2 5. 
fore as DA to AB, ſo is d GA to AK. but becauſe ABCD and b. . Peu 
AEFC are ſimilar parallelograms, as DA is to AB ſo is GA to AE. 
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Book V1. therefore © as GA to AE, fo GA to AK; wherefore GA has the 
ay ſame ratio to each of the ſtraight lines AE, AK; and conſequently 


C. 11. 5. 
d. 9. 5. 


AK is equal 4 to AE, the leſs to the greater, which is impoſſible. 
therefore ABCD and AK HG are not about the ſame diameter 
wherefore ABCD and AEFG muſt be about the ſame diaucter, 
Therefore if two ſimilar, &c. Q. E. D. 


© To underſtand the three following propoſitions more eaſily, it 
© is to be obſerved, 

© 1. That a parallelogram is ſaid to be applied to a ſtraight line, 
© when it is deſcribed upon it as one of its ſides. Ex. gr. the pa- 
© rallelogram AC is ſaid to be applied to the ſtraight line AB. 

© 2. But a parallelogram AE is ſaid to be applied to a ſtraight 
© line AB, deficient by a parallelogram, when AD the baſe of AE is 
© leſs than AB, and therefore AE 
© is leſs than the parallelogram A E C 
* deſcribed upon AB in the ſame , 
© angle, and between the ſame pa- | | | =] 
© rallels, by the parallelogram DC; y 


c and DC is therefore called the A D B Þ 


© defe&t of AE. 


© 3- And a parallelogram AG is faid to be applied to a ſtraight 
© line AP, exceeding by a parallelogram, when AF the baſe of 


© AG is greater than AB, and therefore AG exceeds AC the pa- 
© rallelogram deſcribed upon AB in the ſame angle, and between 
© the ſame parallels, by the parallelogram BG. 


PROP. XXVII. THE OR. 


() F all parallelograms applied to the ſame ſtraight 

line, and deficient by parallclograms ſimilar and 
ſimilarly ſituated to that which is deſcribed upon the 
half of the line; that which is applied to the half, and 
is ſimilar to its defect, is the greateſt. 


Let AB be a ſtraight line divided into two equal parts in C; and 
let the parallelogram AD be applied to the half AC, which is there- 
fore deficient from the parallelogram upon the whole line AB bythe 
parallelogram CE upon the other half CB. of all the parallelograms 
applied to any other parts of AB and deficient by parallciograps 
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chat are ſimilar and ſimilarly ſituated to CE, AD is the greateſt. Book VI. 
Let AF be any parallelogram applied to AK any other part of A 
AB than the half, ſo as to be deficient from the parallelogram 
upon the whole line AB by the parallelogram KH ſimilar _ 
ſimilarly ſituated to CE; AD is greater than AF. 
Firſt, Let AK the baſe of AF be greater than AC the half of 
AB; and becauſe CE js ſimilar to the 


parallelogram KH, they are about the * D I K 

fame diameter *. draw their diameter : a. 26. 6 
DB, and complete the ſcheme. becauſe G F H 

the parallelogram CF is equal b to FE, b. 43. 
add KH to both, therefore the whole 

CH is equal to the whole KE. but CH 


is equal © to CG, becauſe the baſe AC | 6 10. 5 
is equal to the baſe CB; therefore CG CK B 


is equal to KE. to each of theſe add CF; then the whole AF is 
equal to the gnomon CHL. therefore CE or the parallclogram 
AD is greater than the parallelogram AF. 

Next, Let AK the baſe of AF be leſs than AC, and, the ſame 


conſtruction being made, the paral- 
lelogram DH is equal to DG, for G FM T 


HM is equal to MG 9, becauſe BC 5 d. 24. r 
is equal to CA; wherefore D II is * 


greater than LG. but DH is equal b 


to DK; therefore DK is greater 
than LG. to each of theſe add 
y 


AL; then the whole AD is great- 
er than the whole AF. Therefore 
of all parallelograms applied, &c. 


QED. A KC. 
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PROP. XXVIII. PROB. 


To given richt line to apply a parallelogran 
equal to a given rectilineal figure, and deficient 


by a parallelogram ſimilar to a given parallelogram. but 


the given rectilineal figure to which the parallelogram 
to be applied is to be equal, muſt not be greater than 
the parallelogram applied to half of the given line hay. 
ing its defect fimilar to the defect of that which is to 


be applicd ; that 1s, to the given parallelogram. 


c. 23. 6. 


d. 21. 6. 


. gram ſimilar to D. 


Let AB, be the given ſtraight line, and C the given rectilincal 
figure, to which the parallelogram to be applied is required to be 
equal, which figure muſt not be greater than the parallelogram ap- 
plied to the half of the line having its defect from that upon the 
whole line fimilar to the defect of that which is to be appiicl; and 
let D be the parallclogram to which this defect is required to be 
ſimilar. It is required to apply 71 
a parallclogram to the ſtraight 


line AB, which ſhall be equal \ 


to the figure C, and be deficient 
from the parallelogram upon #F" 
the whole line by a parallelo- 


Divide AB into two equal 


parts“ in the point E, and upon 
E3 deſcribe the parallelogram 
EBFG ſimilar d and ſimilarly V ; 


ſituated to D, and complete the 
parallelogram AG, which muſt 
either be equal to C, or greater than it, by the determination. and if 
AG be equal to C, then what was required is already done; for upon 
rhe ſtraight line AB the parallelogram AG is applied equal to the 
figure C, and deficient by the parallelogram EF ſimilar to D. but 


if AG be not equal to C, it is greater than it; and EF is equal to | 


AG, therefore EF allo is greater than C. Make © the parallelogram 
KLMN equal to the exceſs of EF above C, and ſimilar and ſimi- 


| larly ſituated to D; but D is ſimilar to EF, therefore 4 alſo KM i 


_ AE _”O_ co MT: mw EP wn 
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tmilar to EF. let KL be the homologous ſide to EG, and LM to Book vl. 
GF. and becauſe EF is equal to C and KM together, EF is greater \uYd 


han KM; therefore the ſtraight line EG is greater than KL, and 
GF than LM. make GX equal to LK, and GO equal to LM, 
and complete the parallelogram X GOP. therefore XO is equal and 
(milar to KM; but KM is ſimilar to EF; wherefore allo XO is 
qmilar to EF, and therefore XO and EF are about the fame dia- 
neter ©. let GPB be their diameter, and complete the ſcheme. then 
becauſe EF is equal to C and KM together, and XO a part of the 
one is equal to KM a part of the other, the remainder, viz. the 
onomon ERO is equal to the remainder C. and becauſe OR is 
equal f to XS, by adding SR to each, the whole OB is equal to 
the whole XB. but XB is equal s to TE, becauſe the bale AE 
s cqual to the baſe EB; wherefore alſo TE is equal to OB. add 
15 to each, then the whole 'TS is equal to the whole, viz. to 
the gnomon ERO. but it has been proved that the gnomon ERO 
g equal to C, and therefore alſo TS is equal to C. Wherefore 
the parallelogram T8 equal to the given rectilineal figure C, is 
pplied to the given ſtraight line AB deficient by the parallelo- 
gam SR is ſimilar to the given one D, becauſe SR is ſimilar to 
Fr. Which was to be done. 


NRO P. XXIX. PRO 


tag a given ſtraight line to apply a parallelogram 
equal to a given rectilineal figure, excecding by 
2 parallelogram ſimilar to another given. 


Let AB be the given 
fraight line, and C the 
gren rectilineal figure 
© which the parallelo- 
gam to be applied is 
rquired to be equal, 
ad D the parallelo- 
gam to which the ex- 
ces of the one to be 
plied above that up- 
on the given line is re- 


quired to be ſimilar. 


[tis required to apply | N 3 


EC, 26. 6, 


f. 34. 1. 
G. 26. 1, 


h. 24 C. 


Zee N. 
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Book VI. a parallelogram to the given ſtraight line AB which ſha!l be equal tz 
WYW the figure C, exceeding by a parallelogram ſimilar to D. a 


. 
b. 25. 6. 
C. 41. 6. 


. 26. 6. 


EC. 36. Io 
4. 4. to 


g. 14. 6. 


Divide AB into two equal parts in the point E, and upon EB 
deſcribe * the parallelogram EL ſimilar and ſimilarly fituated to D. 
and make Þ the parallelogram GH equal to EL and C together, and 
{imilar and fimilarly ſituated to D; wherefore GH is ſimilar to EL. 
let KH be the ſide homologous to FL, and KG to FE. and becauſe 
the parallelogram GH is greater than EL, therefore the fide KH js 
greater than FL, and KG than FE. produce FL and FE, and make 
FLM equal to KH, and FEN to KG, and complete the parallel. 
ogram MN. MN is 
therefore equal and * 
fimitar- to GH ; but 
GH is ſimilar to EL; 
wherefore MN is fi- 
milar to EL, and con- 
ſequently EL and MN 
are about the ſame dia- 
meter 9, draw their di- 
ameter FX, and com- 
plete the ſcheme. there- 
fore ſiuce GH is equal 
to EL and C together, N P X 
and that GH is equal to MN; MN is equal to/EL and C. take 
away the common part EL; then the remainder, viz. the gnomon 
NOL is equal to O. and becauſe AE is equal to EB, the parallel- 
ogram AN is equal © to the parallelogram NB, that is to BM“. 
add NO to each ; therefore the whole, viz. the parallelogram AX 
is equal to the gnomon NOL. but the gnomon NOL is equal to 
C ; therefore alſo AX is equal to C. Wherefore to the ſtraight 
line AB there is applied the parallelogram AX equal to the given 
rectilineal C, exceeding by the parallelogram PO, which is fimiar 
to D, becauſe PO is ſimilar to EL*. Which was to be done. 


PROF. XXX; PRO: 8. 
' 1 O cut a given ſtraight line in extreme and mean 
ratio. 


Let AB be the given ſtraight line; it is required to cut it 1 
extreme and mean ratio. 


t in 
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Upon AB deſcribe * the ſquare BC, and to AC apply the paral- Book vi. 
logram CD equal to BC exceeding by the figure AD fimilar to 
ge >, but BC is a ſquare, therefore alſo a. 46. 1. 
4D is a ſquare. and becauſe BC is equal —5D b. 29. 6, 
o CD, by taking the common part CE 
{om each, the remainder BF is equal to 
tte remainder AD. and theſe figures are A 8 iD B 
equizngular, therefore their ſides about 
the equal angles ars reciprocally propor- 
tonal e. wherefore as FE to ED, fo AE | c. 14. 6, 
to EB. but FE is equal to AC9, that is d. 34: 1. 
t AB; and ED is equal to AE. there- C Þ 
fore as BA to AE, ſo is AE to EB. but 
AB is greater than AE; wherefore AE is greater than EBe. there- e. 14. s. 
fare the ſtraight line AB is cut in extreme and mean ratio in Ef. f. ;.Det..s. 
Thich was to be done, 


Otherwiſe, 

Let AB be the given ſtraight line; it is required to cut it in 
extreme and mean ratio. 

Divide AB in the point C, fo that the rectangle contained by 
AB, BC be equal to the ſquare of AC g. then 
becauſe the rectangle AB, BC is equal to the A C 
{quare of AC, as BA to AC, ſo is AC to | 
CB U. therefore AB is cut in extreme and mean ratio in Cf. Which h. 17. c. 
was to be done. 


B 4. 2. 


PROP. XXXI. THEOR. 


P right angled triangles the rectilineal figure deſcrib- see N. 
ed upon the fide oppoſite to the right angle, is e- 

qual to the ſimilar, and ſimilarly deſcribed figures upon 

the ſides containing the right angle. 


Let ABC be a right angled triangle, having the right angle 
BAC. the reCtilineal figure deſcribed upon BC is equal to the ſimi- 
kr and ſimilarly deſcribed figures upon BA, AC. ; 
Draw the perpendicular AD; therefore becauſe in the right an- 
gled triangle ABC, AD is drawn from the right angle at A perpen- 
Gicular to the baſe BC, the triangles ABD, ADC are ſimilar to the 
hole triangle ABC, and to one another“. and becauſe the triangle 3. 8, 6. 
M 3 
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b. 4. 6. 


* 
* 


e. 4. Cor. 
a9. 6. 


. K. 


e. 24 5. 
f. A. 5. 


See N. 


8. 49. 1. 
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Book VI. ABC is ſimilar to ABD, as CB to BA, ſo is BA to BD b. and he. 
CARY cauſe theſe three ſtraight lines are proportionals, as the firſt to the 


third, ſo is the figure upon the firſt to the ſimilar, and ſimilarly de- 
{cribed figure upon the ſe- 
cond ©. therefore as CB to 
BD, ſo is the figure upon CB 
to the ſimilar and ſimilarly 
deſcribed figure upon BA. 
and, inverſely 4, as DB to 


BC, ſo is the figure upon 1 D | i C 


BA to that upon BC. for the 
ſame reaſon, as DC to CB, 
ſo is the figure upon CA to that upon CB. Wherefore as BD and 
DC together to BC, ſo are the figures upon BA, AC to that upon 

, but BD and DC together are equal to BC. Therefore the 
figure deſcribed on BC is equal t to the ſimilar and ſimilarly deſerib- 
ed figures on BA, AC. Wherefore in right angled triangles, &c. 


Q. E. D. 


PROP. XXXII. THE OR. 


F two triangles which have two ſides of the one pro- 
portional to two ſides of the other, be joined at one 
angle ſo as to have their homologous ſides parallel to one 
another; the remaining ſides ſhall be in a ſtraight line. 


Let ABC, DCE be two triangles which have the two ſides BA, 
AC proportional to the two CD, DE, viz. BA to AC, as CD to 
DE; and let AB be e to DC, and AC to DE. BC and CE. 
arc in a {traight line. 

Becauſe AB is parallel to A 
IC, and the ſtraight line 
AC mcets them, the alter- 
nate angles BAC, ACD are 
equal * ; for the ſame reaſon 
the angle CDE is equal to 
the angle ACD ; wherefore —_— 5 
alſo BAC is equal to CDE. B | C E 
and becauſe the triangles 
ABC, DCE have one angle at A equal to one at D, and the ſides 
about theſe Wu propor * viz. BA vo AC, as CD to _ 


wh 6 MW 3 


e- 
he 
le. 


ko — 
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to be equai to ACD. therefore the whole angle ACE is equal to 
the two angles ABC, BAC. add the common angle ACP, then the 
angles ACE, ACB are equal to the angles ABC, BAC, ACB. but 
ABC, BAC, ACB are cqual to two right angles © ; therefore alſo 
the angles ACE, ACB are equal to two right angles. and ſince at 
the po.ut C in the ſtraight line AC, the two ſtraight lines BC, CE, 
whicn are on the oppoſite ſides of it, make the adjacent angles 
ACE, ACB equal to two right angles; therefore 4 BC and CE are 
in a Itraight line. Wherefore if two triangles, &c. Q. E. D. 


PROP. XXXIII. THE OR. 


N equal circles, angles whether at the centers or cir- 

cunterences have the ſame ratio which the circum- 

ferences on which they ſtand have to one another. ſo 
alſo have the iectors. 


Let ABC, DEF be equal circles; and at their centers the 
angles BGC, EHF, and the angles BAC, EDF at their circumfe- 
rences. as the circumference BC to the circumference EF, ſo is the 
angle BGC to the angle EHF, and the angle BAC to the angle 
EDF; and alſo the ſector BGC to the ſector EHF. 

Take any number of circumferences CK, KL each equal to BC, 
and any number whatever FM, MN cach equal to EF; and join 
GK, GL, HM, HN. Becauſe the circumferences BC, CK, KL are 


all equal, the angles BGC, CGK, KGL are alſo all equa! *. there- 
fore what multiple ſoever the circumference BL is of the circumfe- 
rence BC, the ſame multiple is the angle BGL of the angle BGC, 


183 


the triangle ABC is equiangular d to DCE. therefore the angle Pook VI. 
AuC is equal to the angle DCE. and the angle BAC was proved Cay 


b. 6.6, 


d. 14.1. 


See N. 


a. 27. Js 


for the ſame reaſon, whatever multiple the circumference EN is of , 


M 4 
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b. 5. Def. 3. 
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d. 20. 3. 
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f. 11. Def. z. 


THE'ELEMENTS 


the circumference EP, the ſame multiple is the angle EHN of the 
angle EHF. and if the circumference BL be equal to the circumfe. 
rence EN, the angle BG is alſo equal * to the angle EHN; and if 
the circumference BL be greater than EN, likewiſe the angle BGL 
is greater than EHN; and if leſs, leſs. there being then four magni- 
tudes, the two circumferences BC, EF, and the two angles BGC, 
EHF; of the circumference BC, and of the angle BGC, have been 
taken any equimultiples whatever, viz. the circumference BL, and 


the angle BGL ; and of the circumference EF, and of the angle 


A NLD 


N 


BH M 


FE E 

EIIF, any equimultiples whatever, viz. the circumference EN, and 
the angle EHN. and it has been proved that it the circumference BL 
be greater than EN, the angle BG is greater than EHN; and if 
equal, equal; and if leſs, leſs. as therefore the circumference BC 
to the circumference EF, ſo b is the angle BGC to the angle EHF. 
but as the angle BGC is to the angle EHF, ſo is © the angle BAC to 
the angle EDF, for each is double of each d. therefore as the cir- 
cumterence BC is to EF, fo is the angle BGC to the angle EHF, 
and the angle BAC to the angle EDF. | 

Allo, as the. circumference BC to EF, fo is the ſector BGC to 
the ſector EHF. Join BC, CK, and in the circumferences BC, CK 
take any points X, O, and join BX, XC, CO, OK. then becauſe in 
the triangles GBC, GC the two ſides BG, GC are equal to the two 
CG, GK, and that they contain equal angles; the baſe BC is equal*© 
to the baſe CK, and the triangle GBC to the triangle GCK. and 
becauſe the circumference BC is equal to the circumference CK, the 
remaining part of_ the whole circumfercnce of the circle ABC, is 
equal to the remainirg part of the whole circumference of the fame 
circle. wherefore the angle BXC is equal to the angle COK * ; and 
the ſegment BXC is therefore ſimilar to the ſegment COK f; and 
they are upon equal ſtraight lines BC, CK, but ſimilar ſegments of 
circles upon equal ſtraight lines, are equal ® to one another. there: 


fore | 
angle 
{ctol 
rea(o! 
in ih 
equa 
rence 
BGL 
the C 
of tl 
the 
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ſore the ſegment BX C is equal to the ſegment COK, and the tri- Book vl. 
mole BOC is equal to the triangle CG K; therefore the whole, the Vw 


tor BCC is equal to the whole, the ſeftor CGK. for the ſame 
exon the ſector KG is equalto each of the ſectors BGC, CGK, 
io the fame manner the ſectors EHF, FHM, MHN may be proved 


equal to one another. therefore what multiple ſoever the circumfe- 


rence BL is of the circumference BC, the fame multiple is the ſector 
BGL of the ſector BGC for the ſame reaſon, whatever multiple 
the circumference EN is of EF, the ſame multiple is the ſector EHN 
of the ſector EHF. and if the circumference BL be equal to EN, 
the ſector BG is equal to the ſector EHN ; and if the circumfe- 


R E F 

rence BL be greater than EN, the ſector BGL is greater than the 
lector EHN ; and if leſs, leſs. fince then there are four magnitudes, 
the two circumferences BC, EF, and the two ſectors BGC, EHF, 
and of the circumference BC and ſector BGC, the circumference 
BL and ſector BGL are any equimultiples whatever; and of the 
circumference EF and ſcctor EHF, the circumference EN and ſector 
EHN are any equimultiples whatever ; and that it has heen proved 
it the circumference BL be greater than EN, the ſcctor BG is 
greater than the ſector EHN ; and if equal, equal; and if leſs, leſs. 
Therefore b as the circumference BC is to the circumference EF, fo 


is the ſector BGC to the ſector EHF. Wherefore in equal circles, 
ke. Q. E. D. | . 


b. g. Def. 3. 


See N. 


See N. 
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PR OP. B. THEOR. 


FF an angle of a triangle be biſected by a ſtraiglit line, 

which likewiſe cuts the baſe ; the rectangle con- 
tained by the ſides of the triangle is equal to the rec. 
tangle contained by the ſegments of the baſe, together 
with the ſquare of the ſtraight line biſecting the angle, 


Let ABC be a triangle, and let the angle BAC be biſected by 
the ſtraight line AD ; the rectangle BA, AC is <qual to the rec. 
tangle BD, DC together with the ſquare of AD. 

Deſcribe the circle * AC; about the triangle, and produce AN to 
the circumference in F, and join EC. then becaule the angle BAD 
is equal to the angle CAE, and the 5 A 
angle ABDto the angle b AEC, for 
they are in the ſame ſegment; the 
triangles ABD, AEC are equian- 
gular to one another. therefore as B 
BA to AD, fois © EA to AC, and 
conſequently the rectangle BA, AC 
is equal 4 to the rectangle EA, 
AD, that is © to the rectangle ED, 
DA together with the ſquare of E 
AD. but the rectangle ED, DA is equal to the rectangle f BD, 


De. Therefore the rectangle BA, AC is equal to the rectangle BD, 


DC together with the {quare of AD. Wherefore it an angle, &c. 


Q. . D. 
PROP. c. THE OR. 


1 F from an angle of a triangle a ſtraight line be 


drawn perpendicular to the baſe ; the rectangle 
contained by the ſides of the triangle is equal to the 
rectangle contained by the perpendicular and the dia- 
meter of the circle deſcribed about the triangle. 


Let ABC be a triangle, and AD the perpendicular from the 
angle A to the baſe BC; the rectangle BA, AC is equal to the 
rectangle contained by AD and the diamcter of the circle deſcrib- 
ed about the triangle. 


OF EUCLID. 
Deſcribe * the circle ACB about 


the triangle, and draw its diameter 
AE, and join EC. becauſe the right 
angle BDA is equal Þ to the angle B 
FCA iu a ſemicircle, and the angle 
ABD to the angle AEC in the ſame 
ſegment⸗; the triangles ABD, AEC 

are equiangular. therefore as 4 BA 

to AD, fo is EA to AC, and conſe- E 

quently the rectangle BA, AC is 

equal © to the rectangle EA, AD. If therefore from an angle, &c. 


Q.. D. 


PFAROPF.D.-T1THKEDOR. 
* rectangle contained by the diagonals of a qua- 
drilateral inſcribed in a circle, is equal to both 
the rectangles contained by its oppolite ſides. 


Let ABCD be any quadrilateral inſcribed in a circle, and join 
AC, BD; the rectangle contained by AC, BD is equal to the two 
rectangles contained by AB, CD and by AD, BC“. 


Make the angle ABE equal to the angle DBC; add to each of 


theſe the common angle EBD, then the angle ABD is equal to the 
angle EBC. and the angle BDA is equal * to the angle BCE, becauſe 
they are in the ſame ſegment; therefore the triangle ABD is equi- 
angular to the triangle BCE. where- 

ſore bas BCis to CE, ſo is BDto DA, B "> 
and conſequently the rectangle BC, 9 
AD is equal © to the rectangle BD, | 
CE. again, becauſe the angle ABE is 
equal tothe angle DBC, and the angle 
BAE to the angle BDC, the triangle E 
ABE is equiangular to the triangle 
BCD. as therefore BA to AE, ſo is N Þ 
BD to DC; wherefore the rectangle 

BA, DC is equal to the rectangle BD, AE. but the rectangle BC, 
AD has been ſhewn equal to the rectangle BD, CE; therefore the 
whole rectangle AC, BD is equal to the rectangle AB, DC together 
with the rectangle AD, BC. Therefore the rectangle, &c. Q.E.D. 


; * This is a Lemma of Cl. Ptolomacus in page g. of his ut yd orotic. 
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DEFINITIONS. 


| I. 
A SOLID is that which hath length, breadth, and thickneſs. 
II. 
That which bounds a ſolid is a ſuperficies. 
III. 

A ſtraight line is perpendicular, or at right angles, to a plane, 
when it makes right angles with every ſtraight line meeting it 
in that plane. 

IV. | 

A plane is perpendicular to a plane, when the ſtraight lines drawn 
in one of the planes perpendicularly to the common ſection of 
the two planes, are perpendicular to the other plane. 

| V. 

The inclination of a ſtraight line to a plane is the acute angle con- 
tained by that ſtraight line, and another drawn from the point 
in which the firſt line meets the plane, to the point in which a 
perpendicular to the plane drawn from any point of the firſt 
line above the plane, meets the ſame plane. 

VI. 

'The inclination of a plane to a plane is the acute angle contained 
by two ſtraight lines drawn from any the ſame point of their 
common ſection at right angles to it, one upon one plane, and 
the othcr upon the other plane. 
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VII. Book xl. 
Two planes are ſaid to have the ſame, or a like inclination to one 232 


another, which two other planes have, when the {aid angles of 
inclination are equal to ons another. 


| VIII. 
Parallel planes are ſuch which do not meet one another tho' pro- 
duced. 
IX. 


A ſolid angle is that which is made by the meeting of more than see N. 
two plane angles, which are not in the ſame plane, in one 


point. 
X. 
The tenth Definition is omitted for reaſons given in the Notes.“ See N. 
XI. 


Similar ſolid figures are ſuch as have all vheir ſolid angles equal, See N. 
each to each, and which are contained by the ſame number of 
ſimilar planes. 

III. 

A Pyramid is a ſolid figure contained by planes that are conſtituted 

betwixt one plane and one point above it in which they meet. 
XIII. 

A Priſm is a ſolid figure contained by plane figures of which two 
that are oppoſite, are equal, ſimilar, and parallel to one another; 
and the others parallelograms. 

XIV. 
A Sphere is a ſolid figure deſcribed by the revolution oſ a ſemi- 
circle about its diameter, which remains unmoved. 
XV. 
The axis of a ſphere is the fixed ſtraight line about which the ſe- 
micircle revolves. 


XVI. 
The center of a ſphcre- is the ſame with that of the ſemicircle. 
XVII. 
The diameter of a ſphere is any ſtraight line which paſſes thro' 
the center, and is terminated both ways by the ſuperficies of 
the ſphere. 
| XVIII. - 
A Cone is a ſolid figure deſcribed by the revoluticn of a right 
angled triangle about one of the ſides containing the right 4 
angle, whch ſide remains fixed. q 


THE ELEMENTS 


Book XI. If the fixed ſide be equal to the other fide containing the right 


angle, the Cone is called a right angled Cone; if it be le 
than the other ſide, an obtuſe angled, and if greater, an acute 
angled Cone. 

XIX. | 

The axis of a Cone is the fixed ſtraight line about which th. 
triangle revolves. 

XX. 

The baſe of a Cone is the circle deſcribed by that fide containins 
the right angle, which revolves. 7 

XXI. 

A Cylinder is a ſolid figure deſcribed by the revolution of a right 
angled parallelogram about one of its ſides which remains x. 
ed. 

XXII, 

The axis of a cylinder is the fixed ſtraight line about which the 
parallelogram revolves. 

XXIII. | 

The baſes of a cylinder are the circles deſcribed by the two re- 
volving oppoſite ſides of the parallelogram. 

XXIV. 


Similar cones and cylinders are thoſe which have their axes aud 


the diameters of their baſes proportionals. 
XXV. 
A Cube is a ſolid figure contained by fix equal ſquares. 
f XXVI. 
A Tetrahedron is a ſolid figure contained by four equal and equi- 
lateral triangles. 
| XXVII. 
An Octahedron is a ſolid figure contained by eight equal and 
equilateral triangles. 
5 XXVIII. 
A Dodecahedron is a ſolid figure contained by twelve equal pen- 
tagons which are equilateral and equiangular. 
XIX. 
An Icoſahedron is a ſolid figure contained by twenty equal and 
equilateral triangles. 
D E F. A. 
A Parallelepiped is a ſolid figure contained by fix quadrilateral 
figures whereof every oppoſite two are parallel. 


— 
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| = Rook XI, 
PROP. I. THEOR. — 


$ ws part of a ſtraight line cannot be in a plane and gee x. 
another part above it. 


If it be poſſible, let AB part of the ſtraight line ABC be in the 
plane, and the part BC above it. and ſince the ſtr aight line AB is in 
the plane, it can be produced in that 


ptane. let it be produced to D. and 3 
let any plane paſs thio' the ſtraight — 
line AD, and be turned about it until YA RB D\ 


it paſs thro' the point C; and becauſe 
the points B, Care in this plane, the 
ſtraight line BC is in it *. therefore there are two ſtraight lines a. 7. Def. t. 
ABC, ABD in the ſame plane that have a common ſegment AB, | 
wuich is impoſſible b. Therefore one part, &c. Q. E. D. b. Cor. 11. T. 


PROP IL: THEOR 


1 * ſtraight lines which cut one another are in sc N. 
one plane, and three ſtraight lines which meet 
one another are in one plane. 


Let two ſtraight lines AB, CD cut one another in E; AB, CD 
are in one plane. and three ſtraight lines EC, CB, BE which meet 
one another, are in one plane. | 

Let any plane paſs thro” the ſtraight line Ax | D 
EB, and let the plane be turned about LB, \ 
produced if neceſſary, until it paſs thro' the 
point C. then becauſe the points E, C are 
in this plane, the ſtraight line EC is in it“. 
tor the ſame reaſon, the ſtraight line BC is 
in the ſame z and, by the Hypotheſis, EB is 
in it. therefore the three ſtraight lines EC, 
CB, BE are in one plane. but in the plane C B 0 
in which EC, EB are, in the ſame are > CD, b. 1. It, 
AB. therefore AB, CD are in one plane. Wherefore two ſtraight 
lines, &c, Q. E. D. 


2.5. Def. 1. 


. 1e. Ax 1. 


Sce N. 


A. 15. 1. 


. 


c. 16. 1. 


T HE ELEMENTS 


PROF ME THEOR:; 


F two planes cut one another, their common ſection 
is a ſtraight line. 


Let two planes AB, BC cut one another, and let the line D3 
be their common ſection 3 DB is a ſtraight 
line. If it be not, from the point D to B 
draw in the plane AB the ſtraight line 
DEB, and in the plane BC the ftraight | 
line DFB. then two ſtraight lines DEB, 
DEB have the ſame extremities, and there- 
fore include a ſpace betwixt them ; which 
is impoſſible *. therefore BD the common 
ſection of the planes AB, BC cannot but 
be a ſtraight line. Wherefore if two planes, &c. Q. E. D. 


A 


PROP. IV. THEOR. 


. FF a ſtraight line ſtand at right angles to each of two 


ſtraight lines in the point of their interſection, it 
ſhall alfo be at right angles to the plane which paſſes 
through them, that is, to the plane in which they are, 


Let the ſtraight line EF ſtand at right angles to each of the | 
EF is | 


ſtraight lines AB, CD in E the point of their interſection. 
allo at right angles to the plane paſſing thro' AB, CD. 
Take the ſtraight lines AE, EB, CE, ED all equal to one ano- 
ther; and thro' E draw, in the plane in which are AB, CD, any 
ftraight line GEH ; and join AD, CB; then from any point F in 
EF, draw FA, FG, FD, FC, FH, FB. and becauſe the two ſtraight 


lines AE, ED are equal to the two BE, EC, and that they contain | 
equal angles AED, BEC, the baſe AD is equal b to the baſe BC, 
and the angle DAE to the angle EBC. and the angle AEG is equal 


to the angle BEH * ; therefore the triangles AEG, BEH have two 


angles of one equal to two angles of the other, each to each, and the | 
| ſides AF, EB, adjacent to the equal angles, equal to one another; 


wherefore they ſhall have their other ſides equal ©. GE is therefore 


wy or 


DB 
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equal to EH, and AC to BH. and becauſe AE is equal to EB, and Book xl. 
FE common and at right angles to them, the baſe AF is equal d to w. 
the baſe FB; for the ſame reaſon CF is equal to FD. and be- b. 4. 1 = 
-auſe AD is equal to BC, and AF to FB, the two ſides FA, AD ; 
re equal to the two FB, BC, each to each; Þ : 
and the baſe DF was proved equal to the | 7 
bas F; therefore the angle FAD is e- 
qual 4 to the angle FBC. again, it was 
rored that AG is equal to BH, and allo A 
AFtoFB; FA then and AG, are equal 

to FB and BH, and the angle FAG has ,. 
deen proved equal to the angle FBH G 
therefore the baſe GF is equal b to the 
baſe FH. again, becauſe it was proved 
that GE is equal to EH, and EF is com- 
non; GE, EF are equal to HE, EF; and 

the baſe GF is equal to the baſe FH ; therefore the angle GEF 

js equal 4 to the angle HEF, and conſequently each of theſe angles 

is a right © angle. Therefore FE makes right angles with GH, that e. 10. Def.. 
is, with any ſtraight line drawn thro? E in the plane paſling thro? 

AB, CD. In like manner it may be proved that FE makes right 

angles with every ſtraight line which meets it in that plane. But a 

ſiraight line is at right angles to a plane when it makes right angles 

with every ſtraight line which meets it in that plane f. therefore EF f. 3 Def :. 
is at right angles to the plane in which are AB, CD. Wherctore 
it a ſtraight line, &c. Q. E. D. 


; ©. 3s 


PFROP.-V.-THEOKR; 


JF three ſtraight lines meet all in one point, and 4 see N. 
{traight line ſtands at right angles to each of them 

in that point ; theſe three ſtraight lines are in one and 

the ſame plane. 


Let the ſtraight line AB ſtand at right angles to each of the 
ſtraight lines BC, BD, BE, in B the point where they meet; BC, 
BD, BE are in one and the ſame plane. | 

If not, let, if it be poſſible, BD and BE be in one plane, and PC 
be above it; and let a plane paſs through AB, BC, the common 
&tion of which with the plane, in which BD and BE are, ſhall be 2 

N | 
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b 4 11. 


6. 3. Def. 11. 


a. 3. Def. 1. 
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ſtraight * line; let this be BF. therefore the three ſtraight lines AB, 
BC, BF are all in one plane, viz. that which paſles thro AB, BC, 
andbecauſe AB ſtands at right angles to each of the ſtraight lines BD, 
BE, it is alſo at right angles b to the 
plane paſſing thro them; and there- A 
fore makes right angles © with every | 
ſtraight line meeting it in that plane; C 
but BF which is in that plane mcets 15 
it. therefore the angle AB is a right 
angle; but the angle ABC, by the 
Hypotheſis, is alſo a right angle; 


therefore the angle ABF is equal to 8 | 


the angle ABC, and they are both 


in the ſame plane, which is impoſſible. therefore the Qtraiph: line } 
BC is not above the plane in which are BD and BE. whercfore } 
the three ſtraight lines BC, BD, BE arc in one and the ſame plane. 


Therefore it three ſtraight lines, &c. Q. E. D. 


TROF-VE-THEOR. 


1 F two ftraight lines be at right angles to the fame 


plane, they ſhall be parallel to one another. 


Let the ſtraight lines AB, CD be at right angles to the ſame 
plane; AB is parallel to CD. ; 
Let them meet the plane in the points B, D, and draw the 


ſtraight line BD, to which draw DE at right angles, in the {ame | 
plane; and make DE equal to AB, and N 7 


join BE, AF, AD. Then becauſe AB is A 
perpendicular to the plane, it ſhall make 

right * angles with every ftraight line 
which meets it, and is in that plane. but 
BD, BE, which are in that plane, do each 


of them meet AB. therefore cach of the B x /D 


angles ABD, ABE is a right angle. for 

the ſame reaſon, each of the angles CDB, 

CDE is a right angle. and becauſe AB is E 

equal to DE, and BD common, the two 

ſides AB, BD, are equal to the two ED, DB; and they contain right 
angles; therefore the baſe AD is equal ® to the baſe BE. again, be- 
cauſe AB is equal to DE, and BE to AD; AB, BE are equal to ED, 
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DA, and, in the triangles ABE, EDA, the baſe AE is common; Book XI. 
therefore the angle ABE is equal © to the angle EDA. but ABE Cy 
b 2 right angle; therefore EDA is alſo a right angle, and ED per- e. 8. 1. 
pendicular to DA. but it is alſo perpendicular to each of the two 

BD, DC. wherefore ED is at right angles to each of the three 

fright lines BD, DA, DC in the point in which they mcet. there- 

fore theſe three ſtraight lines are all in the ſame plane d. but AB 4. s. 27. 
z in the plane in which are BD, DA, becauſe any three ſtraight 

ines which meet one another are in one plane ©. therefore AB, e. 2. 1 
3D, DC are in one plane. and each of the angles ABI), BDC is 


zright angle; therefore AB is parallel f to CD, Wherefore if f. 23. 
two ſtraight lines, &c. Q. E. D. 


* Por YELL LAHEESQOK 


I two ſtraight lines be parallel, the traight line drawn se N. 
from any point in the one to any point in the other 
s in the Rds plane with the parallels. 


T 


Let AB, CD be parallel ſtraight lines, and take any point E in 
the one, and the point F in the other. the ſtraight line which joins 


ne L and F is in the fame plane with the parallels. 
If not, let it be, if poſſible, above the plane, as EGF; and in the 
he pant ASCD in which the paral- 
de bes are, draw the ſtraight line EIA A K 4 
A tom E to F; and fince EGF alio 
o b a firaight line, the two ſtraight 
ines EHF, ECF include a ſpace be- HL \ 


twixt them, wich is impoſſible *. _ \ | 2. 10. A 7; 


Therefore the fra: ght line jaaing C | 
he points E, F is not above the * 0 


plane in which the parallels AB, CD are, and is therefore in that 
pane, Wherefore if two ſtraight lines, &c. Q. E. D. 


PROP. VIII. THE OR. 


5 Jf two ſtraight lines be parallel, and one of them is bee r. 
D, at right angles to a plane; the other alſo ſhall be at 
night angles to the {ame plane, 
N 2 


A 
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b. 29. 1. 


THE ELEMENT 3 


Let AB, CD be two parallel ſtraight lines, and let one of them 


AB be at right angles to a plane; the other CD is at right angles 
to the ſame plane. : 


Let AB, CD, meet the plane in the points B, D, and join BD. 


therefore AB, CD, BD are in one plane. In the plane, to which 


AB is at right angles, draw DE at right angles to BJ, and 
make DE equal to AB, and join BE, AE, AD. And becauf AB | 
is perpendicular to the plane, it is perpendicular to every ſtraight 


line which meets it, and is in that plane *. therefore cach © 


CDB are together equal b to two right angles. and ABD is a right 
angle; therefore alſo CDB is a right angle, and CD perpendicular 
to BD. and becauſe AB is equal to DE, and BD common, the rw 
AB, BD, are equal to the two ED, DB, 

and the angle ABD is equal to the angle 

EDB, becauſe each of them is a right A 0 
angle; therefore the baſe AD is equal © 

to the baſe BE. again, becauſe ABis equal 
to DE, and BE to AD; the two AB, BE 
are equal to the two ED, DA; and the 
baſe AE is common to the triangles ABE, B & —D 
EDA; wherefore the angle ABE is equal \ 

d to the angle EDA. and ABE is a right 

angle; and therefore EDA'is a right angle, 


and ED perpendicular to DA. but it is K 


alſo perpendicular to BD; therefore ED 


is perpendicular © to the plane which paſſes thro BD, DA, and 
ſhall f make right angles with every ſtraight line meeting it in that 
plane. but DC is in the plane paſſing thro' BD, DA, becauſe all 
three are in the plane in which are the parallels AB, CD. vhere- 
fore ED is at right angles to DC; and therefore CD is at right 
angles to DE. but CD is alſo at right angles to DB; CD then is 
at right angles to the two ſtraight lines DE, DB in the point of Þ 
their interſection D; and therefore is at right angles to the plane 
paſling thro' DE, DB, which is the ſame plane to which AB is at 


right angles. Therefore if two ſtraight lines, &c. Q. E. D. 


the 


angles ABD, ABE, is a right angle. and becauſe the ſtraight line 
BD meets the parallel ſtraight lincs AB, CD, the angles AB), | 
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PROP. IX. THE OR. 


i ſtraight lines which are cach of them parallel 
to the ſame ſtraight line, and not in the ſame 
plane with 1t, are parallel to one another. 


Let AB, CD be each of them parallel to EF, and not in the 
fame plane with it; AB ſhall be parallel to CD. 
| In EF take any point G, from which draw, in the plane paſſing 
hr MW thro' EF, AB, the ſtraight line GH at right angles to EF; and in 
ir W the plane paſting thro! EF, CD, draw GK at right angles to the 


153 WM fame EF. and becauſe EF is per- 
pendicular both to GH and GK, EF A H B 


is perpendicular * to the plane HGK 
' JW paſiogthro' them. and ET is parallel & 


40 AB; therefore AB is at right an- 4 F 


gles d to the plane H GK. for the 
ſime reaſon, CD is likewiſe at right 
angles to the plane H GK. therefore C K D 

AB, CD are each of them at right angles to the plane H GK. 
but if two ſtraight lines be at right angles to the ſame plane, they 
ſhall be parallel to one another. therefore AB is parallel to CD. e. 


Wherefore two ſtraight lines, &c. Q. E. D, 


PROP. X. THEOR. 


F two ſtraight lines meeting one another be parallel 

N to two others that meet one another, and are not in 

be ſame plane with the firſt two; the firſt two and the 
Y other two ſhall contain equal angles. 


* 


1 


Let the two ſtraight lines AB, BC which mect one another be 
parallel to the two ſtraight lines DE, EF that meet one another, 
and are not in the ſame plane with AB, BC. The angle ABC is 
equal to the angle DEF. 

Take BA, BC, ED, EF all equal to one another; and join AD, 
CF, BE, AC, DF. becauſe BA is equal and parallel to ED, there: 
N 3, 
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Book XI. fore AD is * both equal and parallel to 
Aa) BE. For the fame reaſon, CF is equal 
3. 33-1. and parallel to BE. Therefore AD and 
CF are each of them equal and parallel 

to BE. But ſtraight lines that are paral- 

jel to the ſame ſtraight line, and not in 

b. 9. 11. the {ame plane with it, are parallel Þ to 
one another. 'Therefore AD is parallel 
£.r.Ax.r, to CF; and it is equal © to it, and AC, 
DF join them towards the ſame parts; 

and therefore * AC is equal and parallel 


B 


A 


E 
D *Þ 


to DF. and becauſe AB, BC are equal to DE, EF, and the baſe 
d. 8. 1. AC to the baſe DF; the angle ABC is equal 4 to the angle DEF, 
Therefore if two ſtraight lines, &c. Q. E. D. 


PROP. XI. PR OB. 


O draw a ſtraight line perpendicular to a plane, 


from a given point above it. 


Let A be the given point above the plane BH; it is required to 
draw from the point A a ſtraight line perpendicular to the plane 


Bri. 


In the plane draw any ſtraight line BC, and from the point A 
a. 12. 1. draw A!) perpendicular to BC, If then AD be alfo perpendi- 
cular to the plane BH, the thing required is already done; but if it 


b. 11. 1. be not, from the point D draw Þ 
in the plane BH, the ftraight line 


A 


at right angles to BC; and from £ 


the point A draw AF perpendicular & 


E 


6. 37. 1. 0 DE; and thro' F draw © GH Pa- 
rallel to BC. and becauſe BC is at 
light angles to L and DA, BC is 


„ right angles 4 to the plane pat- 
{ing thro” ED, DA. And GH is 


f . 


2590 


\ 
C 


paralicl to BC; but if two ſtraight lines'be parallel, one of which is 
e. 8. 11. at right angles to a plane, the other ſhall be at right © angles to 
the ſame plane; wherefore GH is at right angles to the plane thro' 
6. 5. Del. 11. IL D, DA, and is perpendicular f to every ſtraight line meeting it in 


that plane. But AF, which is in the plane thro' ED, DA meets it. 


_ — a n l * 2 RY * N * Needs ef ; 91 2 £5 1 
GGG „ l 
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therefore GH is perpendicular to AF, and conſequently AF is Book XI. 
perpendicular to GH. and AF is perpendicular to DE; therefore \wya 
AT perpendicular to each of the ſtraight lines GH, DE. but 
if Vraight line ſtands at right angles to each of two ſtraight lines | 
in the pont of their interſcction, it ſhall allo be at right angles to 
the plane pailing through them. but the plane paſſing through ED, 
GH is che plane BH; therefore AF is perpendicular to the plans 
BH, therefore from the given point A above the plane BH, the 
ſraight line AF is drawn perpendicular to that plane. Which 
was to be done. 

(- W 


PROF. AIL PR OB. 


+ O crect a ſtraight line at right angles to a given 
plane, from a point given in the plane. 


Let A be the point given in the plane; it is required to erect a 
ſtraight line from the point A at right an- | 
gles to the plane. D . 
From any point B above the plane 
draw * BC perpendicular to it; and from . IT. 24. 
A draw b AD parallel to BC. becauſe / n 
therefore AD, CB are two parallel ſtraight 2 A. | C / 
lines, and one of them BC is at right an- . 
gles to the given plane, the other AD is) 


alſo at right angles to it ©. therefore a ſtraight line has been erect- © 5 27 


ed at right angles to a given plane from a point given in it. 
Which was to be done. 


PROP. XUE THEOR,; 


Fon the ſame point in a given plane there cannot 
be two ſtraight lines at right angles to the plane, 

upon the ſame ſide of it. and there can be but one per- 

pendicular to a plane from a point above the planc, 


For, if it be poſſible, let the two ſtraight lines AB, AC be at 
right angles to a given plane from the ſame point A in the plane, 
and upon the ſame ſide of it; and let a plane paſs thro' BA, AC; 
the common ſection of this with the given plane is a ſtraight * line a, 3. 2 
N 4 


200 THE ELEMENTS 
Book XI. paſſing through A. let DAE be their common ſection. therefore 


LY the ftraight lines AB, AC, DAE are in one plane. and becauſe 
CA is at right angles to the given plane, it ſhall make right angles 


with every ſtraight line meeting it in 
that plane. but DAE which is in 
that plane mcets CA; therefore CAE 
is a right angle. for the ſame reaſon 
BAI is a right angle. wherefore the 


B C 


angle CAE is equal to the angle D 
BAE; and they are in one plane, 


Ex 


which is impoſſible. Allo, from a point above a plane there can 
be but one perpendicular to that plane; for if there could be two, 
».6.11t. they would be parallel d to one another, which is abſurd. There. 


fore from the ſame point, &c. Q. E. D. 


ROF. MV. THE OX. 


LANES to which the ſame ſtraight line is perpen- 
dicular, are parallel to one another. 


Let the ſtraight line AB bi IT Ps to 5 of the planes 
CD, Er; cheſe planes are parallel to one another. 
If not, they ſhall meet one onother when produced]; let them 


meet, their common ſection ſhall be a 
ſraght line GH, in which take any 
point K, and join AK, BK. then be- 
caue AB is perpendicular to the plane 
4.3. Def. 11. EF, it is perpendicular * to the ſtraight 
line BK which is in that plane. there- 
fore ABK is a right angle. for the ſame 


reaſon, BAK is a right angle; where 


fore the two angles ABK, BAK of the 
triangle ABK are equal to two right 
. 1. angles, which is impoſſible b. therefore 
the planes CD, EF though produced do 


A B 


J*S 


9 ,Yet.rz, not meet one another; that is, they are parallel e. Therefore 


planes, &c. Q. E. D. 
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PROP. XV. THE OR. * 


JF two ſtraight lines meeting one another, be parallel ge N. 
to two ſtraight lines which meet one another, but 

are not in the ſame plane with the firſt two; the plane 

which paſſes through thee is parallel to the plane paſ- 

ing through the others. 


Let AB, BC two ſtraight lines meeting one another, be pa- 
rallel to DE, EF that meet one another, but are not in the ſame 
plane with AB, BC. the planes through AB, BC, and DE, EF 
ſhall not meet though produced. 

From the point B draw BG perpendicular * to the plane which a. xx. 11. 
paſſes through DE, EF, and let it meet that plane in G; and 
through G draw GH parallel d to ED, and GK parallel to EF. b. zr. 1. 
and becauſe BG is perpendicular to the plane through DE, EF, it 


ſhall make right angles with e- E 

very ſtraight line meeting it in . a 
that plane ©. but the ſtraight B "GE c. 3. Def. 11. 
lines GH, GK in that plane C K 


meet it. therefore each of the 
aigles BGH, BGK is a right 


angle. and becauſe BA is paral- A — D_ 

lel 4 to GH (for each of them is | 1 4. 9. 11. 
parallel to DE, and they are not 

both in the ſame plane with it) the angles GBA, BGH are to- 

gether equal © to two right angles. and BGH is a right angle, e. 29. 1. 
therefore alſo GBA is a right angle, and GB perpendicular to BA. 

for the ſame reaſon, GB is perpendicular to BC. ſince therefore 

the ſtraight line GB ſtands at right angles to the two ſtraight 

lnes BA, BC, that cut one another in B; GB is perpendicular f f. 4. 117. 
to the plane through BA, BC. and it is perpendicular to the plane 

through DE, EF; therefore BG is perpendicular to each of the 

planes through AB, BC and DE, EF. but planes to which the 

lame ſtraight line is perpendicular, are parallel © to one another. g. 14. 11. 
tnerefore the plane thro' AB, BC is parallel to the plane thro? 

DE, EF. Wherefore if two ſtraight lines, &c. Q. E. J. 
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PROP. XVI. THEOR. 


I two parallel planes be cut by another plane, their 
common ſections with 1t are parallels, 


Let the parallel planes AB, CD be cut by the plane EFHG, | 
and let their common ſections with it be EF, GH. EF is parallel 


to GH. 


For, if it is not, EF, GH ſhall meet, if produced, either on the | 


ſide of FH, or EG. firſt, let them be produced on the ſide of FH, 


and meet in the point K. therefore ſince EFK is in the plane AB, | 


every point in EF K is in that 
plane; and K is a point in EFK; 
therefore K is in the plane AB. 

for the ſame reaſon K is alſo in 

the plane CD. wherefore the | . 
planes AB, CD produced meet 
one another; but they do not 
meet, ſince they are parallel b 
the Hypotheſis. therefore the A C 
ſtraight lines EF, GH do not E G 


meet when produced on the ide 


of FH. in the ſame manner it may be proved that EF, GH do 
not meet when produced on the fide of EG. but ſtraight lines 
which are in the ſame plane and do not meet, though produced 
either way, are parallel. therefore EF is parallel to GH. Where- | 


fore if two parallel planes, &c. 


Q. E. D. 


RO FP. XH. THEM. 


I F two ſtraight lines be cut by parallel planes, they 
ſhall be cut in the ſame ratio. 


Let the ſtraight lines AB, CD be cut by the parallel planes 
GH, KL, MN, in the points A, E, B; C, F, D. as AE is to EB, 
ſo is CF to FD. 

Join AC, BD, AD, and let AD meet the plane KL in the point 
X; and join EX, XF. becauſe the two parallel planes KL, MN are 
eut by the plane EBD, the common ſections EX, BD are paral- 


re cut by the plane AXFC, 
de common ſections AC, XF 
ge parallel. and becauſe EX 


the plane CK. 


which draw FG in the plane 
VE at right angles to CE. and 
vcauſe AB is perpendicular to 
te plane CK, therefore it is alſo 
xrpendicular to every ſtraight 


OF EUCLID. 
11*, for the ſame reaſon, becauſe the two parallel planes GH, KL Book xt. 
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. 


F a. 16. 11. 


Let any plane DE paſs through AB, and let CE be the common 
tion of the planes DE, CK, take any point F in CE, from 


» 6 ki 


C 
aL ACT 
{parallel to BD, a ſide of the : 
angle ABD, as AE to EB, = 
bid AN to XD. again, be- ; 12 
auſe XF is parallel to AC, a SY 4 1 
de of the triangle ADC, as E — F 
1X to XD, ſo is CF to FD. K — 
ad it was proved that AX is 5 | \\ 
© XD, as AE to EB. therefore /B Ref 5 JN 
ts AE to EB, fo is CF to M. = wana... 3 
D. Wherefore if two ſtraight - e 
hes, Kc. Q. E. D. 8 
* 5 
EROFP. W. THEOR. | 
F a ſtraight line be at right angles to a plane, every 1 
plane which paſſes thro' it ſhall be at right angles 1 
to that plane. | i 
Let the ſtraight line AB be at right angles to the plane CK. $8 
very plane which paſſes through AB ſhall be at right angles to 11 


þ 


K 


ine in that plane meeting it“. 
ad conſequently it is perpendi- 
war to CE, wherefore ABT is 
aright angle; but GTB is like- 


——_— 


a. 3. Def. 11. 


1 


viſe a right angle; therefore AB is parallel b to FG. and AB is at b. 28. 1. 
ght angles to the plane CK ; therefore FG is alſo at right angles 

o the fame plane e. but one plane is at right angles to another plane c. 8. 11. 
hen the ſtraight lines drawn in one of the planes, at right angles 


E 
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Book XI. to their common ſection, are alſo at right angles to the other 
plane; and any ſtraight line FG ia the plane DE, which js it 
4. . Def. 11. right angles to CE the common ſection of the planes, has been 
proved to be perpendicular to the other plane CK; therefore the 


cauſe the plane AB is perpendicular to the 
third plane, and DL is drawn ia the plane 1 


a. 4. Def. 11. 


b. 13. 11. 


THE-ELEMENTS 


plane DE is at right angles to the plane CK. In like manner, it 
may be proved that all the planes which paſs through AB are 
at right angles to the plane CK. Therefore if a ſtraight line, &c. 


Q. E. D. 


PROP. XIX. IT II E OR. 


1 F two planes cutting one another be each of them 
perpendicular to a third plane; their common ſec- 
tion ſhall be perpendicular to the ſame plane. 


Let the two planes AB, BC be each of them perpendicular to 
a third plane, and let BD be the common ſection of the firſt two, 
BD is perpendicular to the third plane. 


If it be not, from the point D draw, in the plane AB, the | 
ſtraight line DE at right angles to AD the common ſection of the | 


plane AB with the third plane; and in the plane BC draw DF at 
right angles to CD the common ſcction of 
the plane BC with the third plane. and be- B 


AB at right angles to AD their common E 
ſection, DE is perpendicular to the third 

plane *. in the ſame manner, it may be 

proved that DF is perpendicular to the 

third plane. wherefore from the point D 4 
two ſtraight lines ſtand at right angles to | 

the third plane, upon the ſame fide of it, þ 
which is impoſſible d. therefore from the A 


D 


C 


point D there cannot be any ſtraight line at right angles to the 
third plane, except BD the common ſection of the planes AB, 
BC. BD therefore is perpendicular to the third plane. Where: 
fore if two planes, &c. Q. E. D. 


4 — wana wag, SY 


OFT-EUCLID. 205 


Book XI. 
FEOF . TH. 29 


U a ſolid angle be contained by three plane angles, see x. 
any two of them are greater than the third. 


Let the ſolid angle at A be contained by the three plane angles 
34C, CAD, DAB. any two of them are greater than the third. 

If the angles BAC, CAD, DAB be all equal, it is evident that 
two of them are greater than the third. but if they are not, let 
540 be that angle which is not leſs than either of the other two, 
12d is greater than one of them DAB; and at the point A in the 
{right line AB, make in the plane which paſſes through BA, 
AC, the angle BAE equal * to the angle DAB; and make AE * 23. 1 
eanzi o AU, and through E draw BEC D 
cars AB, AC in the points B, C, and 
io2 132, C. and becauſe DA is equal 
% AL, and AB is common, the two DA, 
A! are equal to the two EA, AB, and A 
th- angie DAB is equal to the angle 
Lab. therefore the baſe DB is equal d Nn 
te the baſe BE. and becauſe BD, De B E C 
2: grexter © than CB, and one of them BD has been proved equal c. 25. .. 
to BE a part of CB, therefore the other DC is greater than the 
remaining part EC. and becauic DA is equal to AE, and AC 
common, but the baſe DC greater than the bale EC; therefor? 
the angle DAC is greater «4 than the angle EAC; and, by the d. 23. 1. 
conſtruction, the angle DAB is equal to the angle BAE; where- 
fore the angles DAB, DAC are together greater than the angle 
PAC. but BAC is not lefs than cither of the angles DAB, DAC, 
therefore BAC with either of them is greater than the other. 
Wherefore if a ſolid angle, &c. Q. E. D. 


PROP. AM. THEORKR. 
E RY ſolid angle is contained by plane angles 


which together are leſs than four right angles. 


Firſt, Let the ſolid angle at A be contained by three plane an- 


gles BAC, CAD, DAB. theſe three together are leſs than four 
right angles. 
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THEELEMEN-T.S 
Take in each of the ſtraight lines AB, AC, AD any points B, 0 


WWD, and join BC, CD, DB. then, becaule the ſolid angle at B;; 


A. 40. 11. 


D. 33. 1. 


contained by the three plane angles CBA, ABD, BBC, any two of 
them are greater * than the third; therefore the angles CBA, Ab 
are greater than the angle DBC. for the ſame reaſon, the angles 
BCA, ACD are greater than the angle DCB; aud the angles CD A, 
ADB greater than BDC. wherefore the fix angles CBA, ABD, 
BCA, ACD, CDA, ADB are greater D 

than the three angles DBC, BCD, CDB. 

but the three angles DBC, BCD, CDB 

are equal to two right angles b. thexe- 

fore the {ix angles CBA, ABD, BCA, 

ACD, CDA, ADB are greater than two 

right angles. and becauſe the three angles * — 
of each of the triangles ABC, ACD, C 
ADB are equal to two right angles, therefore the nine angles of 
theſe three triangles, viz. the angles CBA, BAC, ACB, ACD, 
CDA, DAC, ADB, DBA, BAD, are equal to fix right angles. 
of theſe the ſix angles CBA, ACB, ACD, CDA, ADB, BBA are 
greater than two right angles. therefore the remaining three angles 
BAC, DAC, BAD which contain the ſolid angle at A, are leis 
than four right angles. 

Next, Let the ſolid angle at A be contained by any number ot 
plane angles BAC, CAD, DAE, EAF, FAB; theſe together are 
leſs than four right angles. 

Let the planes in which the angles are be cut by a plane, and 
let the common ſections of it with thoſe 
planes be BC, CD, DE, EF, FB. and A 
becauſe the ſolid angle at B is contained 
by three plane angles CBA, ABF, FBC, 
of which any two are greater * than the / 
third, the angles CBA, ABF are greater B. 
than the angle FBC. for the ſame rea- 
ſon, the two plane angles at each of the 
points C, D, E, F, viz. the angles which 0 
are at the baſes of the wiangle s having 
the common vertex A, are greater than 
the third angle at the ſame point, which 
is one of the angles of the polygon BCDEF. therefore all the 
angles at the baſes of the triangles are together greater than all the 


D 


a. AM. US  Yatm of 


ww WF MY & w—-” 


= C0 T6 7 
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angles of the polygon. and becauſe all the angles of the triangles Book xl. 
are together equal to twice as many right angles as there are tri- WI 
angles »; that is, as there are ſides in the polygon BCDEF ; and b. 32. 1. 
that all the angles of the polygon together with four right angles 

are likewiſe equal to twice as many right angles as there are ſides 

in the polygon © ; therefore all the angles of the triangles are equal c. r. Cor. 
to all the angles of the polygon together with four right angles. 32. 1. 
But all the angles at the bales of the triangles are greater than all 

the angles of the polygon, as has been proved; wherefore the 
remaining angles of the triangles, viz. thoſe at the vertex, which 

contain the ſolid angle at A, are leſs than four right angles. 
Therefore every ſolid angle, &c. Q. E. D. | 


PROP. XXII. THE OR. 


ba every two of three plane angles be greater than the See N. 
third, and if the ſtraight lines which contain them be 

all equal; a triangle may be made of the {ſtraight lines 

that join the extremities of thoſe equal ſtraight lincs. 


4 
| 
| 
* N 

: 
* 
* 
: f 
F- 


Let ABC, DEF, GHE be three plane angles, whereof every 
two are greater than the third, and are contained by the equal 
fraight lines AB, BC, DE, EF, GH, HK; if their extremities be 
joined by the ſtraight lines AC, DF, GK, a triangle may be made 
of three ſtraight lines equal to AC, DF, GK; that is, every two 
of them are together greater than the third. 

If the angles at B, E, H, arc equal; AC, DF, GK are alſo equal“, a. 4 2. 
and any two of them greater than the third. but if the angles are 


I. 


not all equal, let the angle ABC be not leſs than either of the two f 
at E, H; therefore the ſtraight line AC is not leſs than either of the 
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Book XI. other two DF, GK v; and it is plain that AC together with et, 
ot the other two muſt be greater than the third. alſo DF wit 
b.4.or24-1. are greater than AC. for, at the point B in the ſtraight Une 1; 


Co 83. 1. 


d. 24. 1. 


e. 40. I, 


1 


Sce N. 


make © the angle ABL equal to the angle GHK, and mike 17 
equal to one of the ſtraight lines AB, BC, DE, EF, GH, I, an 
join AI, LC. then becauſe AB, BL are equal to GITf, FI, a4 
the angle ABL to the angle GHRK, the baſe AL is «equal to + 
baſe GK. and becauſe the angles at E, H are greater than tlie 4,11 
ABC, of which GHK is equal to ABL, therefore the remaining 


B II. 


A | 


L 


angle at E is greater than the angle LBC. and becauſe the two ſd- 
LB, BC are equal to the two DE, EF, and that the angle DEH 
greater than the angle LBC, the baſe DF is greater 4 than the hne 
LC. and it has been proved that GK is equal to AL; therefore 
DF and GK are preater than AL and LC. but AL and LC we 
greater * than AC; much more then are DF and GK greater than 


AC. Wherefore every two of the ſtraight lines AC, DF, GK 
are greater thaa the third, and therefore a triangle may be made * 


the ſides of which ſhall be equal to AC, DF, GK. Q. E. D. 


FROP. AXEL PROD. 


if þ O make a ſolid angle which ſhall be contained by 
three given plane angles, any two of them being 


greater than the third, and all three together lets than 


four right angles. 


Let the three given plane angles be ABC, DEF, CIK, any two 
of which are greater than the third, and all of them together leis 


than four right angles. It is required, to make a ſolid angle contained 


by three plane angles equal to ABC, DEF, GHK, each to each- 


— ©, 


* 
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From the ſtraight lines containing the angles, cut off AB, BC, Book xl. 


DE, EF, GH, HK all equal to one another; and join AC, DF, Coyas 
GK. then a triangle may be made of three ſtraight lines equal 2. 2+. %. 


B H 
Ly 


A CG G K 
D SO * 


to AC, DF, GK. Let this be the triangle LMN b, fo that AC b. zz. -, 
be equal to LM, DF to MN, and GK to LN; and abont the :ri- | 
angle LMN deſcribe © a circle, and find its center X, which will e. 8. 4. 
either be within the triangle, or in one of its ſides, or without it. 

Firſt, Let the center X be within the triangle, and join JX, 
MX, NX. AB is greater than LX. if not, AB muſt either be 
equal to, or leſs than I. X; firſt, let it be equal. then hecau AB 
is equal to IX, and that AB is alſo equal to BC, and LA to XM, 
AB and PC 5: equal to LX and XM, each to each; und the 
baſe AC is, i conſtruct on, equal to the bat. M; whercfore the 
angle ABC is equal to the angle LYM 9, tor the faine realen, the d. 8. 2. 
angle DEV is qual to ihe angle | 
MXN, and th- »ngle GHK to the R 
zugle NXL. therefore the three an- 1 
ples ABC, DEF, GH K are equal to 47 
the three angles LXM, MXN, NXIL. * 
but the three angles LXM, MXN, | 


XXL are equal to four right angles* ; | 22 X 
: > 


therefore alſo the three angles ABC, 

DEF, GK are equal to four right M 
angles. but, by the hypotheſis, they | 
ae leſs than four right angles; which 

i abſard. therefore AB is not equal to LX. but neither can AB be 
leſs than LX. for, if poſſible, let it be leſs, and upon the ſtraight 
line LM, on the ſide of it on which is the center X, deſcribe the 
triangle LOM, the ſides LO, OM of which are equal to AB, EC; 
and becauſe the baſe LM is equal to the baſe AC, the angle LO 

0 | 
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Book XI. js equal to the angle ABC 4. and AB, that is, LO, by the hypo- 
ya theſis, is leis than LX; wherefore LO, OM fall within the trian. 


& &% bo 


f. . . 


2. 1. 


gle LXM,; for, if they fell upon its ſides, or without it, they would 
be equal to, or greater than LX, 
XM f. therefore the angle LO M, 
that is, the angle ABC is greater 
than the angle LXM f. in the ſame 
manner it may be proved, that the 
angle DEF is greater than the angle 
MXN, and the angle GHK greater 
than the angle NXL. therefore the 
three angles ABC, DEF, GHK are 
greater than three angles LXM, 
MXN, NXL; that is, than four right 
angles. but the ſame angles ABC, DEF, GHE are leſs than four 
right angles; which is abſurd. therefore AB is not leſs than LX, 
and it has been proved that it is not equal to LX; wherefore AB 
is greater than LX. 

Next, Let the center X of the circle fall in one of the ſides of 
the triangle, viz. in MN, and join 
XL. in this caſe alſo AB is greater 
than LX. if not, AB is either equal 
to LX or leſs than it. firſt, let it be 
equal to LX. therefore AB and BC, 
that is, DE and EF, are equal to MX 
and XL, that is to MN. but, by the 
conſtruction, MN is equal to DF; 
therefore DE, EF are equal to DF, 
which is impoſſible +. wherefore AB 
is not equal to LX; nor is it leſs; 
for then, much more, an abſurdity would followy therefore AB 
is greater than LX. 

But let the center X of the circle fall without the triangle LMN, 
and join LX, MX, NX. In this cafe likewiſe AB is greater than 
LX. if not, it is either equal to, or leſs than LX. firſt, let it be 
equal; it may be proved, in the ſame manner, as in the firſt caſe, 
that the angle ABC is equal to the angle MXL, and GHK to 
LXN ; therefore the whole angle MXN is equal to the two angles 
ABC, GHK. but ABC and GHK are together greater than the 
angle DEF; therefore alſo the angle MXN is greater than DEF. 
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ind becauſe DE, EF are equal to MX, XN, and the baſe DF to Bock XI. 
the baſe MN, the angle MXN is equal d to the angle DEF. and it 
has been proved that it is greater than DEF, which is abſurd. d. 8. 1: 
therefore AB is not equal to LX. nor yet is it leſs; for then, as 
has been proved in the firſt caſe, the angle ABC is greater than 
the angle MXL, and the angle GH K greater than the angle LXN. 
u the point B in the ſtraight line CB make the angle CBP equal 
o the angle GHR, and make BP equal to HK, and join CP, AP. 


B TI 


2 K 


aud becauſe CB is equal to GH; CB, BP are equal to GH, IIK, 

eich to each, and they contain equal angles; wherefore the baie 

CP is equal to the baſe GK, that is, to LN. and in the Iſoſceles 

triangles ABC, MXL, becauſe the angle ABC is greater than the 

angle MXL, therefore the angle MLX R 8 
at the baſe is greater 8 than the angle OI 
ACB at the baſe. for the {ame rea- 
ſon, becaute the angle GHR, or CBP, 

is greater than the angle LXN, the 
angle XLN is greater than the angle 
BCP. therefore the whole angle MLN 

is greater than the whole angle ACP. X 
and becauſe ML, LN are equal to 
AC, CP, each to each, but the angle 
MLN greater than the angle ACP, 
the baſe MN is greater b than the 
baſe AP. and MN is equal to DF; | 
therefore alſo DF is greater than AP. Again, becauſe DE, EF are 

equal to AB, BP, but the baſe DF greater than the baſe AP, the 

angle DEF is greater k than the angle ABP. and APP is equal to k. zs. . 
the two angles ABC, CBP, that is to the two angles ABC, 

GHK; therefore the angle DEF is greater than tae two angles 

| O 2 | 


L 
E 


h. 26. 7 
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Book XI. ABC, GHRK; but it is alſo leſs than theſe ; which is impoſſ hie. 
yy therefore AB is not leſs than LX; and it has been proved that 


L 2. 6. 


m. 3. Def. uu. circle LM N, it is * perpendicular to 


n. 47. Is 


8. 


1. 


it is not equal to it; therefore AB is greater than LX. 


From the point X erect | XR at right angles to the plane gt 
the circle LMN. and becauſe it has been proved in all the caſe 
that AB is greater than LX, find a ſquare equal to the exc; 5 
the ſquare of AB above the ſquare of 
LX, and make RX equal to its fide, 
and join RL, RM, RN. becauſe RX 


is perpendicular to the plane of the 


each of the iraicht lines LX, MX, 
NX. and becauſe LX is equal to MX, 
and XR corimon, and at right angles 
to cach of them, the baſe RL is equal 
to the baſe RM. for the ſame reaſon, 
RN is equal to cach of the two RI, 
RM. therefore the three ſtraight 
lines RL, RM, RN are all equal. and 
becauſe the ſquare of XR is equal to the exceſs of the ſnare of 
AB above the ſquare of LX; therefore the ſquare of AB is cg 
to the ſquares of LX, XR. but the ſquare of RL is cqual n to (1 
ſame ſquares, becauſe LXR is a right angle. therefore the ſquare 
of AB is equal to the ſquare of RL, and the ftraight line AB to 
RL. but each of the ſtraight lines BC, DE, EF, GH, HK is equi! 
to AB, and each of the two RM, RN is equal to KL. whereſore 


AB, BC, DE, EF, GH, HK are each of them equal to each of 


the ſtraight lines RL, RM, RN. and becauſe RL, RM, are cu. 
to AB, BC, and the baſe LM to the baſe AC; the angle 1.1) 
is equal o to the angle ABC. for the ſame reaſon, the angle MRN 
is equal to the angle DEF, and NRL to GHK. Therefore there 
is made a ſolid angle at R, which is contained by three plane an- 
gles LRM, MRN, NRL, which are equal to the three given 
plane angles ABC, DEF, GHE, each to each. Which was to 
be done. 
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kat PROP. A. THEOR. 2 


a bd each of two ſolid angles be contained by three See N. 
plane angles equal to one another, each to each ; 

the planes in \ which the equal angles are have the ſame 

inchnation to one another, 


Let there be two ſolid angles at the points A, B; and let the 
angle at A be contained by the three plane angles CAD, CAE, 
J. \D; and the angle at B by the three plane angles FBG, FBH, 
13G ; of which the angle CAD is equal to the angle FBG, and 
i: MW (45 to FBH, and EAD to HBG. the planes in which the equal 
ales are, have the ſame inclination to one another. 
in the ſtraight line AC take any point K, and in the plane CAD 
from K draw the ſtraight line KD at right angles to AC, and in 
the plane CAE the ſtraight line KL at right angles to the fame 
AC. therefore the angle DKL is the inclination * of the plaue a.6.Def.:. 
of CAD to the plane CAE. in BF take BM equal to AR, and from 
de pont M draw, in the planes FBG, FBI, the ftraight lines 
%% MG, MN at right an- 
are gles to BF; therefore 
% WF the angle GMN is the 
ne inclination * of the plane 
FBO to the plane FBI. 
"WF jon LD, NG; and be- 
cauſe in the triangles 
Ol KAD, MBG, the angles 
Rb, MBG are equal, 
WM © allo the right angles AK, BMG, and that the ſides AK, BM, 
adjacent to the equal angles, are equal to one another, thereſore 
en KDis equal b to MG, and AD to BG. for the ſame reaſon, in the b. 28. 1. 
OF triangles KAL, MBN, KL is equal to MN, and AL to BN. and 
in the triangles LAD, NBG, LA, AD are equal to NB, BG, and 
they contain equal angles; therefore the baſe LD is equal © to e. 4+ 1, 
the baſe NG. laſtly, in the triangles KLD, MNG, the ſides DK, 
KL are equal to GM, MN, and the baſe LD to the baſe NG; 
therefore the angle DKL is equal d to the angle GMN. but the d. 9 x; 
angle DKL is the inclination of the plane CAD to the plane CAL, 
0 3 
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Book X1. and the angle GMN is the inclination of the plane FBG to the 
Ay plane FBH, which planes have therefore the ſame inclination * 1 
e. Def. 11. one another. and in the ſame manner it may be demonſtrated, that 


Fee N. 
,” 


© A. 1 


the other planes in which the equal angles are, have the ſame in. 
clination to one another. Therefore if two ſolid angles, &c. 


QE. P. 


PRO P. B. THE OR. 


F two ſolid angles be contained, each by three plane 
angles which are equal to one another, each to 


cach, and alike ſituated ; theie ſolid : angles are equal to 
one another, | 


Let there bs two ſolid angles at A and B, of which the ſolid 
angle at A is contained by the three plane angles CAD, CAF, 
EAD; and that at B, by the three plane angles FBG, FBH, HBG; 
of which CAD is equal to FBG ; CAE to FBII; and EAD to 
HG. the ſolid angle at A, is equal to the ſolid angle at B. 

Let the ſolid angle at A be applied to the ſolid angle at B; 
and firſt, the plane angle CAD being applied to the plane angle 
FBG, ſo as the point A may coincide with the point B, and the 
ſtraight line AC with EF; then AD coincides with BG, becauſe 
the angle CAD is equal to the 
angle FBG. and becauſe the in- 


3 
clination of the plane CAE to the 
plane CAD. is equal * to the in- 
clination of the plane FBH to the E. Ty | 
plane FBG, the plane CAE coin- C D * 


cides with the plane FBH, be- 

cauſe the planes CAT), FBG coincide with one inother: and be- 
cauſe the ſtraight lines AC, BF coincide, and that the angle CAE 

1s equal to the angle FBH, therefore AE coincides with BH. and 
AD coincides with BG, wherefore the plane EAD coincides with 

the plane HBG. therefore the ſolid angle A coincides with the 


:.3. Ax. 1. ſolid angle B, and conſequently they are equal b to one another. 


Q. E. D. 
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; Book XI. 
PROP. C. THEOR. 0 


at Gor figures contained by the ſame number of equal ze x. 
: and ſimilar planes alike ſituated, and having none 

of their ſohd angles contained by more than three 
plane angles; are equal and ſimilar to one another, 


Let AG, KQ be two folid figures contained by the ſame num- 
ber of ſimilar and equal planes, alike fituated, viz. let the plane 
a AC be ſimilar and equal to the plane KM ; the plane AF to KP; 
. 0 to LQ; GD to N; DE to NO; and laſtly, FH ſimilar and 
equal to PR. the ſolid figure AG is equal and ſimilar to the ſolid 
figure KQ. 
Becauſe the ſolid angle at Ais contained by the three plane angles 
4 BAD, BAE, EAD which, bythe hypotheſis, are equal to the plane 
angles LEN, LKO, OKN which contain the folid angle at K, each 
to each; therefore the ſolid angle at A is equal * to the ſolid angle 2. B. 15. 
0 at K. in the ſame manner, the other ſolid angles of the figures are 
equal to one another. If then the ſolid figure AG be applied to the 
ſolid figure K Q, firſt, the plane figure AC being applied to the 
plane ſigure KM; the 


ſtraight line AB coin- H 2 R Q 
ciding with KL, the T 
figure AC muſt co- - U 2 E 
incide with the figure | 
KM, becauſe they + 
are equal and ſimilar. | 
therefore the ſtraight _ A. B K 4 
lines AD, DC, CB coincide with KN, NM, ML, each with each; 
and the points A, D, C, B with the points K, N, M, L. and the 
ſolid angle at A coincides * with the ſolid angle at K; wherefore 
the plane AF coincides with the plane KP, and the figure AF 
with the figure KP, becauſe they are equal and fimilar to one ano- 
ther. therefore the ſtraight lines AE, EF, FB coincide with KO, 
OP, PL; and the points E, F, with the points O, P. In tie 
ſame manner, the figure AH coincides with the figure KR, and 
the ſtraight line DH with NR, and the point H with the point R. 
and becauſe the ſolid angle at B is equal to the ſolid angle at L, it 
may be proved in the ſame manner, that the figure BG coincidgs 
| O 4 ; 


— 
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Al is a parallclogram. join 1 AH, DF; 
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Pool: Xr. with the figure LO, and the ſtraight line CG with Mo, aud 
WA the poiut G with the point Q. ſince therefore all the planes and 


ſides of the ſolid figure AG coincide with the planes and ſides of 
the ſolid figure KQ , AG is equal and fimilar to KQ. and in the 
ſame manner, any other ſolid figures whatever contained by the 
ſame number of equal and ſimilar planes, alike ſituated, and having 
none of their ſolid angles contained by more than three plane angles, 
may be proved to be equal and ſimilar to one another. Q. ED. 


PROP. XXIV. THEOR. 


FF a ſolid be contained by fix planes, two and two of 
which are parallel ; the oppolite planes are ſimilar 
and equal parallelograms. 


Let the ſolid CDGH be contained by the parallel planes AC, 
GT; BC, CE; FB, AE. its pe planes 3 are ſimilar and equal 
N lograms. 

Decauſe the two et planes, BG, CE are cut by the plane 
AC, their common {eftions AB, CD are parallel “. again, becauſe 
the two parallel plancs BF, AE are cut by the plane AC, their 
common ſcétions , BC are parallel“. and AB is parallel to CV; 


therefore AC is a parallelogro»1. in Pc 151 
like manner, it may be pros that | 3 
each of thc figures CE, TG G3, BY, BEA ee = 


| & 
and becauſe AB is parallei to C, and 

BH to CF; the two ſtraight lines AB, 
BH, which meet one another, arc pa- 1 
rallel to DC and CF which meet ove r E 
another and are not in the ſame plane 

with the other two; wherefore they contain equal angles Þ ; the 
angle ABH is therefore equal to the angle DCF. and becauſe AB, 
BH are equal to DC, CF, and the angle ASH equal to the angle 
DC, therefore the baſe AH is equal © to the baſs DF, and the 
triangle ABH to the triangle DCF. and the parallelogram BG is 
double 4 of the triangle ABH, and the parallelogram CE double 
oi the triangle DCF; therefore the parallelogram BG is equal and 


——— ——— 
94 
* 
— 
—᷑ 


ſimilar to the parallelogram CE. in the ſame manner, it may be 


proved that the parallelogram AC is equal and ſimilar to the pa- 


1 
T 
t 
t 
{ 
| 
{ 
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rallelogram GF, and the parallelogram AE to BF. Therefore if a Book XI. 


folid, &c. Q. E. D. 


PROP. XXV. THE OR. 
L* a ſolid parallelepiped be cut by a plane parallel to 


two of its oppolite planes ; it divides the whole 


into two ſolids, the baſe of one of which {ha!l be to the 
baſe of the other, as the one ſolid is to the other. 


Let the ſolid paralleJepiped ABCD be cut by the pline EV 
which is parallel to the oppoſite planes AR, HD, and divides the 
whole into the two ſolids ABFV, EGCD; as the baſe AEFY of 
the firſt is to the baſe EHCEF of the other, ſo is the ſolid ABFV to 
the folid EGCD. 

Produce AH both ways, and take any number of ſtraight lines 
HM, MN each equal to EH, and any number AK, KL each cqual 
to EA, and complete the parallelograms LO, KY, HO, Ms, and 
the folids LP, KR, HU, MT. then becauſe the ſtraight Fines LK, 
KA, AE are all equal, the parallelograms LO, EY, AF arc equal *. 


C 


P |xR |NV|jS8b|ar 
2 1 | 1 
LL AL EIIH INI r 
e 1 N 
F 


and likewiſe the parallelograms EX, KB, AG *; as allo b the pa- 
rallelograms LZ, KP, AR, becauſe they are oppoſite planes. tor 
the ſame reaſon, the parallelograms EC, HQ , Md we equal“; <4. 
the parallelograms HG, HI, IN, as alſo b HD, MU, NT. there- 
fore three planes of the ſolid LP, are equal and ſimilar to tur 
planes of the ſolid KR, as alſo to three planes of the ſolid AV. bit 
tae three planes oppoſite to theſe three are equal and ſimilar d to 
them in the ſeveral ſolids, and none of their ſolid angles a con- 
tained by more than three plane angles. therefore the tire 518 


IP, KR, AV are equal © to one another. for the tame re hn, hee. 


'hree ſolids ED, HU, MT are equal to one another. therefore what 


ry 


Jee N. 


a. 36. I, 


L. 14. 11. 
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Book XI, multiple ſcever the baſe LF is of the baſe AF, the ſame multiple is 
the ſolid LV of the ſolid AV. for the ſame reaſon whatever nm. 


c. C. 11. 


d. g. Def. 5. 


, 
a. 11. 115 
7 


. Jo 


tiple the baſe NF is of the baſe HF, the lame multiple is the fold 
NV of the folid ED. and if the baſe LI be equal to the bal NF, 
the ſolid LV is equal © to the folid NV; and if the baſe I * 
greater than the baſe NF, the folii LV is greater than the ſoll! 
NV; and if leſs, leſs. ſince then there are four magnitudes, viz. 


> 1 RS! 


ISP | NR [WV SD]Ru 
ITT. 
jj | 
1-1-6 A JE ||H||M'/ſy} 
, 5 in * S 


W 
the two baſes AF, FH, and the two ſolids AV, ED, and of the 
baſe AF and ſolid AV, the baſe LF and fol:d LV are any «qui- 
multiples whatever; and of the baſe FH and ſolid ED, the bae 
FN and ſolid NV are any equimultiples whatever; and it has been 
proved, that if the baſe LF is greater than the baſe IN, the ſolid 
LV is greater than the ſolid NV; and if equal, equal; and if 1c{s, 
leſs. Therefore d as the baſe AF is to the baſe FH, fo is the folid 
AV to the ſolid ED. Wherefore if a ſolid, &c. O. E. D. 


FAR OP.XXVE:F ROS 


T a given point in a given ſtraight line, to makea 
ſolid angle equal to a given ſolid angle contained 
by three plane angles. 


Let AB be a given ſtraight line, A a given point in it, and Da 
given ſolid angle contained by the three plane angles EDC, EDF, 
FDC. it is required to make at the point A in the ſtraight line 
AB a ſolid angle cqual to the ſolid angle D. 

In the ſtraight line DF take any point F, from which draw * 
TG perpendicular to the plane EDC, mecting that plane in G; 
join DG, and at the point A in the ſtraight line AB make d the 
angle BAL equal to the angle EDC, and in the plane BAL make 
the angle BAK equal to the angle EDG ; then make AK equal 


OF EUCLI Db. 


to DG, and from the point K erect © KH at right angles to the Book XI. 
plane BAL; and make KH equal to GF, and join AH. then the 
ſolid angle at A which is contained by the three plane angles BAL, c. 12. 11, 
BAH, HAL is equal to the ſolid angle at D contained by the 
three plane angles EDC, EDF, FDC. 

Take the equal ſtraight lines AB, DE, and join HB, KB, FE, 
GE. aud becauſe FG is perpendicular to the plane EDC, it makes 
right angles 4 with every ſtraight line meeting. it in that plane. d.; Def. 11. 
therefore each of the angles FGD, FGE is a right angle. for the 
ſame reaſon, HK A, HKB are right angles. and becauſe KA, AB 
are equal to GD, DE, each to each, and contain equal angles, 
therefore the baſe BK is equal © to the baſe EG. and KH is equal e. 4. 1. 
to GF. and HKB, FCE are right angles, therefore HB is equal © to 
FE. again, becauſe AK, KH are equal to DG, GF, and contain 
right angles, the baſe AH is equal to the baſe DF; and AB is 


equal to DE; therefore HA, AB are equal to FD, DE, and the 
baſe HB is equal to the 


baſe FE ; therefore the A LY 

angle BAH is equal f to 

the angle EDF. for the 

ſame reafon, the angle | 
HAL is equal to theB L K G 
angle FDC. becauſe if 

AL and DC be made A. H 0 F 
equal, and KL, HL, 

GC, FC be joined, ſince the whole angle BAL is equal to the 
whole EDC, and the parts of them BAK, EI G are, by the con- 
ſtruction, equal; therefore the remaining angle KA is equal to 
the remaining angle GDC. and becauſe KA, AL are equal to GD, 
DC, and contain equal angles, the baſe KL is equal © to the bate 
GC. and KH is equal to GF, ſo that LK, KH are equal to CG, 
GF, and they contain right angles; therefore the baſe RL is equal 
to the baſe FC. again, becauſe HA, AL are equal to FD, DC, and 
the baſe HL to the baſe FC, the angle HAL is equal f to the 
angle FDC. therefore becauſe the three plane angles BAL, BAI, 
HAL which contain the ſolid angle at A, are equal to the three 
plane angles EDC, EDF, FDC which contain the ſolid angle at D, 
each to each, and are ſituated in the ſame order; the ſolid angle 
at A is equal ® to the ſolid angle at D. Therefore at a given 8. B. 11. 
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Book XI. point in a given ſtraight line a ſolid angle has been made equal to x 
gien ſolid angle contained by three Shao angles. Which was 
to be done. 


PROP. XXVII. RO. 


of ou deſcribe from a given ſtraight line a ſolid pa- 
rallelepiped funilar, and ſimilarly ſicuated to dne 
given. 


Let AB be the given ſtraight line, and CD the given ſolid p. 
rallelepiped. It is required from AB to deſcribe a ſolid paral,. 
epiped ſimilar, and ſimilarly ſituated to CD. 

"4 a6, 28. At the point A of the given ſtraight line AB make a ſo) d 
angle equal to the ſolid angle at C, and let BAK, KAH, H. 
be the three plane angles which contain it, ſo thic BAK be and 
to the angle ECG, and KAH to GCF, and HAB to FCE. and as 
EC to CG, ſo make b BA to AK, and as GC to CF, ſo make » 
c. 22. 5. KA to AH; wherefore, ex acquali®, as EC to CF, ſo is BA to 
| AH. complete the parallelogram BH, and the ſolid AL. and be- 
caule, as EC to CG, ſo 
BA to AK, the ſides BE F 
about the equal angles HH T) 
ECG, BAK are pro- | M FN | 
portionals; therefore | | N 
the parallelogram BK _ | | | : 
is ſimilar to EG. for the 4 5 


ſame reaſon parallelo- r — 
gram KH is fimilar to A B 0 E 
GF, and HB to FE. wherefore three parallelograms of the ſolid * 
AL are ſimilar to three of the ſolid CD; and the three oppolite 
d. 24. 21. ones in each ſolid are equal d and ſimilar to theſe, each to each. 
alſo, becauſe the plane angles which contain the ſolid angles of 
the figures are equal, each to each, and ſituated in the ſame order, 
e. B. 11. the ſolid angles are equal e, each to each. Therefore the ſolid 
1 11. Def. 11. AL is ſimilar f to the ſolid CD. wherefore from a given ſtraight 
line AB a ſolid parallelepiped AL has been deſcribed fimilar, and 
ſimilarly ſituated to the given one CD. Which was to be done. 
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Book XI, 
PROP. XXVII. THEOR. 22 


JF a ſolid parallelepiped be cut by a plane paſſing * +, 
thro” the diagonals of two of the oppolte planes; 
it ſuall be cut into two equal parts. 


Let AB be a ſolid parallelepiped, and DE, CF the diagonals of 
the oppoſite parallelograms AH, GB, viz. thoſe- which are drawn 
betwixt the equal angles in each. and becauſe CD, FE are each of 
them parallel to GA, and not in the ſame plane with it, CD, EF are 
parallel ?; wherefore the diagonals CF, DE are in the plane in a. 5. rr. 


which the parallels are, and are them- C B. 

{clves parallels d. aud the plane CDEF b. 16. Its 
ſhall cut the ſolid AB into two equal 1 F 

parts. as. 


Becauſe the triangle CGF is equal © 
to the triangle CBF, and the triangle D 
DAE to DE ; and that the parallelo- 
cram CA is equal 9 and ſimilar to the op- 2 F n 
polite one BE; and the parallelogram A 
GE to CH, therefore the priſm contained by the two triangles 
CGF, DAE, and the three parallelograms CA, GE, EC, is equal © © C. *r- 
to the priſm contained by the two triangles CBF, DHE, and the 
three parallelograms BE CH, EC; becaufe they are contained by 
the ſame number of «qual and fimilar planes, alike ſituated, and 
none of their ſolid angles are contained by more than three plane 
angles. Therefore the ſotid AB is cat into two equal parts by 
the plane CDEF. Q. E. D. 

N. B. The inlilting ſtraight lines of a parallelepiped, men- 
* tioned in the next and ſome following Propoſitions, are the ſides 


* of the paraliclograms betwixt the baſe and the oppoſite plane 
parallel to it.” 


| c. 34 Is 


H 


PROP. XXIX. THE OR. 


OLID parallelepipeds upon the ſame baſe, and of the sce R. 
ſame altitude, the inſiſting ſtraight lines of which 

are terminated in the ſame ſtraight lines in the plane 

oppoſite to the baſe, are equal to one another. 


222 


a. 28, 11, 


b. 24. 1. 


d. 36. 1. 


e. 24. 11. 


e. 38. I, 
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Book XI. Let the ſolid parallelepipeds AH, AK be upon the ſame bafe 

Wa AB, and of the ſame altitude, and let their inſiſting ſtraipht lines 
See the fi- AF, AG LM, LN; CD, CE, BH, BK be terminated in the ſame 

N below. ſtraight lines FN, DK. the ſolid AH is equal to the ſolid AK, 


Firſt, Let the parallelograms DG, HN which are oppoſite to the 
baſe AB have a common fide HG. then becauſe the ſolid AH i; 
cut by the plane AGHC paſling thro? the diagonals AG, CH of 
the oppoſite planes ALGF, CBHD, AH is cut into two equal 
parts * by the plane AGHC. 
therefore the ſolid AH is double D II * 
of the priſm which is contained 
by the triangles ALG, CBH. for 
the ſame reaſon, becauſe the ſo- C 
lid AK is cut by the plane LGHB | 
thro the diagonals LG, BH of AX L 
the oppoſite planes Al NG, CBEH, the ſolid AK is double of 
the ſame priſm which is contained by the triangles ALC, CBH. 
Therefore the ſolid AH is equal to the ſolid AK. 

But let the parallelograms DM, EN oppoſite to the baſe have 
no common fide. then becauſe CH, CK are parallelograms, CB is 


equal b to each of the oppoſite ſides DH, EK; wherefore DH s 


equal to EK. add, or take away the c6mmon part HE; then DE is 
equal to HK. wherefore allo the triangle CDE is equal © to the 
triangle BHK. and the parallelogram DG is equal 9 to the paral- 
lelogram IN. for the ſame reaſon, the triangle AFG is equal to 
the triangle LMN, and the parallclogram CF is equal © to the paral- 


1 D hs © 


1 e IN F N NI \N 


f. . 11. 


A L 1 L 
lelogram BM, and CG to BN; for they are oppoſite. Therefore 
the priſm which is contained by the two triangles AFG, CDE, and 
the three parallelograms AD, DG, GC is equal f to the pfiſm 
contained by the two triangles LMN, BHK, and the three paral- 


lelograms BM, MK, KL. If therefore the priſm LMN, BHK be 
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taken from the ſolid of which the baſe is the parallelogram AB, Book xl. 
and in which FDKN is the one oppoſite to it; and if from this. 
{ime ſolid there be taken the priſm AFG, CDE; the remaining 
ſold, viz. the parallelepiped AH, is equal to the remaining paral- 
lelepiped AK. Therefore ſolid parallelepipeds, &c. Q. E. D. 


PROP. XXX. THE OR. 


8 L1D parallelepipeds upon the ſame baſe, and of Sc N. 
the ſame altitude, the inſiſting ſtraight lines of 

which are not terminated in the ſame ſtraight lines in 

the plane oppoſite to the baſe, are equal to one another. 


Let the parallelepipeds CM, CN be upou thi ſame baſe AB, 
and of the fame altitude, but their inſiſting ſtraight lines "AF, AG, 
LM, LN, CD, CE, BH, BK not terminated in the ſame ſtraight 
lines. the ſolids CM, CN are equal to one another. 

Produce FD, MH, and NG, KE, and let them meet one another 
in the points O, P, Q, R; and join AO, LP, BQ , CR. and be- 
eaule the plane LBHM is parallel to the oppoſite plane ACDF, 


I 8 
moe 3 — — 

— — on" ven CI I Re e — — 

1 —-— — - ——— 


and that the plane LBHM is that in which are the parallels LB, 
MHPQ , in which alſo is the figure BLPQ ; and the plane ACDF 
is that in which are the parallels AC, FDOR, in which allo is the 
figure CAOR; 3 therefore the figures BLVQ , CAOR are in parallel 
Planes, in like manner, becauſe the plane ALNG is parallel to the 
oppoſite plane CBKE, and that the plane ALNG is that in which 


ͤ—ũ—ñ—— — 
Yo 
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Book X!. are the parallels AL, OPGN, in which alſo is the figure ALP0; 
ud the plane CBKE is that in which are the parallels CB, RQEK, 
in which alſo is the figure CBQR ; therefore the figures ALP0, 
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CBOR are in parallel planes. and the planes ACBL, ORQP are 
parallel; therefore the ſolid CP is a parallelepiped. but the ſolid 
CM of which the baſe is ACBL, to which FDHM is the oppoſite 


2, 29. 11. parallelogram, is equal to the ſolid CP of which the baſe is the 


Sce N. 


N N. 
N 
KY AA 4 
AL 
N 


parallelogram ACBL, to which ORQP is the one oppoſite ; be. 
cauſe they are upon the ſame baſe, and their inſiſting ſtraight line: 
AF, AO, CD, CR; LM, LP, BH, BQ are in the ſame ſtraight 
lines FR, M. and the ſolid CP is equal * to the ſolid CN, for 
they are upon the ſame baſe ACBL, and their inſiſting ſtraight 


lines AO, AG, LP, IN; CR, CE, BO, BK are in the ſame 


ſtraight lines ON, RK. therefore the ſolid CM is equal to the 
ſolid CN. Wherefore ſolid parallelepipeds, &c, Q. E. D. 


PROP. XXX. THEOR. 


Sou parallelepipeds which are upon equal baſes, 
— and of the ſame altitude, are equal to one another. 


Let the ſolid parallelepipeds AE, CF, be upon equal baſes AB, 
CD, and be of the ſame altitude; the ſolid AE is equal to the 
folid CF. | 

Firſt, let the inſiſting ſtraight lines be at right angles to the baſe: 


AB, CD, and let the baſes be placed in the ſame plane, and ſo 23 


"A 


- 1 — — we 


OF EV CLID: 
that the gdes CL, LB be in a ſtraight line; therefore the ſtraiglit 


line LM, which is at right angles to the plane in which the baſes are,. 


ia the point L, is common“ to the two ſolids AE, CF; let the 
other inſiſting lines of the ſolids be AG, HK, BE; DF, OP, CV. 
and firſt, let the angle ALB be equal to the angle CLD; then 
AL, LD are in a ſtraight line d. produce OD, HB, and let them 
meet in Q, and complete the ſolid parallelepiped LR the baſe of 
which is the parallelogram LQ, and of which LM is one of its 
inſiſting ſtraight lines. therefore becauſe the parallelogram AF, is 
equal to CD, as the baſe AB is to the baſe LO, ſo is © the bye 

CD to the ſame LO. and becauſe the ſolid pai callelepiped AR is 
cut by the plane LMEB which is parallel to the oppoſite pla1os 


AK, DR; as the baſe AB is to the baſe LO , fo is 4 the Kid 9. 


AE to the ſolid LR. for the fame reaſon, becauſe the ſolid para!- 


lelepiped CR is cut by the plane LMFD which is parallel to che 
oppoſite planes CP, 


BR ; as the baſe CD P AE K 

to the baſe LQ, fo WI N D 

is the ſolid CF to the | | © . > hy, 
9 | K 
ſolid LR. but as the D Un 

baſz AB to the baſe O 2 

IQ, fo the baſe Sb | R 

CD to the baſe LQ, CG 1 . 

as before was prov- A 3 HM T 


ed. therefore as the 
ſchd AE to the ſolid LR, ſo is the ſolid CF to the ſolid LR; an? 
therefore the ſolid AE is equal © to the ſolid CF. 

But let the ſolid parallelepipeds 8E, CF be upon equel baſcs 
$B, CD, and be of the ſame altitude, and let their inſiſting ſtraigh: 
lines be at right angles to the baſes ; and place the bales 8B, CD 
in the ſame plane, ſo that CL, LB be in a ftraicht line; and let 
the angles SLB, CI.D be unequal; the ſolid SE is alſo in this 
caſe equal to the ſolid CF. produce DL, TS until they meet in A, 
and from B draw BH parallel to DA; and let HB, OD producec 


meet in Q, and complete the folids AE, LR. therefore the ſolid 
AE, of which the baſe is the parallelogram LE, and AK the one 


oppoſite to it, is equal f to the ſolid SE, of which the baſe is LE. 
and to which SX is oppoſite z for they are upon the ſame b1'e 
LF, and of the ſame altitude, and their inſiſting ſtraight lines, vir. 
LA, LS, BH, BY; MG, MY, EK, EX are in the fame Qraight 
P 
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f. 29. 7. 
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Book XI. lines AT, GX. and becauſe the parallelogram AB is equal t to SB, 
or they are upon the ſame baſe LB, and between the —— Paral- 


E. 35+ 1. 


iir. 


. 


een. 


lels LB, AT; and 

that the baſe 8B is P * R 

equal to the baſe CD; I XA 

therefore the baſe AB XI. 

is equal to the baſe N 

CD. and the angle O - 2 2 

ALB is equal to the % 

angle CI. D, there- C . 

foie, by the firſt caſe, A Z H T 

the ſolid AE is equal 

to the ſolid CF; but the ſolid AE is equal to the ſolid SF, as was 

demonſtrated; therefore the ſolid SE is equal to the ſolid CF, 
But if the inſiſting ſtraight lines AG, HK, BE, LM; CN, RS, 

Dr, OP, be not at right angles to the baſes AB, CD; in this cal 

Iikewile the ſolid AE is equal to the ſolid CF. from the puints G, 

K, E, M; N, 8, F, P, draw the ſtraight lines GO, KT, EV, MX; 

NY, 8Z, FI, PU, perpendicular d to the plane in which are the 

baſes AB, CD; and let them meet it in the points Q, T, V, X; 


B 


2-0 


| 9 
EX Y Z 
V, Z, I, U, and join QT, TV, VX, XQ; YZ, ZI, IU, UV. den 
becauſe GQ , KT), are at right angles to the {ame plane, they are 
parallel i to one another. and MG, EK are parallels ; therefore 
the planes M, ET of which one paſſes through MG, 60 
and the other through EK, KT which are parallel to MG, GU , 
and rot in the fame plane with them, are parallel k to one another. 
{or the {ame reaſon, the planes MV, GT are parallel to one another. 
therefore the ſolid QE is a parallelepiped. in like manner, it may 
be proved, that the ſolid YF is a parallelepiped. but, from what has 
beca demonſtrated, the ſolid EQ is equal to the ſolid F, becauſe 
they are upon equal baſes MR, PS, and of the fame altitude, and 


Hat 
the 
the 
{ar 
W 
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have their iuſiſting ſtraight lines at right angles to the baſes. and Book xl. 
the ſolid EQ is equal ! to the ſolid AE; and the ſohid FY to. 
the Tolid CF; becauſe they are upon the ſame bates aud of the 1:25. or 30. 
fame altitude. therefore the ſolid AE is equal to the ſolid Cy, 11 
Wherefore ſolid parallelepipeds, &c. Q. E. D. 


PROP. XXXI. THE O R. 


1 parallelepipeds which have the ſame altitude, 2 17, 
are to one another as their batcs, 


Let AB, CD be ſolid parallelepipeds of the ſame altitude. they 
are to one another as their baſes 3 that is, as the bale AL to the 
baſe CF, ſo the folid AB to the ſolid CD. 

To the ſtraight line FG apply the parallelogram FII equal“ to a. c. 
AE, {o that the angle FGH be equal to the angle LCG; and com- 
plete the ſolid parallelepiped GK upon the baſe Fli, one of whoſe 
inſiſting lines is FD, whereby the ſolids CD, GK mult be of tac 
fame altitude. therefore the ſolid AB is equa! > to the folid GK, b. 31 . 
becauſe they are \ 
upon equal baſes B D--: 

AE, FH, and are 

of the ſame alti- 24 7 
tude. and becauſe 28 6 | T, N 

the ſolid parallel- "PX 1 x 


epiped CK is cut 
by the plane DG A M. C 2 XX. 
which is parallel 

to its oppoſite planes, the baſe HF is © to the baſe FC, as the lid c. 25. tt, 
ID to the ſolid DC. but the baſe HF is equal to the bale AT, 
and the ſolid GK to the ſolid AB. therefore as the bait AE ty 
the bale CF, ſo is the ſolid AB to the ſolid CD. Wherelure ele 
parallelepipeds, &c. Q. E. D. 

Cor. From this it is manifeſt that priſins upon triangular baſes, 
of the ſame altitude, are to one another as their bats. 

Let the priſms the baſes of which are the triangles AEM, CFG, 
and NO, PD the triangles oppolite to them, have the me u. 
titude; and complete the parallelograms AE, CF, and the {111 
parallelepipeds AB, CD, in the firſt of which let MO, and in the 
other let CQ be one of the inſiſting lines. and becauſe the fai! 
Parallelepipeds AB, CD have the ſame, altitude, they arc te wy 

F..2 
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* 4. 6. 


D | 
three parallelograms — R ä H P 
of the ſolid CD. and my | al | 

the three oppoſite Si 1 
ones in each ſolid are N N 

. 
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Bock XI. another as the baſe AE is to the baſe CF; wherefore the priſme, 


WY which are their halves 4, are to one another as the baſe AE to the 
"Wy, 


baſe CF; that is, as the triangle AEM to the triangle CFG. 


PROP. Al. THEOR 


IMILAR ſolid parallelepipeds are one to another in 
the triplicate ratio of their homologous ſides. 


Let AB, CD be ſimilar folid parallelepipeds, and the ſide AT 
homologous to the fide CF. the ſolid AB has to the folid CD, the 
triplicate ratio of that which AE has to CF. 

Produce AE, GE, HE, and in theſe produced take EK equal to 
CF, EL equal to FN, and EM equal to FR; and complete the 
parallelogram KL, and the ſolid KO. becauſe KE, EL are equal 
to CF, FN, and the angle KEEL equal to the angle CFN, becauſe 
the angle AEG is equal to CFN, by. reaſon that the folids AB, 
CD are fimijar; therefore the parallelogram KL is ſimilar and equal 
to the. parallelogram CN. for the ſame reaſon, the parallelogram 
MK is fimilar and equal to CR, and allo OE to FD. therefore 
three parallelograms 
of the ſolid KO are | 8 


equal and ſimilar to 


1 


equal “ and ſimilar E * | 
to theſe. therefore M J. 
the ſolid KO is equal | 
b and fimilar to the O 

ſolid CD. complete 

the paraliclogram GK, and complete the ſolids EX, LP upon the 
bales GK, KL, fo that EH be an in ſiffing ſtraight line in each of 
them, whereby they muſt be of the {ame altitude with the ſolid 
AB. and becauſe the ſolids AB, CD are fimilar, and by permuta- 
tion, as AE is to CF, ſo is EG to FN, and ſo is FH to FR; and 
FC is equal to ER, and FN to EL, and FR to EM; therefere as 
AE to EK, ſo is EG to EL, and fo is HE to EM. but as AE to 
EK, fo © is the parallelogram AG to the parallelogram GK; aud 


* 1 — 


OF EUCLID. 


45 GE to EL, fo* is GK to KL; and as HE to EM, ſo © is PE Rock xl. 
to KM. therefore as the parallelogram AG to the parallelogram \Wwwa. / 
GK, ſo is GK to KL, and PE to KM. but as AG to GK, fo 4 is. 1:6. 
the ſolid AB to the ſolid EX; and as GK to KL, ſo d is the ſolid + 8 11. 


FX to the folid PL; and as PE to KM, fo 9 is the ſolid PL to the 
ſolid KO. and therefore as the ſolid AB to the ſolid EX, ſo is EX 
toPL, and PL to KO. but if four magnitudes be continual pro- 
portionals, the fi ſt is ſaid to have to the fourth the triplicate ratio 
of that which it has ta the ſecond. therefore the ſolid AB has to 
the ſolid KO, the triplicate ratio of that which AB has to EX. but 
25 AB is to EX, ſo is the parallelogram AG to the parallelogram 
CE, aud the ſtraight line AE to the ſtraight line EK. wherefore 
the folid AB has to the ſolid KO, the triplicate ratio of that which 
AE has to EK. and the ſolid KO is equal to the ſolid CD, and 
the ſtraight line EK is equal to the ſtraight line CF. Therefore 
the folid AB has to the ſolid CD, the triplicate ratio of that which 
the fide AE has to the homologous ſide CF. Q. E. D. 


Cor. From this it is manifeſt, that if four ſtraight lines be con- 
tinual proportionals, as the firſt is to the fourth, ſo is the ſolid pa- 
rallelepiped deſcribed from the firſt to the ſimilar ſolid ſimilarly de- 
ſcribed from the ſecond ; becauſe the firſt ſtraight line has to the 
fourth, the triplicate ratio of that which ir has to the ſecond. 


PRO P. D. THEOR. 


equiangular to one another, each to each, that is, 
of which the ſolid angles are equal, each to each; have 
to one another the ratio which is the ſame with the 
ratio compounded of the ratios of their ſides. 


Let AB, CD be ſolid parallelepipeds, of which AB is contained 
by the parallelograms AF, AF, AG equiangular, each to each, to 
the parallelograms CH, CK, CL which contain the ſolid CD. the 
ratio which the ſolid AB has to the ſolid CD is the ſame with that 
which is compounded of the ratios of the ſides AM to DL, AN 
to DK, and AO to DH. : 

| FI 


GOLD parallelepipeds contained by parallelograms See N. 
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SAYS) DL, AQ to DK, and AR to DH ; and complete the ſolid pa- 


C. 43. 11. 
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Produce MA, NA, OA toP, Q, R, fo that AP be cqual tg 


rallelepiped AX contained by the parallelograms AS, AT, Ay 
ſimilar and cqual to CH, CK, CL, each to each. therefore the 
ſolid AX is equal“ 1o the. jolid CD. complete likewiſe the fold 
AY the baſe of which is AS, and of which AO is one of its in. 
ſifting ſtraight lines. Take any ſtraight line a, and as MA to Ab, 
ſo make a to hz and as NA to AQ, ſo make b toc; and as OA 
io AR, ſo © 10 d. then becauſe the parallelogram AE is equiau- 
mar to AS, AE is to AS, as the ſtraight line a to c, as is de- 
monſtrated in the 23. Prop. Bool 6. and the folids AB, AY, being 
betwixt the parallel planes BOY, EAS, are of the ſame altitude. 
therefore the ſolid AB is to the ſolid AY, as Þ the bale Al to the 
baſe A' ; that is, as the ſtraight line a is to c. and the ſolid AY 


: BO © 


8 
0 


> f 


A s 
1 — 7 
. ˖ EE 
WY 


1s to the ſolid AX, as © the baſe 00 is to the baſe QR ; that is, 
as the ſtraight line OA to AR ; that is, as the ſtraighit line c to the 
ſtraighit line d. and becauſe the folid AB is to the ſolid AT, as a 
is toc, and the ſolid AY tothe ſolid AN, as c is to d; ex acquali, 
the {lid AG is to the foiid AX, or CD which is equal to it, a* the 
ſtraight line a is tod. but the ratioof a to d is ſaid to be compounded 
* of the ratios of a to b, b to c, and c to d, which are the ſame with 
the ratios of the ſides MA to AP, NA to AQ , and OA to AR, 
cach to cath. and the ſides AP, AQ, AR are equal to the ſides 
DL, DR, Vi, each to cach. Therefore the ſolid AB has to the 
toid CD the ratio which is the ſame with that which is com- 
pounded ol the ratios of the fi.les AM to DL, AN to DK, and 
AD: to H. . E. P. 
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PROP. XXXIV. THEOR. Wy 


ITE baſes and altitudes of equal ſolid parallelepi- see x. 


peds are reciprocally proportional; and if the 
baſes and altitudes be reciprocally proportional, the ſo- 
lid parallclepipeds are equal. 


Let AB, CD be equal ſolid parallelepipeds; their baſes are re- 
ciprocally proportional to their altitudes; that is, as the baſe EH 
s to the baſe NP, ſo is the altitude of the ſolid CD to the alti- 
tude of the ſolid AB. 

Firſt, Let the inſiſting ſtraight lines AG, EF, LB, HK; CM, 
NS, OD, PR be at right angles to the baſes. as the baſe EH to 
the baſe NP, ſo is CM to 


AG. if the baſe EH be 1 R D 
equal to the baſe NP, then \ | | \ 
. the ſolid AB is 6 NN 
likewiſe equal to the ſolid n Þ | 
CD, CM ſhall be equal to 8 rae BY) |, ONS 
AG. becauſe if the baſes 1 SEN 
EH, NP be equal, but the A E C N 
altitudes AG, CM be not 
equal, neither ſhall the folid AB be equal to the ſolid CD. but 
the ſolids are equal, by the hypotheſis. therefore the altitude CM 
is not unequal to the altitude AG; that is, they are equal where- 
fore as the baſe FH to the baſe NP, fo is CM to AG. 

Next, Let the baſes EH, NP not be equal, but EH greater than 
the other. ſince then the folid AB is equal to the ſolid CD, CM 


is therefore greater than : 
AG. for if it be not, nei- 12 D 


ther alſo, in this caſe, K B N X. 
* 


would the ſolids AB, CD 
be equal, which, by the 
hypotheſis, are equal. 
Make then CT equal to 1 
AG, and complete the 


| told parallelepiped CV of 3 —_——— 
which the baſe is NP, Ac: e 
aud altitude CT. Becauſe the ſolid AB is equal to the ſolid. CD, 
P 4 
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Book XI. therefore the ſolid AB is to the ſolid CV, as * the folid CD tothe 


LAY ſolid CV. but as the ſolid AB to the ſolid CV, ſo e is the baſe FH 
9. Jo 


a. 
b. 


8 


32, 11 


IF. 11. 


1. 6. 


to tha bate NP; for the ſolids AB, CV are of the ſame altitude; 
an as the ſolid CD to CV, fo © is the baſe MP to the baſe I. 
and 0 is the ſtraight line MC to CT; and CI is equal to AG, 
therstope as the baſe EH to the baſe NP, fo is MC to AG. where. 
fore tnc bates of the ſolid parallelepipeds AB, CD are reciprocally 
propurtivaal to their altitudes. 

Let now the baſes of the ſolid parallele pipeds AR, CD be rec 
procally proportional to their altitudes z viz. as the baſe EH to ihe 
bale NP, ſo the altitude of the fulid CD to the altitude of the ſolid 
AB; the ſolid AB is equal 
to the ſolid CD. let PG, me K B R. 5 
liſtiug lines be, as before, 4 8 N N 
ad right angles to the baſes. en 
then, if the b: ite EH be e- 
qual to the baie NP, fince . 2 
EH is to NP, as the alti- N C I 


tude ot the {old CI) is wo A 13 

the altitude of the {0113 AB, 

theretore ine altitude of CD is equal © to the altitude of AB. bat 

lold parallelcpipeds upon cqual baſes, and of the fame altitude are 

equal f to cu another; theretore the ſolid AB is equal to the 

{old CD. I 
Butler che bates EII, NP be unequal, and let EH be the greater 

of the two. therefore, ſince as th: baſe EH to the baſe NP, ſo is 

CM the altitude of the foiid CD to AG the altitude of AB, CM 


is greater © thin AG. a- FT 
pain, take C equal to AG, 8 

* N. \ 
aud complete, as bee, TP iT X 
? x. oY S . 
ne lulid wy . and, bz. 4ule >. nates" N 


the baſe III is to the bale D | F þY 


NP, as _ to AG, and . 
that AG is equal to C, | 
ther fore the hate FIT is to Hl * | P ST N 
the baſe NP, as NC to 2 =. 

CT. but as the baſe FH is A ** | CI 
to NP, ſo b is the ſolid AB to the ſolid CV; for the ſolids AD, 
CV are of the ſame altitude; and as MC to CT, ſo is the baſe 
MP to the baſe PT, and the ſolid CD to the ſolid © CV. aud 


the ſolid CV; that is, each of the ſolids AB, CD has the ſame 


* folid DEZ, being upon the ſame baſe XR, and of the ſame altitude; 
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therefore as the ſolid AB to the ſolid CV, fo is the ſolid CD to Book XI. 


ratio to the ſolid CV; and therefore the ſolid AB is equal to the 
ſolid CD. | | 

Second general Caſe. Let the inſiſting ſtraight lines FE, BL, 
GA, KH ; XN, DO, MC, RP not be at right angles to the baſes 
of the ſolids 3 and from the points F, B, K, G; X, D, R, M draw 
per pendiculars to the planes in which are the baſes EH, NP, mect- 
ing thoſe planes in the points 8, 1, V, T; QI, U, Z; and 
complete the ſolids FV, XU, which are parallelepipeds, as was 
proved in the laſt part of Prop. 3 1. of this Book. In this caſe 
lizewiſe, if the ſolids AB, CD be equal, their baſes are reciprocally 
proportional to their altitudes, viz. the baſe EH to the baſe NP, as 
the altitude of the ſolid CD to the altitude of the folid AB. Be- 
cauſe the ſolid AB is equal to the ſolid CD, and that the ſolid BT 
iz equal s to the ſolid BA, for they are upon the ſame baſe FK, 8. 29. or 39, 
and of the {ame altitude; and that the ſolid DC is equal ® to the *** 


1 20-0» 
& My TV 
V 7 Bi / T 
Wok 12 
1 8 P ON7 Q 


A. Þ} CN 


therefore the ſolid BT is equal to the folid DZ. but the baſes are 
reciprocally proportional to the altitudes of equal ſolid parallelepi- 
peds of which the inſiſting ſtraight lines are at right angles to their 

ales, as before was proved. therefore as the baſe FK to the haſe 

R, ſo is the altitude of the ſolid DZ to the altitude of the ſolid 
BT. and the baſe FK is equal to the baſe EH, and the baſe XR 
to the baſe NP. wherefore as the baſe EH to the baſe NP, ſo is 
the altitude of the ſolid D to the altitude of the ſolid BT. but the 
altitudes of the ſolids DZ, DC, as alſo of the ſolids BT, BA are 
the ſame. Therefore as the baſe EII to the baſe NP, ſo is the 


- - ——— —— +: > Ae evwo__ dd SO a oor to er te 
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Book XI. altitude of the ſolid CD to the altitude of the ſolid AB; that ; is, 


= the bates of the ſolid parallelepipeds AB, CD are reciprocally prg. 
portiogal to their altitudes. 


Next, Let the baſes of the ſolids AB, CD be reciprocally pro. I 
pol tional to their altitudes, viz. the baſe EH to the baſe Np | 


45 

the altitude of the ſolid CD to the altitude of the ſolid AB; : the in w 

folid AB is cqual to the foli4, CD. the ſame conſtruction being the 
made; becauſe as the baſe EH to the baſe NP, ſo is the altitude bs 
of the ſolid CD to the altitude of the ſolid AB; and that the baſe n 
EH is equal to the baſe FK; and NP to XR j therefore the baſe fro! 
FK 1s to the baſe XR, as the altitude of the ſolid CD to the oh 
me 

o 

lin 

w! 


2'*itude of AB. but the altitudes of the folids AB, BY arc the 
ame, as allo of CD and DZ; therefore as the baſe FIT to the baſe 
XX, fo is the altitude of the {olid DZ to the altitude of the ſolid 
BT. wherefore the baſcs of the ſolids BT, DZ are reciprocally pro- 
portional to their altitudes; and their inſiſting ſtraight lines are at 
- Tight angles to the baſes ; . efore, as was before proved, the 
-. 29. or folid BT is equal to the ſolid DZ. but BT is equal b to the ſolid 
22. 11. BA, and BZ. to the ſolid DC, becauſe they are upon the ſame 
baſes, and of the ſame altitude. Therefore the ſolid AB is equ- 
to the ſolid CD. Q. E. D. 
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: Book XI. 

PROP. XxXV. THEO RR. «% 

F from the vẽrtices of two equal plane angles there See N. 
be drawn two ſtraight lines elevated above the planes 
n which the angles are, and containing equal angles with 
the ſides of thoſe angles, each to each; and if in the 
lines above the planes there be taken any points, and 
from them perpendiculars be drawn to the planes in 
which the firſt named angles arc; and from the points 
in which they meet the planes, ſtraight lines be dravn 
to the vertices of the angles firſt named; theſe ſtraight 
lines ſhall contain equal angles with the ſtraight lines 

which are above the plancs of tlic angles. 


Let BAC, EDT be two equal plane angles; and from the points 
A, D let the ſtraight lincs AG, DM be elevatcd above the plancs 
of the angles, making equal angles with their ſides, each to each; 


iz. the angle GAP equal to the angle MDE, and GAC to MDF; 


and in AG, DM let any points G, M be taken, and from them let 
perpendiculars GL, MN be drawn to the planes BAC, EDF mcet- 
ing theſe planes in the points L, N; and join LA, ND. the angle 
GAL is equal to the angle MDN. 

Make AH equal to DM, and thro' H draw HK parallel to 
GL. but GL is perpendicular to the plane BAC, wherefore HR 
is perpendicular? to the ſame plane. from the points K, N, to the 2. 3.14, 
ſtraight lines AB, AC, DE, DF, draw perpendiculars EB, KC, 
E, NF; and join HB, BC, ME, EF. becauſe HK is perpendicular 
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Book XI. to the plane BAC, the plane HBK which paſſes through HK ;; 
Www, at right angles b to the plane BAC; and AB is drawn in the plane 
b. 18. 11. BAC at rig he angles to the common ſection BK of the two Planes; 
e.. Def 11. therefore AB! is perpendicular © to the plane HBK, and makes right 
d. 3. Def. 11. angles d with every ſtraight line meeting it in that plane. but BY 


8. 26. 1. 


meets it in that plane; therefore ABH is a right angle. for the 
ſame reaſon, DEM is a right angle, and is therefore equal to the 
angle ABH. and the angle H Ag is equal to the angle MDE. there. 
fore in the two triangles HAB, MDE there are two angles in one 
equal to two angles in the other, each to each, and one ſide equa] 
to one fide, oppoſite to one of the equal angles in each, viz. HA 
equal to DM; therefore the remaining ſides are equal ©, each :9 
each. wherefore AB is equal to DE. In the ſame manner, if 
IIC and MY be joined, it may be demonſtrated that AC is equal 
to DV. therefore ſince ADB is equal ro DE, BA and AC are equal 


to ED and DF; and the angle BAC is equal to the angle EDT; 
whercfore the baſe BC is equal f to the baſe EF, and the remain- 
ing angles to the remaining angles. the angle ABC is therefore 
equal to the angle DEF. and the right angle ABK is equal to the 
right angle DEN, whence the remaining angle CBK is equal to 
the remaining angle FEN. for the ſame reaſon, the angle BC is 
equal to the angle EFN. therefore in the two triangles BCK, EFN 
there are two angles in one equal to two angles in the other, each 
to each, and one ſide equal to one fide adjacent to the equal angles 
in each, viz. BC equal to EF; the other ſides therefore are equal 
to the other ſides; BK then is equal to EN. and AB is equal to 
DE; wherefore AB, BK are equal to DF, EN; and they contain 
right angles; wherefore the baſe AK is equal to the baſe DN. 
and ſince AH is equal to DM, the ſquare of AH is equal to the 


{quare 
8 of A 
NM 2 
where 
NM; 
DN. 
ing { 
NX. 
and t 
the 2 
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ſguare of DM. but the ſquares of AK, KH are equal to the ſquare Book XI. 
:of AH, becauſe AKH is a right angle. and the ſquares of DN, Www 
NM are equal to the ſquare of DM, | for DNM is a right angle. gz. 47. 1. 
wherefore the ſquares of AK, KH are equal to the ſquares of DN, 

NM; and of thoſe the ſquare of AK is equal to the ſquare of 

DN. therefore the remaining ſquare of KH is equal to the remain- 
ins ſquare of NM; and the ſtraight line KH to the ſtraight line 
NM. and becauſe HA, AK are equal to MD, DN, each to each, 
and the bate HK to the baſe MN, as has been proved; therefore 
the angle HAK is equal u to the angle MDN. Q. E. D. 


41 


h. 3. 1. 


Cor. Trom this it is manifeſt, that if from the vertices of two 
equal plane angles there be elevated two equal ſtraight lines con- 
tuning equal angles with the ſides of the angles, each to each; the 
nerpendiculars drawn from the extremities of the equal ſtraight 
lnes to the planes of the firſt angles are equal to one another. 


Another Demonſtration of the Corollary. 


Let the plane angles BAC, EDF be equal to one another, and 
let AH, DM be two equal ſtraight lines above the planes of the 
zugles, containing equal angles with BA, AC, ED, DF, each to 
each, viz. the angle HAB equal to MDE, and HAC equal to the 
angle MDF; and from H, M let HK, MN be perpendiculars. to 
the planes BAC, EDF; HK is equal to MN. 

Becauſe the ſolid angle at A is contained by the three plane 
angles BAC, BAH, HAC, which are, each to each, equal to the 
three plane angles EDT, EDM, MDF containing the ſolid angle 
t D; the ſolid angles at Aand D are equal, and therefore coincide 
with one another; to wit, if the plane angle ABC be applied 
to the plane angle EDF, the ſtraight line AH coincides with DM, 
a3 was ſhewn in Prop. B. of this Book. and becauſe AH is equal 
to DM, the point H coincides with the point M. wherefore H 
which is perpendicular to the plane BAC coincides with i NIN | 
which is perpendicular to the plane EDF, becaule theſe planes co- 
acide with one another. therefore HA is equal to MN. Q. F. D. 
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PROP. XXXVI. THE OR. 


F three ſtraight lines be proportionals, the ſolid P2- 
rallelepiped deſcribed from all three as its ſides, is 


_ equal to the cquilateral parallelepiped deſcribed from 


the mean proportional, one of the ſolid angles of which 
is contained by three plane angles equal, each to each, 
to the three plane angles containing one of the ſolid 

angles of the other figure. 


Let A, B, C be three proportionals, viz. A to B, as B to © 


The ſolid deſcribed from A, B, C is equal to the equilateral {1 


- 16. 1 15 


deſcribed from E, equiangular to the other. 

Take a ſolid · angle D contained by three plane angles EDI, 
FDG, GDE; and make each of the ſtraight lines ED, DF, 1; 
cqual to B, and complete the folid parallelepiped DH. make I. 
equal to A, and at the point K in the ſtraight line LK make! x 
{olid angle contained by the three plane angles LEM, MEN, NI, 
equal to the angles EDF, TDG, GDE, each to each; and ma: 


* 


| F * ve Y 
KN equal to B, and KM equal to C; and complete the ſolid pa- 


ralletepiped KO. and becauſe, as A is to B, fo is B to C, and that 


A is equal to LK, and B to each of the ſtraight lines DE, DV, and 


b. 14. 6. 


C to KM; therefore LK is to ED, as DF to KM; that is, the 
ſides about the equal angles are reciprocall7 proportional; there- 
fore the parallelogram LM is equal >» to EF. and becauſe EDI, 
LKM are two equal plane angles, and the two cqual ſtraight ines 
DG, KN are draw from their vertices above their planes, 15 
contain equal angles with their ſides; therefore the prrpendicula 
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gom the points G, N, to the planes EDF, LKM are equal © to Book XI. 

one another. therefore the ſolids KO, DH are of the ſame altitude; .. 

and they are upon equal baſes LM, EF, and therefore they are e. Cer. 35. 

equal 4 to one another. but the ſolid KO is deſcribed from the 
: . 5 1. d. 31. Its 

three ſtraight lines A, B, C, and the ſolid DIT from the ſtraight 

line B. If therefore three ſtraight lines, &c. Q. E. D. 


PROP. XXXVII. THEOR. 


J four ſtraight lines he proportionals, the ſimilar ſolid des N. 
parallelepipeds ſimilarly deſcribed from them {hall 

alſo be proportionals:- and if the ſimilar parallelepipeds 
imilarly deſcribed from four ſtraight lines be propor- 
tionals, the ſtraight lines ſhall be proportionals. 


Let the four ſtraight lines AB, CD, EF, GH be proportionals, 
viz. as AB to CD, fo EF to GH; and let the ſimilar parallelepi- 
p:ds AK, CL, EM, GN be ſimilarly deſcribed from them. AK is 
to CL, as EM to GN. 
Make AB, CD, O, P continual proportionals, as alſo EF, a. 11. 4. 
GH, Q, R. and becauſe as AB is to CD, fo EF*to GH ; CD 
i: to O, as GH to Q, and O to IT, as Q to R; therefore; ex b. ur. 3. 


= | 8 
A. 10 
NM 


* 


8 tr 
Fay 8 T? 
| SN 


"£1 = 
— 


zequali , AB is to P, as EF to R. but az AB to P, ſo d is the c. 22. 5. 
tolid AK to the ſolid CL; and as EF to R, ſo d is the ſolid EM d. Cor. 33. 
to the ſolid GN. therefore b as the folid AK to the ſolid CL, ſo 

is the ſolid EM to the ſolid GN. 
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Book XI. But let the ſolid AK be to the ſolid CL, as the ſolid EM tg the 
Wag ſolid GN. the ſtraight line AB is to CD, as EF to GH. 


e. 17. 11. 


f. 9. 5. 


zee N. 


Take AB to CD, as EF to ST, and from 8 T deſcribe e {919 
parallelepiped 5V ſimilar and ſimilarly ſituated to either of the ſolid: 
EM, GN. and becauſe AB is to CD, as EF to ST, and that from 
AB, CD the ſolid parallelepipeds AK, CL are ſimilarly deſcribe, 
and in like manner the ſolids EM, SV from the ſtraight lines EF, 


6 A 


E IA 
K X 


ST; therefore AK is to 3 as EM to SV. but, I the hypotheſiz, 
AK is to CL, as EM to CN. therefore GN is equal f to SV. but 
it is likewiſe fimilar and ſimilarly ſituated to SV ; therefore the 
planes which contain the ſolids GN, SV are ſimilar and equal, and 
their homologous ſides GH, ST equal to one another. and be- 
cauſe as AB to CD, ſo EF to ST, and that ST is equal to Gl; 
AB is to CD as EF to GH. Therefore, it four ſtraight lines, &c. 
Q. E. D. 


PROP. XXXVII. THEO R. 
5 FF a plane be perpendicular to another plane; and 2 
ſtraight line be drawn from a point in one of the 
planes perpendicular to the other plane, this ſtraight 
5 line ſhall fall on the common ſection of the plancs. 


Let the plane CD be perpendicular to the plane AB, and let 
« AD be their common ſection; if any point E be taken in the 


e plane CD, the perpendicular drawn from E to the plane AB 
“ ſhall fall on AD. 


OF EUCLID. 

10 For if it does not, let it, if poſſible, fall elſcwhere, as EF; and 
« let it meet the plane AB in the point F; and from F draw *, in 
« the plane AB, a perpendicular FG to DA, which is alſo per- 

« pendicular Þ to the plane CD; and joiu EG. then bei FG is 
perpendicular to the plane CD, 
« and the ſtraight line EG, which 
« jg in that planeymects it; there- | 
fore FGE is a right angle ©. but 
« FF is alſo at right angles to the A 5 
« plane AB; and therefore EFG 


« is a right angle. wherefore to B 
* of the angles of the triangle 
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b. 4. Def. 11. 


ce. z. Def. 1 1. 


« EFG are cqual together to two right angles; which is abſurd. 
« therefore, the perpendicular from the point E to the plane AB 
does not fall elſewhere than upon the ſtraight line AD. it there- 


fore falls upon it. If therefore a plane, &c. Q. E. D.“ 


PROP. XXXIX. THE OR. 


I a ſolid parallelepiped, if the ſides of two of the op- 


polite planes be divided each into two equal parts, 


the common ſection of the planes paſſing through the 


points of diviſton, and the diameter of the ſolid. paral- 
lelepiped cut each other into two equal parts. 


Let the ſides of 
the oppoſite planes D K F 


CF, AH of the ſolid S my 4 
parallele piped AF, Jp N 4 0 


be divided each into | N A — ? E. 
two equal parts in | N | 
the points K, L, M, 8 
WX,O.P,R;and | NT 

join RL, MN, XO, N 
PR. and becauſe | | 
DK, CL are equal B TERS 1 2 
and parallel, KL is | Me | * 
parallel“ ro DC. for P | 8 


the ſame reaſon, A 
MN is parallel to 


N d 


a. 33. t, 
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Book XI. BA. and BA is parallel to DC; therefore becauſe KL, BA are 
CW each of them parallel to DC, and not in the ſame plane with it, Kl. 


. . 3 to 


e. 29. 1. 


. 


1. 33. 1. 


f. 15. 1. 


g. 26. 1. 


is parallel Þ to BA. and becauſe KL, MN are each of them pa. 
rallel to BA, and not in the ſame plane with it, KL is parallel 
to MN; whereforc KL, MN are in one plane. In like manner, 
it may be proved that XO, PR are in one plane. Let YS be tie 
common ſection of the planes KN, XR; and DG the diameter of 
the ſolid parall:lepiped AF. YS and DG do meet, and cut one 
another into two equal parts. 

Join DY, YE, BS, SG. becauſe DX is parallel to OF, the al. 
ternate angles DXY, YOE are equal © to one another. and becauſ: 
DX is equal to OE, 


and XY to YO, D K © F 


and contain equal 


angles, the baſe DY 8 by 0 

is equal 4 to the C Wy — E 
baſe YE, and the | | | 

other angles are e- | * 


qual; therefore the 
angle XD is e- 
qual to the angle 


1 
N 


OYE, and DYE is B AN | 
a ſtraight * line. for — | Mk NJ ' 
the ſame reaſon P 8 N. 


BSG is a ſtraight 


line, and BS equal A N G 


to SG. and becauſe 
CA is equal and parallel to DB, and alto equal and parallel to 
EG; therefore DB is equal and parallel d to EG. and DE, BG 


join their extremities ; therefore DE is equal and parallel * to BG. 


and DG, YS are drawn from points in the one to points in the 
other, and are therefore in one plane. whence it is manifeſt that 
DG, YS muſt meet one another; let them meet in T. and be- 
cauſe DE is parallel to BG, the alternate angles EDT, BGT are 
equal<; and the angle DI is equal f to the angle GTS. therefore 
in the triangles DV, GIS there are two angles in the one equal 
to two angles in the other, and one fide equal to one fide, oppo- 
fite to two of the equal angles, viz. DY to GS ; for they are the 
halves of DE, BG. therefore the remaining ſides are equal 8, each 
to each. wherefore DT is equal to TG, and YT equal to 18. 
Therefore if in a ſolid, &c. Q. E. D. 


the 
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PROP. XL. FHEOR. 


[ there be two triangular priſms of the fame altitude, 
the baſe of one of which is a pr iu Wy and 
the baſe of the other a triangle; if the parallelogram 
be double of the trian gle, the priſins ſhall be e yval to 
one another. 


Let the priſms ABCDEF, GHEKLMN be of the ſame altitude, 


the firſt whereof is contained by the two triangles ABE, CDF, 


and the three parallelograms AD, DF, LC; and the other by the 
two triangles GHR, LMN and the three parallelograms LH, IIN, 
NG; and let one of them have a parallelogram AF, and the other 
f tangle GHK for its baſe ; if the parallelogram AF be doub'e 
of the triangle GHK, the priſm ABCDEF is qual to the prin 
GHELMN. 

Complete the ſolids AX, GO; and bak the parallelogram 
AF is double of the tri: angle GIIK; and the parallclogram HK 
double of the fame triangle; therefore the parallelogram AF 1 is 


equal to IIK. but folid parallelepipeds upon equal baſes, and of 
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Co 


A. 34. 1. 


the ſame altitude are equal d to one another. therefore the ſolid b. 37, it. 


AX is equal to the ſolid GO. and the priſm ABCDEF is halt © 
of the ſolid AX; and the priſm GHKLMN half © of the ſolid GO. 
therefore the priſm ABCDEF is equal to the priſm GHKLMN, 
Wherefore if there be —. & c. Q. E. D. 
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LEMMA I. 


Which is the firſt Propoſition of the tenth Book, and is neceſſary 


to ſome of the Propoſitions of this Book. 


F from the greater of two unequal magnitudes there 
be taken, more than its half, and from the remain- 

der more than its half; and ſo on. there ſhall at length 
remain a magnitude leſs than the leaſt of the propoſed 


magnitudes. 


Let AB and C be two unequal magnitudes, of which AB ii 


the greater, if from AB there be taken more 


than its half, and from the remainder more 
than its half, and ſo on; there (hall at length 
remain a magnitude leſs than C. 

For C may be multiplied fo as at length to 
become greater than AB. let it be ſo multi- 
plied, and let DE its multiple be greater than 
AB, and let DE be divided into DF, FG, 
GE, each equal to C. from AB take BH 
greater than its half, and from the remainder 
AH take HK greater than its half, and ſo on 
until there be as many diviſions in AB as there 
are in DE. and let the diviſions AK, KH, 


RX 
2 
H 


B C 


D. 


1 


1 


HB be as many as the diviſions DF, FG, GE. and becauſe DE 
is greater thay AB, and that EG taken from DE is leſs than its 
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half, but BH taken from AB is greater than its half, therefore the Book X11. 
remainder GD is greater than the remainder HA. again, becauſe (ya 


GD is greater than HA, and that GF is the half of GD, but HK 
js greater than the half of HA; therefore the remainder FD is 
greater than the remainder AK. and FD is equal to C, therefore 
C is greater than AK; that is, AK is leſs than C. Q. E. D. 

And if only the halees be takea away, the ſame "OY may in 
the ſame way be demonſtrated. 


PROF. L-THEOQO-R 


> ee polygons inſcribed in circles, are to one 
another as the ſquares of their diameters. 


Let ABCDE, FGHKL be two circles, and in them the ſimilar 
polygons ABCDE, FGHEL ; and let BM, GN be the diameters | 
of the circles. as the ſquare of BM is to the ſquare of GN, ſo is 
the polygon ABCDE to the polygon FCH. 

Join BE, AM, GL, FN. and becauſe the polygon ABCDE is ſi- 


milar to the polygon FGHKL,, the angle BAE is equal * to the angle a. 2. Def. c. 


GFL, and as BA to AE, ſo is GF to FL. wherefore the two tri- 
angles BAE, GFL having one angle in one equal to one angle in the 


ether, and the ſides about the equal angles proportionals, are equi- 


angular d; and therefore the angle AEB is equal to the angle FLG. b. 6. 6. 
but AEB is equal © to the angle AMB, becauſe they ſtand upon the e. 21. 3. 


me circumference ; and the angle FLG is, for the fawe reaſon, 
equal to the angle FNG. therefore alſo the angle AMB is equal to 


ING. and the right angle BAM is equal to the right 4 angle GFN; d. 31 . 


wherefore the remaining angles in the triangles ABA, FGN are e- 
qual, and they are equiangular to one another. therefore as BM to 


Q.3 


** 


e 4. 6. 


6.20. 6. 


See N. 
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Bock XII, GN, ſo © is BA to GF, and therefore the duplicate ratio of BN 
e GN, is the ſame f with the duplicate ratio of BA to GF. but 


the ratio of the ſquare of BM to the ſquare of GN, is the duplicate 
ratio of that which BM has to GN; and the ratio of the polygon 


ABCDE to the polygon FGHKL is the duplicate * of that which 
BA has to GF. therefore as the ſquare of BM to the ſquare 
of GN, fo is the polygon ABCDE to the polygon FGHKL. 
Wherefore ſimilar polygons, &c. Q. E. D. 


PROP. H. THE OR. 
ee are to one another as the ſquares of their 


diameters. 


wo 


Let ACP, EFGTt be two ciccles, and BD, FH their diame- 
ters. as the ſquare of BD to the ſquare of FH, ſo is the circle 
APCD to the circle EFGH. 

Yor, if it be not fo, thę {quare of BD ſhall be to the ſquare of 
Il, as the circle ABCD is to ſome ſpace either leſs than the circle 
LFGH, or greater than it “. Firſt, let it be to a ſpace 8 leſs than 
the circle ETGH and in the circle EFGH deſcribe the ſquare 
JI. this ſquare is greater than half of the circle EFGH ; be- 
canſe if through the points E, F, G, H, there be drawn tangeats 
to the circle, the ſquare EFGH is half * of the ſquare defcribed 


For there is ſome ſquare equal to | rals; that is, to the ſquares of BD, 
the circle ABCP; let P be the ſideof it. | FH and the circle ABCD it is poſſible 
ord te three ſtraight lines BD, FH and | there may be a fourth proportional. 
P, there can be a fourth proportional, | Let this be S. and in like manner are 
let this Le Q. therefore the ſquares of | © be underſtood ſome things in ſome 
theſe four ſtraight lines are proportio- | of the fellowing Propoſitions. 


5 
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bout the circle; and the circle is leſs than the ſquare deſcribed about Book X11. 

it ; therefore the ſquare EFGH is greater than half of the circle... 

Divide the circumferences EF, FG, GH, HE, each into two equal | 
in the points K, L, M, N, and join EK, KF, FL, LG, GM, 

MH, HN, NE. therefore cach of the triangles EKF, FLG, GMH, 

HNE is greater than half of the ſegment of the circle it ſtands in; 

becauſe if ſtraight lines touching the circle be drawn through the 

points K, L, M, N, and parallelograms upon the ſtraight lines EF, 

FG, GH, HE be completed; each of the triangles EKF, FLG, 

GMH, HNE ſhall be the half * of the parallelogram in which it is. a. 41. 1. 

but every ſegment is leſs than the parallelogram in which it is. 

wherefore each of the triangles EF, FLG, GMH, NE is greater 

than half the ſegment of the circle which contains it. and if theſe 

circumferences before named be divided each into two equal parts, 

and their extremities be joined by ſtraight lines, by continuing to dp 


this, there will at length remain ſegments of the circle which toge- 
ther ſhall be leſs than the exceſs of the circle EFGH above the 
ſpace 8. becauſe, by the preceding Lemma, if from the greater of 
two nnequal magnitudes there be taken more than its half, and from 
the remainder more than its half, and fo on, there ſhall at length 
remain a magnitude leſs than the leaſt of the propoſed magnitudes. 
Let then the ſegments EK, KF, FL, LG, GM, MH, HN, NE be 
thoſe that remain and are together leſs than the exceſs of the circle 
EFGH above S. therefore the reſt of the circle, viz. the polygon _ 
EKFLGMHN is greater than the ſpace 8. Deſcribe likewiſe in the 
circle ABCD the polygon AXBOCPDR fimilar to the polygon 
EKFLGMHN. as, therefore, the ſquare of BD is to the ſquare of 
FH, ſobis the polygon AXBOCPDR to the polygon EKFLGMH N. b. 1. 14, 
but the {quare of BD is alſo to the ſquare of FH, as the circle ABCD 


Q 4 
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is to the ſpace S. therefore as the circle ABCD is to the ſpace 8, ſo 
is © the polygon AXBOCPDR to the polygon EKFLGMHN. but 
the circle ABCD is greater than the polygon contained in it; where. 
fore the ſpace 8 is greater 4 than the polygon EKEFLGMHN. but 
it is likewiſe leſs, as has been demonſtrated; which is impoſlible, 
Therefore the ſquare of BD is not to the ſquare of FH, as the circle 
ABCD is to any ſpace leſs than the circle EFGH. in the ſame man. 
ner it may be demonſtrated that neither is the ſquare of FH to the 
ſquare of BD, as the circle EFGH is to any ſpace leſs than the 
circle ABCD. Noar is the ſquare of BD to the ſquare of FH, as the 
circle ABCD is to any ſpace greater than the circle EFGH. for, if 
poſſible, let it be ſo to T a ſpace greater than the circle EFGH, 


therefore, inverſely, as the ſquare of FH to the ſquare of BD, fo is 


* 


the ſpace T to the circle ABCD. but as the ſpace 4 J is to the 
circle ABCD, fo is the circle EFGH to ſome ſpace, which muſt be 


leſs9 than the circle ABCD, becauſe the ſpace T is greater, by hy- 


potheſis, than the circle EF GH. therefore as the ſquare of FH is to 


+ For as in the foregoing Note at * | manner there can be a fourth propor- 
it was explained how it was poſſible | tional to this other ſpace, named T, 
there could be a fourth proportional | and the circles ABCD, EFGH, and the 
to the ſquares of BD, FH and the circle | like is to be underſtood in ſome of the 


A BCD, which was named S. ſo in like 3 een 
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the ſquare of BD, ſo is the circle EFGH to a ſpace leſs than the Book X11. 
arcle ABCD, which has been demonſtrated to be impoſſible. there 


fore the ſquare of BD is not to the ſquare of FH, as the circle 
ABCD is to any ſpace greater than the circle EFGH. and it has 
deen demonſtrated that neither is the ſquare of BI) to the ſquare of 
FH, as the circle ABCD to any ſpace leſs than the circle EFGH. 
wherefore as the ſquare of BD to the ſquare of FH, fo is the circle 
ABCD to the circle EFGH r. Circles, therefore, are, &c. O. E. D. 


PROF. n. THEOR. 


VERY pyramid having a triangular baſe, may be 

divided into two equal and ſimilar pyramids hav- 
ing triangular baſes, and which are ſimilar to the whole 
pyramid ; and into two equal priſms which together 
are greater than halt of the whole pyramid. 


Let there be a pyramid of which the baſe is the triangle ABC 
and its vertex the point D. the pyramid ABCD may be divided 
into two equal and ſimilar pyramids hav- 
ing triangular baſes, and ſimilar to the 
whole; and into two equal priſms which 
together are greater than halt of the whole 
pyramid. 

Divide AB, BC, CA, AD, DB, DC, 
each into two equal parts in the points E, 
F, G, H, K, L, and join EH, EG, GH, 
HK, KL, LH, EK, KF, FG. Becauſe AE is 
equal to EB, and AH to HD, HE is pa- 
rallel * to DB. for the fame reaſon, HI is 
parallel to AB. therefore HEBK is a pa- 
raltelogram, and IIK equal Þ to EB. but 
EB is equal to AE; therefore alſo AF is B 
equal to HK. and AH is equal to HD; 
wherefore EA, AH are equal to KH, HD, each to each; and the 


See N. 


angle EA is equal © to the angle KHD; therefore the baſe EH is « 29. 


{ Becauſe as a fourth proportional to the ſquares of BD, FH and the circle 


ABCD is poſſible, and that it can neither be leſs nor greater than the clicle 
rofl, it muſt be equal to it. | | 
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Book XII. equal to the baſe KD, and the triangle AEH equal 4 and ſimilar to 
che triangle HKD. for the ſame reaſon, the triangle AGH is equal 
d. 4. 1. and ſimilar to the triangle HLD. and becauſe the two ſtraight line; 
EH, HG which meet one another are parallel to KD, DL thy 
meet one another, and are not in the ſame plane with them, they 
e. fo. 11. contain equal © angles; therefore the angle EHG is equal to the 
of angle KDL. again, becauſe EH, HG are equal to KD, DL, each 
to each, and the angle EHG equal to the angle KDL; therefore 
the baſe EG is equal to the baſe KL, and the triangle EHG equal 
and ſimilar to the triangle KDL. for the ſame reaſon, the triangle 
AEG is alſo equal and ſimilar to the triangle HKL. Therefore 
the pyramid of which the baſe is the triangle AEG, and of which 
f. C. 11. the vertex is the point H, is equal f and 0 
ſimilar to the pyramid the baſe of which 
is the triangle KHL, and vertex the point 
D. and becauſe HK is parallel to AB a ſide 
of che triangle ADB, the triangle ADB is 
equiangular to the triangle HDK, and ” 
g-4 6. their ſides are proportionals *. therefore 
tke triangle ADB is ſimilar to the triangle 
HDK. and for the ſame reaſon, the tri- 
angle DBC is ſimilar to the triangle DEL; 
and the triangle ADCto the triangle HDL; 
and allo the triangle ABC to the triangle 
AEG. but the triangle AEG is ſimilar to B 7 
the triangle HEL, as before was proved, | 
b. 2r. 6. therefore the triangle ABC is ſimilar & to the triangle HEL. and the 
pyramid of which the baſe is the triangle ABC, and vertex the point 
3 B. rr. & P, is therefore ſimilar i to the pyramid of which the baſe is the tri- 
11. Del. u. angle HKL, and vertex the ſame point D. but the pyramid of which 
the baſe is the triangle HKL, and vertex the point D, is ſimilar, as has 
been proved, to the pyramid the baſe of which is the triangle AEG, 
and vertex the point H. wherefore the pyramid the baſe of which 
is the triangle ABC, and vertex the point D, is ſimilar to the py- 
ramid of which the baſe is the triangle AEG and vertex H. there- 
fore each of the pyramids AEGH, HKL is ſimilar to the whole 
pyramid ABCD. and becauſe BF is equal to FC, the parallelogram 
K. 41.7: EBT G is double k of the triangle GFC. but when there are two 
priſms of the ſame altitude, of which one has a parallelogram for 
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's baſe, and the other a triangle that is half of the parallelogram, Book XII. 

theſe priſms are equal i to one another; therefore the priſm having 

the parallelogram EBFG for its baſe, and the ſtraight line KH 1. 40. 11 
oppoſite to it, is equal to the priſm having the triangle GC for its 

baſe, and the triangle HEL oppoſite to it ; for they are of the 

fame altitude, becauſe they are between the parallel planes ABC, m. rs. re. 

HKL. and it is manifeſt that each of theſe priſms is greater than 

either of the pyramids of which the triangles AEG, HKL are the 

baſes, and the vertices the points H, D; becauſe if EF be joined, 

the priſm having the parallelogram EBFG for its baſe, and KH the 

ſtraight line oppofite to it, is greater than the pyramid of which the 

baſe is the triangle EBF, and vertex the point K ; but this pyramid 

is equal f to the pyramid the baſe of which is the triangle AEG, f. c. 11. 

and vertex the point H; becauſe they are contained by equal and 

ſimilar planes. wherefore the priſm having the parallelogram EBFG 

for its baſe, and oppoſite ſide KH, is greater than the pyramid of 

which the baſe is the triangle AEG, and vertex the point H. and 

the priſm of which the bale is the parallelogram EBFG, and op- 

polite fide KU is equal to the priſm having the triangle GFC for 

its baſe, and HKL the triangle oppolite to it; and the pyramid 

of which the baſe is the triangle AEG, and vertex II, is equal 

to the pyramid of which the baſe is the triangle HKL, and vertex 

D. therefore the two priſms before-mentioned are greater than the 

two pyramids of which the baſes are the triangles AEG, HKL, 

and vertices the points H, D. Therefore the whole pyramid of 

which the baſe is the triangle ABC, and vertex the point D, is 

divided into two equal pyramids fimilar to one another, and to the 

whole pyramid ; and into two equal priſms ; and the two priſms 

are together greater than half of the whole pyramid. Q. E. D. 


T HE ELEMENTS 


PROP. IV. THEOR. 


TF there be two pyramids of the ſame altitude, upon 

triangular baſes, and each of them be divided 1g 
two equal pyramids ſimilar to the whole pyramid, and 
alſo into two equal priſms ; and if each of theſe pyra- 
mis be divide l in the fame manner as the firſt two, 
and fo on. as the baſe of one of the firſt two pyramids 
is to the baſe of the other, ſo {hall all the priſins in one 
of them be to all the priſms in the other, that are pry. 
duced by the ſame number of diviſions. 


Let there be two pyramids of the ſame altitude upon the trian- 
gular baſes ABC, DEF, and having their vertices in the points G, 
I; and let each of them be divided into two equal pyramids ſi- 
milar to the whole, and into two equal priſms; and let each of 
the pyramids thus made be conceived to be divided in the like 
manner, and ſo on. as the baſe ABC is to the baſe DEF, ſo are 
all the priſms in the pyramid ABCG to all the priſms in the py- 
ramid DEFH made by the fame number of diviſious. 

Make the fame conſtruction as in the foregoing propoſition. and 
becauſe BY is equal to XC, and AL to LC, therefore XL is paral- 
Icl* to AB, and the triangle ABC ſimilar to the triangle LXC. for 


the ſame reaſon, the triangle DEF is ſimilar to RVF. and becauſe 


BC is double of CX, ind EP double of FV, therefore BC is to CX, 
as EF to FV. and upon BC, CX are deſcribed the ſimilar and ſimi- 
larly ſituated rectilineal figures ABC, LXC; and upon EF, FV, 
in like manner, are deicribed the ſimilar figures DEF, RVF. there- 
fore as the triangle ABC is to the triangle LXC, fo Þ is the triangle 
DEF to the triangle RVF, and, by permntation, as the triangle 
ABC to the triangle DEF, fo is the triangle LXC to the triangle 
RVF. and becauſe the planes ABC, OMN, as alio the planes 
DEF, 81 Ware parallel e, the perpendiculars drawn from the points 
G, H to the baſes ABC, DEF, which, by the Hypotheſis, are equal 
to one another, ſhall be cut each into two equal 4 parts by the 
planes OMN, STV, becauſe the ſtraight lines GC, HF are cut into 
two equal parts in the points N, Y by the ſame planes. therefore 
the priſms LXCOMN, RVESTY are of the ſame altitude; and 
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ere fore as the baſe LXC to the baſe RV; that is, as the triangle Book XII. 
I to the triangle DEF, fo © is the priſm haviag the triangle LX... 
{or its baſe, and OMN the triangle oppoſite to it, to the priſm of e. Cor. za. 
which the baſe is the triangle RVF, and the oppoſite triangle 8 1x. 
and becauſe the two priſms in the pyramid ABCG are equal to one 

another, and alſo the two priſms in the pyramid DEFH equal to 

en: another, as the priſm of which the baſe is the parallelogram 

k3YL and oppoſite fide MO, to the priſm having the triangle LXC 

for its baſe, and OMN the triangle oppoſite to it; ſo f is the priſm f. 7. s. 

of which the baſe is the parallelogram PEVR, and oppoſite fide 

TS, to the priſm of which the baſe is the triangle RVF, and oppo- 

ſuc triangle ST. therefore, componendo, as the priſms KBXLMO, 


LXCOWN together are unto the priſm LXCOMN ; fo are the 
priims PEVR'TS; RVESTY to the priſm RVFSTY. and, per- 
mutando, as the priſms KBXLMO, LXCOMN are to the priſms 
PEVRTS, RVESTY ; fo is the priſm LXCOMN to the pritm 
RVFOT V. but as the priſm LXCOMN to the priim RVFSTY, 
ſo is, as has been proved, the baſe ABC to the baſe DEF. therefore 
as the baſe ABC to the baſe DEF, fo are the two priſms in the 
pyramid ABCG to the two priſms in the pyramid DEFH. and like- 
wiſe if the pyramids now made, for example the two OMNG, 
STV be divided in the ſame manner; as the baſe OMN is to the 
baſe STY, ſo ſhall the two priſms in the pyramid OMNG be to 
the two priſms in the pyramid STYH. but the baſe OMN is to the 
baſe $STY, as the baſe ABC to the bale DEF; therefore as the baſe 
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See N. 
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b. 4. 12. 


c. 14. f. 


THE ELEMENTS 


Book X11; ABC to the baſe DEF, ſo are the two priſms in the pyramid Beg, 
EY to the two priſins in the pyramid DEFH; and fo are the two priſms 


in the pyramid OMNG to the two priſms in the pyramid STYH, 
and fo are all four to all four. and the ſame thing may be hewn 


of the priſms made by dividing the pyramids AK LO and DPRs, 


and of all made by the ſame number of diviſions. Q. E. D. 


PROP. v. THEO! R. 
YRAMIDS of the ſame altitude which have trian- 
gular baſes, are to one another as their baſes. 


Let the pyramids of which the triangles ABC, DEF are the 
bales, and of which the vertices are the points G, II, be of the 
tame altitude. as the baſe ABC to the baſe DEF, ſo is the PYra- 
mid ABCG to the pyramid DEFH. 

For, if it be not ſo, the baſe ABC mult be to the baſe DEE, 2: 
the pyramid. AECC to a ſolid either leis than the pyramid DEPH, 
or greater than it“. Furſt, ler it be to a ſolid leis than it, viz. to 
the ſolid O. and divide the pyramid DEFH into tv/5 equal pyra- 
mids, ſimilar to the wiole, and into two cqual priſms. therefore 
theſe two priſins are greater * than the half of the whole pyramid, 
and, again, let the pyramids made by this diviſion be in like man- 
ner divided, and fo on, until the pyramids which remain undivided 
in the pyramid DEF be, all of them together, Ic!s than the ex- 
ceſs of the pyramid DEFH above the ſolid Q. let theſe, for ex- 
ample, be the pyramids DPRS, ST YH. therefore the priſms, which 
make the reſt of the pyramid DEFH, are greater than the ſolid C. 
divide likewiſe the pyramid ABCG in the ſame manner, and into 
as meny parts, as the pyramid DEFH. therefore as the baſe ABC 
to the baſe DET, ſo d are the priſms in the pyramid ABCG to 
the priſms in the pyramid DEFH. but as the baſe ABC to the 
baſe DEF, ſo, by hypotheſis, is the pyramid ABCG to the ſolid 
Q; and therefore, as the pyramid ABCG to the ſolid Q, ſo are 
the priſms in the pyramid ABCG to the priſms in the pyramid 
DEFH. but the pyramid ABC is greater than the priſms con- 
tained in it; wherefore © alſo he ſolid Q is greater than the priſms 
in the pyramid DEFH. but it is alfo lefs, which is impoſſible. 


This may be explained the ſame way as at the note * in Propoſition 2. 10 
the like caſe. | 
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therefore the baſe ABC is not to the baſe DEF, as the pyramid Hook XII. 
ACG to any ſolid which is leis than the pyramid DEFIL in the CHyIy 


ſame manner it may be demonſtrated, that the baſe DEF is not to 
tue baſe ABC, as the pyramid DEFH to any ſolid which is leſs 
than the pyramid ABCG. Nor can the baſe ABC be to the baſe 
DEF, as the pyramid ABCG to any ſolid which is greater than 
the pyramid DEFH. for, if it be poſſible, let it be ſo to a greater, 
viz. the ſolid Z. and becauſe the baſe ABC is to the baſe DEF, as 
the pyramid ABCG to the ſolid Z; by iaverſion, as the baſe 
DEF to the baſe ABC, ſo is the ſolid Z to the pyramid ABCG. 
but as the ſolid Z is to the pyramid ABCG, ſo is the pyramid 


— 


e. 


DEFH to ſome ſolid +, which muſt be leſs 4 than the pyramid 
ABCG, becauſe the ſolid Z is greater than the pyramid DEFH. 
and therefore, as the baſe DEF to the baſe ABC, ſo is the pyra- 
mid DEFH to a ſolid leſs than the pyramid ABCG ; the contrary 
to Which has been proved. therefore the baſe APC is not to the 
bale DEF, as the pyramid ABCG to any ſolid which is greater 
than the pyramid DEFH. and it has been proved that neither is 
the baſe ABC to the baſe DEF, as the pyramid ABCG to any ſo- 
lid which is leſs than the pyramid DEFH. Therefore as the baſe 
AYC is to the baſe DEF, ſo is the pyramid ABCG to the pyra- 
mid DEFH. Wherefore pyramids, &c. Q. E. D. 


/ 
This may be explained the ſame way as the like at the mark 4 in Prop. 2. 


4. 14 . 


S. 5. 12. 


C. 43. 5. 


THE ELEMENTS 


PROP vl TFH 
pr RAMIDS of the ſame altitude which have polygons 


for their baſes, are to one another as their baſes. 


Let the prramids which have the e ABCDE, FGIHKL 


for their baſes, and their vertices in the points M, N, be of the 


ſame altitude. as rhe baſe ABCBE to the baſe FGHKL, lo is the 
pyramid ABCDEM to the pyramid FGHKLN. 

Divide the baſe ABCDBE into the triangles ABC, AC, ADE; 
and the baſe FGHEL into the triangles FGH, FHK, FKL. and 
upon the bales ABC, ACD, ADE let there be as many pyramids of 
which the commoa vertex is the point M. and upon the remaining 
baſes as many pyramids having their common vertex in the point 
N. therefore, ſince the triangle ABC is to the triangle FGH, as * 
the pyramid ABCM to the pyramid FGHN,; and the triangle AC 
to the triangle FGH, as the pyramid ACDM to the pyramid FGHN; 
and alſo the triangle ADE to the triangle FGH, as the pyramid 


ADEM to the pyramid FGIIN; as all the firſt antecedents to their 


common conſequent, ſo ® are all the other antecedents to their com- 
mon conſequent ; that is, as the baſe ABCDE to the baſe FGH, ſo 
is the pyramid ABCDEM to the pyramid FGHN. and for the 


ſame reaſon, as the baſe FCHKL to the baſe FG, ſo is the pyra- 
mil FGHKLN to the pyramid FGIIN. and, by inverſion, as toe 


baſe FGH to the baſe FGHKL, fo is the pyramid FGHN to the 


pyramid FGHKLN. theu becauſe as the baſe ABCDE to the baſe 
G, fo is the pyramid ABCDEM to the pyramid FCIIN; and as 
the baſe FG to the baſe FGHEL, fo is the pyramid FGHN to the 


pyramid FGHKLN; therefore, ex aequalie, as the baſe ABCDE to 
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FGHKLN. Therefore pyramids, &c. Q. E. D. 


PROP. VII. THE OR. 
WEEN priſm having a trizngular baſe may be 


divided into three pyramids taat have triangu- 
lar baſes, and are equal to one another. 


* 


Let there be a priſm of which the baſe is the tan Ze ABC, and 
+ DEF be the triangle oppoſite to its the priſa ABEC ME) may 
be divided into three equal pyramids having triangular bates. 

Join BD, EC, CD; and becaute ABED is a paraliciogram of 
which BD is the diameter, the triangle ABD 15 equal to the tri- 
angle EBD; therefore the Pyramid of which the baſe is the triangle 
ABD, and vertex the point C, is equal d to the priamid of which 
the baſe is the triangle EBD, and verter the point C. but this py- 
amid is the ſame with the pyramid the baſe of which is the triangle 
ERC, and vertex the point D; for they are contained by the fame 
planes. therefore the pyramid of which the baſe is the triangle 


ABD, and vertex the point C, is equal to the pyramid the baie of 


which is the triangl4 EBC, and vertex the po.nt D. again, becauſe 
FOBE is a parallelogram of which the dia- 

meter is CE, the triangle ECF is'equal * to F 

ihe triangle ECB; therefore the pyramid * 
of which the baſe is the triangle ECB, and 
rertex the point D, is equal to the prra- 

mid the baſe of which is the triangle ECF, | 
and vertex the point D. but the pyramid X 
of which the bat is the triangle ECB, and CO. 3 
rertex the point D has been proved equal | 
to the pyrainid of which the baſe is the trian zle ABD, and vertes 
the point C. Therefore the priſm ABCDEF is vided i into three 


nt 
ws #, # 
£4 


7 5 pyrami aq having triangular bates, viz, into the ryramigs 


ABDC, EBDC, ECFD. and becauſe the ben 2 which the 
dale is the triangle ABD, and vertex the point C, is the ſime with 
the prramia of which the bale is the trian ole ABC, ny vertcx the 
point D, for they are contained by the ſame plants; and that the 
pyramid of which the baſe is the triangle ABD, and vertex the 


point C, has been demonſtrated to be a third part of the pfitin het 
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the baſe FG HKL, fo the pyramid ABC DEM to che pyramid Book XII. 
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Book X11. baſe of which is the triangle ABC, and to which DEF is the op. 
Sa poſe triangle; therefore the pyramid of which the baſe is the tri 
angle ABC, and vertex the point D, is the third part of the priſm 
which has the ſame baſe, viz. the triangle ABC, and DEF is the 
oppoſite triangle. Q. E. D. 
Con. From this it is manifeſt, that every pyramid is the third 
part of a priſm which has the ſame baſe, and. is of an equal aldi. 
tude with it; for if the baſe of the priſin be any other figure than a 
triangle, it may be divided into priſms having triangular baſes, 
Cox. 2. Priſms of equal altitudes are to one another as their 
baſes z becauſe the pyramids upon the ſame bales, and of the ſame 
c. 6. 12. altitude, arc © to one another as their baſes. + 


5 PRO. VIL T HTL ON 


IMILAR pyramids having triangular baſes, are 
one to another in the triplicate ratio of that of 
their homologous fidcs. 


Let the pyramids having the triangles ABC, DEF for their baſes, 
and the points G, II for their vertices, be ſimilar and ſimilarly ſitu- 
ated. the pyramid ABCG has to the pyramid DEFH, the triplicate 
ratio of that which the fide BC has to the homologous fide EF. 

Complete the parallelograms ABCM, GBCN, ABGK, and tke 
ſolid parallelepiped BGML contained by theſe planes and thoſe op- 


_ X O 
8 
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A= PN 
B 3 F 


poſite to them. and in like manner complete the ſolid parallelepi- 

ped EHPO contained by the three parallelograms DEFP, HEFR, 

x. 11. Def. DEH X, and thoſe oppoſite to them. and becauſe the pyramid 
11. ABCG is ſimilar to the pyramid DEFH, the angle ABC is equal 
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to the angle DEF, and the angle GBC to the angle HEF, and ABG Book XII. 


to DEH. and AB is b to BC, as DE to EF; that is, the ſides about 
the equal angles are proportionals z wherefore the parallelogram 
BM is ſimilar to EP. for the ſame reaſon, the parallelogram BN is 
fmilar to ER, and BK to EX. therefore the three parallelograms 
BM, BN, BK are ſimilar to the three EP, ER, EX. but the three 
BM, BN, BK are equal and ſimilar © to the three which are op- 
poſite to them, and the three EP, ER, EX equal and ſimilar to the 
three oppoſite to them. wherefore the ſolids BGMI,, EHPO are 
contained by the ſame number of ſimilar planes; and their ſolid 
angles are equal 4; and therefore the ſolid BGM is fimilar * to 
the ſolid EHPO. but ſimilar ſolid parallelepipeds have the triplicate 
* ratio of that which their homologous ſides have. therefore the 
foid BGM has to the folid EHPO the triplicate ratio of that 
which the fide BC has to the homologous ſide EF. but as the ſolid 
ML is to the folid EHPO, ſo is f the pyramid ABCG to the 
pyramid DEFH ; becauſe the pyramids are the ſixth part of the 


ſolids, ſince the priſm, which is the half s of the ſolid parallelepiped, 


is triple hof the pyramid. Whercfore likewiſe the pyramid AZCG 
nas to the pyramid DEFH, the triplicate ratio of that which BC 
has to the homologous fide EF. Q. E. D. 

Cor. From this it is evident, that ſimilar pyramids which have 
multangular baſes, are likewiſe to one another in the triplicate ra- 
tio of their homologous ſides. for, they may be divided into firxilar 
pyramids having triangular baſes, becauſe the ſimilar polygons 
which are their baſes may be divided into the ſame number of 
ſimilar triangles homologous to the whole polygons ; therefore as 
one of the triangular pyramids in the firſt multangular pyramid is 
to one of the triangular pyramids in the other, fo are all the ti. 
angular pyramids in the firſt to all the triangular pyramids in the 
other; that is, ſo is the firſt multangular pyramid to the cther. 
but one triangular pyramid is to its ſimilar triangular pyramid, in 
the triplicate ratio of their homologous ſides ; and therefore the 
firſt multangular pyramid has to the other, the triplicate ratio cf 
that which one of the ſides of the firſt has to the homotoc0vs 
ide of the other. 
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N. An. . 


b. 34. 11. 


. 15. 5. 


T HE ELEMENTS 


NOT. U THEOR 


of 3 IE baſcs and altitudes of equal pyramids having 
triangular baſes are reciprocally proportional. and 

triangular pyramids of which the baſes and altitudes are 

reciprocally proportional, are cqual to one another. 


Let the pyramids of which the triangles ABC, DEF are the 
baſes, and which have their vertices in the points G, II be equal 
to one another. the baſes and altitudes of the pyramids ABCG, 
DEFH are reciprocally proportional, viz. the baſe ABC is to the 
baſe DEF, as the altitude of the pyramid DEFH to the altitude of 
the pyramid ABCG. 

Complete the parallelograms AC, AG, GC, DF, DH, HF; and 
che ſolid parallelepipeds BGML, EHPO contained by theſe planes 


0 R 


A B 1 


aad thoſe oppoſite to them. and becauſe the pyramid A BCG is 
equal to the pyramid DEFH, and that the ſolid BGML is ſextuple 
of the pyramid ABCG, and the ſolid EHPO ſextuple of the py- 
ramid DEFH ; therefore the ſolid BGM is equal * to the ſolid 
FHPO. but the baſes and altitudes of equal ſolid parallelepipeds are 
reciprocally proportional b; therefore as the baſe BM to the baſe 
FP, fo is the altitude of the ſolid EHPO to the altitude of the ſolid 
BGML. but as the baſe BN to the baſe EP, fo is © the triangle 
ABC to the triangle DEF ; therefore as the triangle ABC to the 


triangle DEF, fo is the altitude of the ſolid EHPO to the altitude 


of the ſolid BGML. but the altitude of the ſolid EHPO is the 
ame with the altitude of the pyramid DEFLH; and the altitude of 
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the folid BGML is the ſame with the altitude of the pyramid Book XII. 
ABCG. therefore, as the baſe ABC to the baſe DEF, fo is the alti- . 
tude of the pyramid DEFH to the altitude of the pyramid ABCG. 
wherefore the baſes and altitudes of the pyramids ABCG, DEFH 
are reciprocally proportional. - 

Again, Let the bales and altitudes of the pyramids ABCG, 

DEFII be reciprocally proportional, viz. the baſe ABC to the 
baſe DEF, as the altitude of the pyramid DEEII to the altitude 
of the pyramid ABCG. the Pyr amid AB CG is-equal to the py- 
; tamid DEFH. 
The ſame conſtruction being made, becauſe as the baſe ABC to 
the baſe DEF, ſo is the altitude of the pyramid DEFH to the al- 
tiiade of the pyramid ABCG ; and as the baſe ABC to the baſe 
DEF, fo is the parallelogram BM to the parallelogram EP; there- 
fore the parallelogram BM is to EP, as the altitude of the pyra- 
mid DEF to the altitude of the pyramid ABCG. but the altitude 
of the pyramid DEFII is the fame with the altitude of the ſolid 
parallelepiped EHPO; and the altitude of the pyramid ABCG is 
the ſame with the altitude of the ſolid parall:lepiped BGML. ae, 
therefore, the baſe BM to the bale EP, to is the altitude of the ſo- 
lid parallelepiped EHPO to the altitude of the ſolid parallelepiped 
BGML. but folid parallelepipeds having their baſes and altitudes 
reciprocally proportional, are equal b to one another. therefore the b. 34. 11. 
ſolid parallelepiped BGML is equal to the ſolid parallelepiped | 
EHPO. and the pyramid ABCG is the ſixth part of the ſolid | 
BGML, and the pyramid DEFH the ſixth part of the ſolid | 
EHPO. therefore the pyramid AB CG is equal to the pyramid 
DEFH. Therefore the baſes, &c. Q. E. D. 


3 2 moe fo 


NOF. . THEOR 


Baer RY cone is the third part of a cylinder which | 
has the ſame baſe, and is of an equal altitude 
with it, 


Let a cone have the ſame baſe with a cylinder, viz. the circle 
ABCD, and the ſame altitude. the cone is the third part of the 
cylinder; that is, the cylinder is triple of the cone. 

If the cylinder be not triple of the cone, it muſt either be greater 
than the triple, or leſs than it. Firſt, Let it be greater than the 
triple; and deſcribe the ſquare ABCD in the circle; this ſquare is 

R 3 
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greater than the half of the circle ABCD+. upon the ſquare ABCH 


cercct a priim of the ſame altitude with the cylinder; this priſm is 


K. 32. 11. 


grcater than half of the cylinder; becauſe if a ſquare be deſcribed 
about the circle, and a prim crected upon the ſquare, of the ſame 
altitude with the cylinder, the inſcribed ſquare is half of that cir. 
cumicribed ; and upon thete ſquare baſes are erected ſolid parallele. 
pipeds, viz. the priſms, of the ſame altitude ; therefore the priſm 
upon the ſquare ABCD is the half of the priſm upon the ſquare de- 
cr bed about the circle; be cauſe they are to one another as their 
bates d. and the cylinder is leſs than the priſm upon the ſquare de. 
ſcribed about the circle ABCD. therefore the priſm upon the ſquare 
ABCD of the ſame altitude with the cylinder, is greater than half 
of the cylinder. Liſect the circumferences AB, BC, CD, DA in the 
points E, F, G, H; and join AE, EB, BF, FC, CG, GD, DH, HA. 
then, each of the triangles AEB, BFC, CGD, DHA is greater than 
rhe half of the jegment of the circle in A 


Which it ſtands, as was ſhewn in Prop. 


2. of this Book. Erect priſms upon each N H 
of theſe triangles of the ſame altitude 

with the cylinder; each of theſe r 5 
is greater than half of the ſegment of 

the cylinder in which it is; becauſe if / 
thro” the points E, F, G, H parallels be F Cr 
drawn to AB, BC, CD, DA, and pa- | 
rallelograms be completed upon the fame C 

AB, BC, CD, DA, and ſolid parallclepipeds be erected upon the 


* parallelograms ; the priſms upon the triangles AEB, BFC, CGD, 


b. 2. Cor. 


e. Lemma. 


DIA are the halves of the folid parallelepipeds b. and the ſeg- 
ments of the cylinder which are upon the ſegments of the circle 
cut of by AB, BC, CD, DA, are leſs than the ſolid parallelepipeds 
which contain them. therefore the priſms upon the triangles AEB, 
EFC, CGD, DHA, are greater than half of the ſegments of the 
cylinder in which they are. therefore if each of the circumferences 
be divided into two <qual parts, and ſtraight lines be drawn from 
the points of diviſion to the extremitics of the circumferences, and 
upon the triangles thus made priſms be erected of the ſame alti- 
tude with the cylinder, and fo on, there mult at length remain ſome 
ſegments of the cylinder which together are leſs © than the exceſs of 
the cylinder above th- triple of the cone. let them be thoſe upon the 


ſegments of the circle AE, EB, BY, FC, CG, GD, DH, HA. there- 


+ As was ſhewn in Prop. a. of this Book. 
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fore the reſt of the cylinder, that is the priſm of which the baſe is Book XII. 
the polygon AEBFCGDH, and of which the altitude is the ſame DW, 


with that of the cylinder, is greater than the triple of the cone. but 


this priſm is triple dof the pyramid upon the ſame baſe, of which a. «. Cor. 


the vertex is the ſame with the vertex of the cone ; therefore the 
pyramid upon the baſe AEBFCGDH, having the ſame vertex wich? 
the cone, is greater than the cone, of which the baſc is the circle 
ABCD. but it is alſo leſs, for the pygamid is contained within the 
cone; which is impoſſible. Nor can the cylinder be leſs than the 
triple of the cone. let it be leſs if poſſible. therefore, inverſcly, the 
cone is greater than the third part of the cylinder. In the circle 
ABCD deſcribe a ſquare, this ſquare is greater than the half of the 
circle. and upon the ſquare ABCD erect a pyramid having the ſame 
vertex with the cone; this pyramid is greater than the half of the 
cone; becauſe, as was before demonſtrated, if a {quare be deſcribed 
about the circle, the ſquare ABCD is 

the half of it; and if upon theſe ſquares H 
there be erected ſolid parallele pipeds of Pai Ba, 


a 
the ſame altitude with the cone, which / | 


are alſo priſms, the priſm upon the 
{1uare ABCD ſhall be the half of that E 
which is upon the ſquare defcribed a- 


bout the circle; for they are to one a- / 
nother as their baſes * ;, as are alſo the [= BS 

third parts of them. therefore the pyra- F 

mid the baſe of which is the ſquare ABCD is half of the pyramid 
upon the ſquare deſcribed about the circle. but this laſt pyramid 
is greater than the cone which it contains; therefore the pyramid 
upon the ſquare ABCD having the ſame vertex with the cone, is 
greater than the half of the cone. Biſect the circumferences AB, 
BC, CD, DA in the points E, F, G, I, and join AE, EB, BF, 
FC, CG, GD, DH, HA. therefore each of the triangles AEB, 
BFC, CGD, DHA is greater than half of the ſegment of the 
circle in which it is. upon each of theſe triangles erect pyramids 
having the ſame vertex with the cone. therefore each of theſe py- 
ramids is greater than the half of the ſegment of the cone in which 
it is, as before was demonſtrated of the priſms and ſegments of the 


cylinder. and thus dividing each of the cicrumferences into two 


equal parts, and joining the points of divifion and their extremi- 
ties by ſtraight lines, and upon the triangles erecting pyramids have 
"4 


2 


7. ta. 


a. 33. 11. 
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Book XII. ing their vertices the ſame with that of the cone, and ſo on, there 


ine muſt ar length remain ſome ſegmcents of the cone which together f thi 
{hall ve leis than the exceſs of the cone above the third part of the ther 

cyiinder. let theſe be the ſegments upon AE, EB, BF, FC, CG, ram 

GD, DH, HA. therefore there of the and! 

cone, that is the pyramid, of which the H of tt 

| bale is the polygon AEBFCGDH, and ſa Fo into 

of which the vertex is the ſame with - | FP, 

that of the cone, is greater than the / e 


third part of the cylinder. but this py-E 
ramid is the third part of the priſm | 
upon the fame baſe AEBFCCDH, and [\ 6 
of the ſame altitude with the cylinder. E. | 
therefore this priſm is greater than the 55 
cylinder of which the bat is the circle ABCD. but it is alſo leß, 
for it is contained withia tte cylinder; which is impoſitble. this, 
fore the Cyiipcer is not leis than the triple cf the cone. and it has 
been demonſtrated that neither is it greater than the triple. there. 
tore the cylinder is triple of the cone, or, the cone is the third par; 
of the cylinder. Wherefore every conc, &c. Q. E. D. 


FROP. AE THEO-R. 


gee N. U ONES and cylinders of the ſame altitude, are to 
one another as their baſes. 


Let the cones and cylinders, of which the baſes are the circles 
ABCD, 2 POL, and the ages KL, MN, and AC, EG the diame- 
ters c their bajes, be of tr fame altitude. as the circle ABCD to 
the e EVCH, fo is the cone AL to the cone LN. 

It 't be not {o, let the cute AC be to the circle Pa as 
the de AL to home cid either leis than the cone EN, or greater 
than i'r. Firſt, ict it be to a folid leis riian EN, viz. to the folid X; 
and jet Z be the ſolid which is equal to the exceſs of the cone EN 
abov. the folid X; th crefore the cove EN is equal to the ſolids X, 
7 tether, in the circle EFCII deſcnibe the ſquare EF CH, there- 
fore this ſquare is greater than the half of the circle. upon the, 
ſquare EFGH ercCt a pyramid of the fame altitude with the cone; 
this pyramid is greater than half of the cone. for if a ſquare be de- 
ſcribed about the circle, and a pyramid be erected upon it, having the 
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ame vertex with the cone f, the pyramid inſcribed ia the cone is half Book XIl. 
of the pyramid circumſcribed about it, becauſe they are to one ano 
ther as their baſes*. but the cone is leſs than the circumſcribed py- a. 6. 12. 
amid; therefore the pyramidof which the baſe is the {quareEFGH, 
and its vertex the ſame with that of the cone, is greater than half 
the cone. divide the circumferences EF, FG, GH, HE, each 
into two equal parts in the points O, P, R, 8, and join EO, OF, 
Fp, PG, GR, RH, HS, SE. therefore each of the triangles EOF, 
G, GRH, HSE is greater than half of the ſegment of the circle 


ia which it is. upon each of theſe triangles erect a pyramid having 
the ſame vertex with the cone; each of theie pyramids is greater 
than the half of the ſegment of the cone in which it is. and thus 
dividing each of theſe circumferences into two equal parts, and from 
the points of diviſion drawing ftraight lines to the extremitics of the 
circamferences, and npon each of the triapgles thus made erecting 
pyramids having the ſame vertex with the cone, and fo on, there muſt 
at length remain ſome ſegments of the cone which are together lefs b b. Lemma, 
than the ſolid Z. let theſe be the ſegments upon EO, OF, FP, PG, 


Vertex is put in place of altitude which is in the Greek, becauſe the pyramid, 
in what follows, is ſuppoſed to be circumſcribed about the cone, and ſo mult have 
the ſame vertex. and the ſame change is made in ſome places following. 
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Book XII. GR, RH, HS, SE. therefore the remainder of the cone, Viz, the 
Wa pyramid of which the baſe is the polygon EOFPGRHS, and its 
vertex the ſame with that of the cone, is greater than the ſolid x. 
In the circle ABCD deſcribe the polygon ATBYCVDOQ {imilar to 
the polygon EOFPGRHS, and upon it erect a pyramid of the ſame 
altitude with the cone AL. and becauſe as the ſquare of AC is to 
e 1.12. the ſquare of EG,fo© is the polygon ATBYCVDQ to the polygon 
EOFPGRHS; and as the ſquare of AC to the ſquare of EG, { 
d. 2. 12, is 9 the circle ABCD to the circle EFGH ; therefore the circle 
e. 11. 3. ABC is to the circle EFGH, as the polygon ATBYCVDQ to 


F 


PAX}: AN | 
= 
I R 
ry 


A 


the polygon EOFPGRIIS. but as the circle ABCD to the circle 
EF CH, ſo is the cone AL to the ſolid X; and as the polygon 
2. 6.122 ATBYCVDQ to the polygon EOFPGRHS, fo is the pyramid of 
which the baſe is the firſt of thoſe pol;gons, and vert:x L, to the 
pyramid of which the baſe is the other polygon, and its vertex N. 
therefore as the cone AL to the ſolid X, ſo is the pyramid of which 
the baſe is the polygon A'TBYCV DQ and vertex Lto the pyramid 
the baſe of which is the polygon EQOFPGRHS, and vertex N. but 
the cone AL is greater than the pyramid contained in it; therefore 
f. 14.5. the ſolid Xis greater f than the pyramid in the cone EN. but it is 
leſs, as was ſhewn z which is abſurd. therefore the circle ABCD is 
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e not to the circle EFG H, as the cone AL to any ſolid which is leſs Book XII. 
D than the cone EN. In the ſame manner it may be demonſtrated C-yay 
, that the circle EFGH is not to the circle ABCD, as the cone EN 

ö to any ſolid leſs than the cone AL. Nor can the circle ABCD be 

to the circle EFG H, as the cone AL to any ſolid greater than the 

| cone EN. for, if it be poſſible, let it be ſo to the ſolid I which is 

eater than the cone EN. therefore, by inverſion, as the circle 

EFGH to the circle ABCD, ſo is the ſolid I to the cone AL. but 

as the ſolid I to the cone AL, ſo is the cone EN to ſome ſolid, 

which muſt be leſs f than the cone AL, becauſe the ſolid I is greater f. 145. 
than the cone EN. therefore as the circle EFGH is to the circle 
ABCD, fo is the cone EN to a ſolid leſs than the cone AL, which 
was ſhewn to be impoſſible. therefore the circle ABCD is not to 
the circle EFGH, as the cone AL is to any folid greater than the 
cone EN. and it has been demonſtrated that neither is the circle 
AEC D to the circle EFGH, as the cone AL to any ſolid leſs than 
the cone EN. therefore the circle ABCD is to the circle EFGH, 
as the cone AL to the cone EN. but as the cone is to the cone, ſo 
is the cylinder to the cylinder ; becayſe the cylinders are triple 
b of the cones, each of each, Therefore as the circle ABCD to 
the circle EFGH, ſo ace the cylinders upon them of the ſame alti- 
tude, Wheretore cones and cylinders of the fame altitude, are to 
one another as their baſes. Q. E. D. 


K 
h. 1c. 12, 


PROP. XII. THE OR. 


urs R cones and cylinders have to one another gee N. 


the triplicate ratio of that which the diameters of 
their baſes have. 


Let the cones and cylinders of which the baſes are the circles 
ABCD, EFGH, and the diameters of the baſes AC, EG, and KL, 
MN the axes of the cones or cylinders, be ſimilar. the cone of 
which the baſe is the circle ABCD, and vertex the point L, has 
to the cone of which the baſe is the circle EFGH, and vertex N, 
the triplicate ratio of that which AC has to EG. 

For if the cone ABCD“ has not to the cone EFGHN the tri- 
plicate ratio of that which AC has to EG, the cone ABCDL ſhall 
Kare the triplicate of that ratio to ſome ſolid which is leſs or greater 
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Book XII. than the cone EFGHN. Firſt, let ie have it to a leſs, viz. to the ſolid 
&. mate the ſame conſtruction as in the preceding Propoſition, and 
it may be demonſtrated the very ſame way as in that Propoſition, 
that the pyramid of which the baſe is the polygon EOF PGRHs, 
and vertex N is greater than the ſolid X. Deſcribe alſo in the 
circle ABCD the -polygon ATBYCVDQ ſimilar to the polygon 
FOFPGRHS, upon which erect a pyramid having the ſame vertex 
with the cone; and let LAQ be one of the triangles containing the 
pyramid upon the polygon ATBYCVDUQ:' the vertex of which i; 


I; and let NES be one of the triangles containing the pyramid upon 

the polygon EOFPGRHS of which the vertex is N; and join KQ , 

MS. becauſe then the cone ABCD is ſimilar to the cone EFGHN, 

a. 24. Def. AC is to EG, as the axis KL to the axis MN; and as AC to EG, 
11. ſo b is AK to EM; therefore as AK to EM, ſo is KL to MN; and, 
b. 15. 8. alternately, AK to KL, as EM to MN. and the right angles AKL, 
EMN are equal; therefore, the ſides about theſe equal angles being 

t. 6.6, Pproportionals, the triangle AK L is ſimilar © to the triangle EMN. 
again, becauſe AK is to KQ , as EM to MS, and that theſe ſides 


ſide EM; that is, which AC has to EG. but as one antecedent to 


ge about equal angles AK Q, EMS, becauſe theſe angles are, Book XII. 
each of them, the ſame part of four right angles at the centers ka, 
M; therefore the triangle AK Q is ſimilar © to the triangle EMS. c. 6. 6. 
a1d becauſe it has been ſhewn that as AK to KL, ſo is EM to MN, 
and that AK is equal to KQ , and EM to MS, as Q to KL, ſo is 
SM to MN; and therefore, the ſides abovt the right angles QKL, 
MN being propertionals, the triangle LK Q is ſimilar to the tri- 
angle NMS. and becauſe of the limilarity of the triangles AKL, | 
EMN, as LA is to AK, fois NE to EM; and by the Cmilarityof the | i 
triangles AK Q, EMS, as RA to AQ ,fo ME to ES; ex acqualid, d. 23. f. il 
LA is to AQ; as N E to ES. again, I of the ſimilarity of | 
the triangles LQK, NSM, as 10 to Q, ſo NS to SM; and from 

the ſimilarity of the triangles KAQ , MES, as KQ to QA, fo MS 

to SE; ex aequali d, LQ is to QA, as NS to SE. aad it was proved 

that QA is to AL, as SE to EN; therefore, again, ex aequali, as 

QL to LA, fo is SN to NE. wherefore the triangles LQA, NSE, 
baving the ſides about all their angles proportionals, are equianga- 

lar e and ſimilar to one another. and therefore the pyramid of which e. x. 6. 
the baſe is the triangle AK Q, and vertex L, is ſimilar to the pyra- 

mid the baſe of which is the triangle EMS, and vertex N, becauſe 

their ſolid angles are equal f to one another, and they are contained f. B. 21. 
by the ſame number of ſimilar planes. but ſimilar pyramids which 
hare triangular baſes have to one another the triplicate * ratio of that g. 8. 12. 
which their homologous ſides have; therefore the pyramid AKQL, 
has to the pyramid EMSN the triplicate ratio of that which AK has 
to EM. In the ſame manner, if ſtraight lines be drawn from the 
points D, V, C, Y, B, T to K, and from the points II, R, G, P, 
F, O to M, and pyramids be erected upon the triangles having the 
ſame vertices with the cones, it may be demonſtrat ted that each py- 
ramid in the firſt cone has to each in the other, taking them in the 
ſame order, the triplicate ratio of that which the fide AK has to the 


its conſequent, ſo are all the antecedents to ai! the conſequents h; h. ra. $. 
therefore as the pyramid AKO to the p yr mid ENMSN, ſo is the 
whole pyramid the baſe of which is the polygon DQATBYCV, and 
vertex IL, to the whole pyramid of which the baſe is the polygon 
HSEOFPGR, and vertex N. wherefore alſo the ficſt of theſe two 
laſt named pyramids has tothe other the triplicate ratio of that which = 
AC has to EG. but, by the TIypotheſis, the cone of which the baſe 
is the circle ABCD, and vertex L has to the ſolid X, the triplicate 
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Book XII. ratio of that which AC has to EG; therefore as the cone of which 
hoe baſe is the circle ABCD, and vertex L, is to the ſolid X, 0 


J. 14. 5. 


is the pyramid the baſe of which is the polygon D ATB YC 
and vertex L to the pyramid the baſe of which is the polygon 
HSEOFPGR and vertex N. but the ſaid cone is greater than the 
pyramid contained in it. therefore the ſolid X is greater i than the 
pyramid the baſe of which is the polygon HSEOFPGR, and vertex 
N. but it is alſo leſs; which is impoſſible. therefore the cone f 


which the baſe is the circle ABCD, and vertex L has not to * 


2 


X 
. 
lid which is leſs than the cone of which the baſe is the circle 
EF CH and vertex N, the triplicate ratio of that which AC has to 
EG. In the ſame manner it may be demonſtrated that neither has 
the cone EFG HN to any ſolid which is leſs than the cone ABC DL, 
the triplicate ratio of that which EG has to AC. Nor can the cone 
ABCD have to any ſolid which is greater than the cone EFGHN, 
the triplicate ratio of that which AC has to EG. for, if it be poſlible, 
let it have it to a greater, viz. to the ſolid Z. therefore, inverſely, the 
ſolid Z has to the cone ABCDL the triplicate ratio of that which 


EG has to AC. but as the ſolid Z is to the cone ABCDL, ſo is. 


OF EUCLID. x 27k 


the cone EFGHN to ſome ſolid, which muſt be leſs i than the cone Book x1. 
ABCDL, becauſe the ſolid Z is greater than the cone EFG HN. 
therefore the cone EFGHN has to a ſolid which is leſs than the cone i. 14. 5. 
ABCDL, the triplicate ratio of that which EG has to AC, which 
was demonſtrated to be impoſſible. therefore the cone ABCDL has 
not to any ſolid greater than the cone EFGHN, the triplicate ratio 
of that which AC has to EG; and it was demonſtrated that it could 
not have that ratio to any ſolid leſs than the cone EFGHN. there- 
fore the cone ABCD has to the cone EFGHN, the triplicate ratio 
of that which AC has to EG. but as the cone is to the cone, ſo k k. 15. 3. 
the cylinder to the cylinder, for every cone is the third part of the 
cylinder upon the ſame baſe, and of the fame altitude. therefore 
alſo the cylinder has to the cylinder, the triplicate ratio of that 
which AC has to EG. Wherefore ſimilar cones, &c. Q. L. D. 


* 


PROP. XIII. THE OX. 


I a cylinder be cut by a plane parallel to its oppoſite see N. 
planes, or baſes; it divides the cylinder into two 

cylinders, one of which is to the other as the axis of 

the firſt to the axis of the other. 


Let the cylinder AD be cut by the 
plane GH parallel to the oppoſite planes 
AB, CD, meeting the axis EFin the point 
R, and let the line GH be the common 
ſection of the plane GH and the ſurface 
of the cylinder AD. let AEFC be the 
parallelogram, in any poſition of it, by 
the revolution of which about the ſtraight 
line EF the cylinder AD is deſcribed ; 
and let GK be the common ſection of 
the plane GH, and the plane AEFC. 
and becauſe the parallel planes AB, GH 
xe cut by the plane AEK G, AE, KG, 
their common ſections with it, are paral- 
lel*; wherefore AK is a parallelogram, 
and GK equal to EA the ſtraight line 
irom the center of the circle AB. for 
the ſame reaſon, each of the ſtraight lines 


> 4 a. IG, 17. 
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drawn from the point K to the line GII may be proved to bo 


Wa equal to thole which are drawn from the center of the circle 


b. 15. Def. 1. 


6. TI. 13. 


AB to its circumference, and are therefore all equal to one and. 
ther. therefore the line GH is the circumference of a circle d g 
which the center is the point K. therefore the plane GH dixide: 
the cylinder AD into the cylinders Al, GD; for they are the fe 
which would be deſcribed by the revolution of the parallclogram; 
Ak, GF about the ſtraight lines EK, KF. and it is to be ſhew: 
that the cylinder AH is to the cylinder IIC, as the axis EK t 
the axis KF. 

Produce the axis EF both ways; and take any number gf 
ſtraight lines EN, NI, each equal to EK; and any number FN, 
XM, each equal to FK; and let planes 
parallel to AB, CD oa through the 0 
points L, N, X, M. therefore the com- 
mon ſections of theſe planes with the 
cylindcr produced are circles the centers R 
of which are the points L, N, X, M, 
as was proved of the plane GH and 
theſe planes cut off the cylinders PR, A 
RB, DT, TO. and becauſe the axes 
LN, NE, EK are all equal, therefore 
the cylinders PR, RB, BG are © to one 
another as their baſes. but their baſes 


” OR 
er 
are equal, and therefore the cylinders 


G 

PR, RBB G are equal. and becauſe 0 —— in 

the axes LN, NE, EK are equal to one T Fo Y 
v 


another, as alſo the cylinders PR, RB, 
3G, and that there are as many axes as 
cylinders z therefore whatever multiple 
the axis KL is of the axis KE, the fame multiple is the cylinder PG 
of the cylinder GB. for the fame reaſon, whatever multiple the ax 
MK is of the axis KF, the ſame multiple is the cylinder OG of the 
cylinder GD. aad if the axis KL be equal to the axis KM, the cy- 
inder PG is equal to the cylinder GQ; and if the axis KL be 
greater than the-axis KM, the cylinder PG is greater than the cy- 
linder GQ; and if lefs, leſs. ſince therefore an are four magni- 


Tudes, viz. the axes EK; KF, and the cylinders BG, GD, and the 


of the axis EK and cylinder BG there has been taken any equimul- 


tiples whatever, viz. the axis KL and cylinder PG; and of the axis 


>, SETTLED | Fre 
Kr and cylinder GD, any equimultiples whatever, viz. the axis Book XII. 
KM and cylinder GQ and it has been demonſtrated if the axis. 
KL be greater than the axis KM, the cyliader PG is greater than 

the cylinder GQ ; and if equal, equal; and if leſs, leſs. therefore 4 4. f. Def "of 


the axis EK is to the axis KF, as the cylinder BG to the cylinder 
GD. Wherefore if a cylinder, &c. Q. E. D. 


PROP. XIV. THEOR. 


E and cylinders upon equal baſes are to one 
another as their altitudes. 


Let the cylinders EB, FD be upon the equal baſes AB, CD. a: 
the cylinder EB to the cylinder FD, fo is the axis GH to the axis 

Produce the axis KL to the point N, and make LN equal to 
the axis GH, and let CM be a cylinder of which the baſe is CD, 
and axis LN. and becauſe the cylinders EB, CM have the ſame 8 
altitude, they are to one another as their baſes . but their baſes a. 11. 1. 1. 
ae equal, therefore alſo the cylin- 
ders EB, CM are equal. and be- 
cauſe the cylinder FM is cut by 
the plane CD parallel to its oppo- 
ſite planes, as the cylinder CM to 
the cylinder FD, ſo is d the axis 
IN to the axis KL. but the cy- 
linder CM is equal to the, cylin- 
der EB, and the axis LN to tle 
axis GH. therefore as the cylin- A 
der EB to the cylinder FD, ſo is 
the axis. GH to the axis KL. and as the cylinder EB to 2 cy- 
linder FD, ſo is © the cone ABG to the cone CDR, becauſe the e. 1s. e. | 
cylinders are triple 9 of the cones. therefore alſo the axis GH is d. 10. 7H 
to the axis KL, as the cone ABC to the cone CDK, and the 
eflinder EB to the cylinder FD. Wherefore cones, &c. Q. T. D. 
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YI PROP. XV. THE OR. oy 
| 0 

Se: N. 1 E baſes and altitadcs of equal cones and cylin- to th 

ders are reciprocally proportional; and if the fore 

bates and. altitudes be reciprocally proportional, the "5 t 

cones and cylinders are equal to one another. * 


Lot the circles ABCD, EFCI, the diameters of which are AC, 
EG, be the baſte, atid KL, MN the axes, as alſo the altitudes, 
ot equal cones and cylinders; and let ALC, ENG be the cones, 
and AX, EO the cylinders. the baſes and altitudes of the cylinders 
AN, EO are reciprocaily proportional; that is, as the baſe ABCD 
to the baſe EFGH, ſo is the altitude MN to the altitude KL. 
Either the altitude MN is equal to the altitude KL, or theſe al- 
tituces are not equal. Firſt, let them be equal; and the cylinders 
AX, EO being als equal, and cones and cylinders of the ſame alti- 
5. rr, 1:. tude being to one another as their baſes . therefore the baſe ABCD 


b. A. 3. is equal d to the baſe EFGH; and 25 tae baſe ABCD is to the baſe 
EFGIH, ſo is the al. 


fitude NN to the al- 
titude II.. but let the 
altitudes KL, MN be 
unequal, and BN the 
greater of the two, 

and from MN take 

_  MPequalto KL, and, 
thro” the point P, cut 
„the cylinder EO by 
the plane TTS paral- 
lel to the oppoſite 

planes of the circles EFGH, RO; thercſore the common ſection 
of the plane S and the cylinder EO is a circle, and conſe- e 
quently ES is a cyFEnder, the baie of which is the circle EFGH, 
and altitude MP. and becauſe the cylinder AX is equal to the cy- 
e. 7.5. linder EO, as AXis to the cylinder ES, ſo © is the cylinder EO to 
the ſame ES. but as the cylinder AX to the cylinder ES, ſo is 
the bale ABCD to the baſe EFGH; for the cylinders AX, ES are | 
of the ſame altitude; and as the cylinder EO to the cylinder ES, 
& 23. 12. 0 9.is the altitude MN to the altitude MP, becauſe the cylinder : 
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10 is cut by the plane TYS parallel to its oppoſite planes. there- Book X1t; 
fare as the baſe ABCD to the baſe EFGH, fo is the altitude MN; 
to the altitude MP. but MP is equal to the altitude KL; wherec- 
fore as the baſe ABCD to the baſe EFGH, fo is the altitude MN 
to the altitude KL; that is, the baſes and altitudes of the equal 
eylinders AX, EO are reciprocally proporticnal. 
Bu? let the baſes and altitudes of the cylinders AX, EO, be re- 
eiprocally proportional, viz. the baſe ABCD to the baſe EFGH, 
23 the altitude NIN to the altitude KL. the cylinder AX is equal 
to the cylinder EO. 
Firſt, let the baſe ABCD be equal to the baſe EFGH, then be- 
cauſe as the baſe ABCD is to the baſe EFGH, ſo is the altitude | 
MN to the altitude KL; MN is equal d to KL, and therefore the b. A. 
cylinder AX is equal, * to the cylinder EO. 4. 11.117 
But let the baſes ABCD, EFG H be unequal, and let ABCD be 
the greater; and becauſe as ABC is to the bafe EFG, fo is the 
altitude MN to the altitude KL, therefore MN is greater d than 
KL; then, the ſame conſtruction being made as before, becauſe as 
the baſe ABCD to the baſe EF GH, fo is the altitude MN to the 
altitude KI.; and becauſe the aiiitnde KL is equal to the altitude 
MP; therefore the baſe ABCD is * to the baſe EFG H, as the ey- 
linder AX to the cylinder ES; ant as the altitude MN to the al- 
tiude MP or KL, ſo is the cylinder EO to the cylinder ES. there- 
fore the cylinder AX is to the cylinder FS, as the cylinder EO is 
to the ſame ES. whence the cylinder AX is equal to the cylinder 
EO. and the fame reaſoning holds in cones. Q. E. D. 


PROP: XVI. PROB. 


15 O deſcribe | in the greater of two cir cles that h ave. 
the ſame center, a polygon of an even number of 
equal ſides, that ſhall not meet the lefler circle. 


Let ABCD, EFGH be two given circles having the ſame cen- 
ter K. it is required to inſcribe in the greater circle ABCD a ic 
15 gon of an even number of equal ſides, that ſhall not meet the 
elitr circle. 

Tro the center K draw the ſtraight line BD, and from the 
point G, where it meets the circumference of the leſſer cucle, draw 
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GA at right angles to BD, and produce it to C; therefore AC 
touches * the circle EFGH. then if the circumference B AD be 
biſecQed, and the half of it be again biſected, and ſo on, there 
muſt at length remain a circumference leſs d than AD. let this be 
LD; and from the point L draw 
LM perpendicular to BD, and pro- 
duce it to N; and join LD, DN. 
therefore LD is equal to DN, and 
becauſe LN is parallel to AC, and 
that AC touches the circle EFGH; 
therefore LN does not meet the 
circle EFGH. and much leſs ſhall 
the ſtraight lines LD, DN meet the 
circle EFGH. ſo that if ſtraight lines equal to LD be applied ir 
the circle ABCD from the point L around to N, there ſhall be 
deſcribed in the circle a polygon of an even number of equal ſides 
not meeting the leſſer circle. Which was to be done. 


LEMMA II. 


17 two trapeziums ABCD, EF GH be inſcribed in the 

circles the centers of which are the points K, L; 
and if the ſides AB, DC be parallel, as alſo EF, HG; 
and the other four ſides AD, BC, EH, FG be all equal 
to one another; but the ſide AB greater than EF, and 
DC greater than HG. the ſtraight line KA from the 


center of the circle in which the greater fides are, is 


greater than the ſtraight line LE drawn from the cen- 
ter to the circumfcrence of the other circle. 


If it be poſſible, let KA be not greater than LE; then KA muſt 
be either equal to it, or lefs. Firſt, let KA be equal to LE. there- 
fore becaule in two equal circles, AD, BC in the one are equal to 
EH, FG in the other, the circumferences AD, BC are equal * to 
the circumferences EH, FG; but becauſe the ſtraight lines AB, 
DC are reſpectively greater than EF, GH, the circumferences AB, 
DC are greater than EF, HG. therefore the whole circumference 
ABCD is greater than the whole EFG; but it is alſo equal to it, 
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which is impoſſible. therefore the ſtraight line KA is not equal to Book X14, 
LE. 
But let KA be leſs than LE, and make LM equal to KA, and 
from the center L, and diſtance LM deſcribe the circle MNOP, 
mecting the ſtraight lines LE, LF, LG, LH, in M, N, O, P; and 
join MN, NO, OP, PM which are reſpectively parallel d to, and b. 2. 9, 
leſs than EF, FG, GH, HE. then, becauſe EH is greater than 
MP, AD is greater than MP ; and the circles ABCD, MNOP are 


equal, therefore the circumference AD js greater than MP; for the 
fame reaſon, the circumference BC is greater than NO; and be- 
cauſe the ſtraight line AB is greater than EF which is greater 
than MN, much more is AB greater than MN. therefore the cir- 
cumference AB is greater than MN ; and for the ſame reaſon, the 
circumference DC is greater than PO. therefore the whole cir- 
cumference ABCD is greater than the whole MNOP ; but it is 
likewiſe equal to it, which is impoſſible. therefore KA is not leſs 
than LE; nor is it equal to it; the ſtraight line KA muſt there- 
fore be greater than LE. Q. E. D. 

Cor. And if there be an Iſoſceles triangle the ſides of which 
are equal to AD, BC, but its baſe leſs than AB the greater of 
the two ſides AB, DC; the ſtraight line KA may, in the ſame 

manner, be demonſtrated to be greater than the ſtraight line drawn 
rom the center to the circumference of the circle deſcribed aboug 
he triangle, | | 
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PROP. XVI. PROB. 
T O deſcribe in the greater of two ſpheres which 


have the ſame center, a ſolid polyhedron, the 
ſuperficies of which ſhall not meet the leſſer ſphere, 


Let there he two ſpheres about the ſame center A; it is required 
to deſcrihe in the greater a ſolid polyhedron the ſuperficies of which 
ſhall not meet the leſſer ſphere. 

Let the ſpheres be cut by a plane paſſing thro the center; the 
common ſeCtiqas of it with the {ſpheres ſhall be circles; becauſe the 
ſphere is deſcribed by the revolution of a ſemicircle about the dia- 
meter remaining unmoveable; ſo chat in whatever poſition the ſemi- 
circle be conceived, the cqmmon ſection of the plaue in which it is 
with tne ſuperſicies of the ſphere is the circumference of a circle; 
and this is a great circle of the ſphere, becauſe the diameter of the 
ſpagre which is likewiſe the diameter of the circle, is greater * than 
any ſtraight line in the circle or ſphere. let then the circle made by 
the ſection of the plane with the greater ſphere be BCE, and with 
the leſſer ſpherc be FCI; and draw the two diameters BD, CE at 
right angles to one another. and in BCD E the greater of the two 
circles deicribe d a polygon of an even number of equal ſides not 
mectu tae leſſer circle FGH; and let its fides, in BE the fourth 


part of the circle, be BK, KL, LM, ME; join KA and produce it 


to N; and from A draw AX at right angles to the plane of the circle 


BCDE mecting the ſuperſicies of the ſphere in the point X; and let 


pianes pats thro AX and each of the ſtraight lines BD, KN, which, 
from what has been {1:d, ſhall produce great circles on the ſuperfi- 
cies of the ſphere, and let BXD, 1ZXN be the {emicircles thus made 
upon the diameters BD, KN. therctore, becauſe XA is at right 
angles to the plane of the circle BCDE, cvery plane which paſſes 
thro' XA is at right © angles to the plane of the circle BCDE; 
wherclore the ſemicircles BXD, KXN are at right angles to that 


plane. and becauſe the ſemicircles BED, BXD, KNN, upon the e- 


qual diameters BD, KN are equal to one another, their fourth parts 
BE, BX, KX are equal to one another. therefore as many ſides of 
the polygon as are in the fourth part BE, ſo many there are in BX, 
KY equal to the fides BK, KL, LM, ME. let theſe polygons be 
de ſcribed, and their ſides be BO, OP, PR, RX; KS, ST, TY, 


. 4 


OF EUCLID. 179 


FX, and join OS, PT, RY ; and from the points O, 8 draw OV, Bock xli. W 
$Q perpendiculars to AB, AK. and becauſe the plane BOXD is at.. 
right angles to the plane BCDE, and in one of them BOXD, OV 

is drawn perpendicular to AB the common ſection of the planes, 

therefore OV is perpendicular 4 to the plane BCDE. for the ſame 4.4 Def. 25, 
reaſon SQ is perpendicular to the ſame plane, becauſe the plan: 

KSXN is at right angles to the plane BCEDE. Join VO, and be- 

cauſe in the equal ſemicircles BAD, KXN the circumferences EO, 


KS are equal, and OV, 80 are perpendicular to their diameters, 
therefore“ OV is equal to SQ , and BV equa} to KO. but the * 25. x, 
whole BA is equal to the whole KA, there fore the remainder V A is 

equal to the remainder QA. as therefore BV is to VA, ſo is KQ to 

QA, wherefore VQ is parallel to © to BK. and becauſe OV,SOQ are e. 2. 6, 
each of them at right angles to the plane of the circle BCDEF, OV is 

parallel f to SQ ; and it has been proved that it is allo equal to it; f. 6. xz, 
therefore QV, SO are equal and parallel 5. and becauſe QV is fe- f. 35.5, 
rallel to SO, and alſo to KB; OS is parallel b to Ei; nu there de h g yh 
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Book XII. BO, KS which join them are in the ſame plane in which theſe paral- 


NM lels are, and the quadrilateral figure KBOS is in one plane. and if 


©; 9. 11. 


WW 7H 


PB, TK be joined, and perpendiculars be drawn from the points P, 
IT to the ſtraight lines AB, AK, it may be demonſtrated that IP is 
parallel to KB in the very ſame way that SO was ſhewn to be paral. 
el to the ſame KB; wherefore k TP is parallel ro SO, and the qua- 
drilatcral figure SOPT is in one plane. for the fame reaſon the qua- 
drilateral TR is in one plane. and the figure I Rx is allo in one 


plane i, therefore, if from the points O, 8, P, T, R, Y there be 
drawn ſtraight lines to the point A, there ſhall be formed a ſolid 
polyhedron between the circumferences BX, KX compoſed of py- 


rims the baſes of which are the quadrilaterals KBOS, SOPT, - 


IPR, and the triangle YRX, and of which the common vertex is 
the point A. and if the ſame conſtruction be made upon each of the 
ſides KL, LM, ME, as has been done upon BK, and the like be 
done alſõ in the other three quadrants, and in the other hemiſphere; 
there ſnall be formed a ſolid polyhedron deſcribed in the ſphere, 
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þ compoſed of pyramids the baſes of which are the aforeſaid a Book XII. 
if literal figures, and the triangle YRX, and thole formed in the like . 


5 manner in the reſt of the ſphere, the common vertex of them all 
is being the point A. and the ſuperficies of this ſolid polyhedron does 
l. not meet the leſſer ſphere in which is the circle FGH. for from the 


Je point A draw k AZ perpendicular to the plane of the quadrilateral k. 11. 11. 
[= KBOS meeting it in Z, and join BZ, ZK. and becauſe AZ is per- 

c pendicular to the plane KBOS, it makes right angles with every 

ſtraight line meeting it in that plane; therefore AZ is perpendicular 

to BZ and ZK. and becauſe AB is equal to AK, and that the 
ſquares of AZ, ZB, are equal to the ſquare of AB; and the ſquares 

of AZ, ZK to the ſquare of AK “; therefore the ſquares of AZ, 41. 1. 
ZB are equal to the ſquares of AZ, ZK. take from theſe equals the 

ſquare of AZ, the remaining ſquare of BZ is equal to the remaining 

ſquare of ZK; and therefore the ſtraight line BZ is equal to ZK. 

in the like manner it may be demonſtrated that the ſtraight lines 

drawn from the point Z to the points O, S are equal to BZ, or ZK. 
therefore the circle deſcribed from the center Z, and diſtance ZB 

{hall paſs thro? the points K, O, 8, and KBOs ſhall be a quadrilateral 

figire in the circle. and becauſe KB is greater than QV, and QV 

equl to SO, therefore KB is greater than SO. but KB is equal to 

eack of the ſtraight lines BO, KS; wherefore each of the circumfe- 

renes cut off by KB, BO, ES is greater than that cut off by OS ; 

and theſe three circumferences together with a fourth equal to one 

of them, are greater than the ſame three together with that cut off 

by G; that is, than the whole circumference of the circle; there- 

fore he circumference ſubtended by KB is greater than the fourth 

part & the whole circumference of the circle K BO, and conſequent- 

ly the angle BZ K at the center is greater than a right angle. and 
becauſ: the angle BZ K is obtuſe, the ſquare of BK is greater! than |. 13. . 
the ſqrares of BZ, ZK; that is, greater than twice the ſquare of 

DZ. Join KV, and becauſe in the triangles KBV, OBV, KB, BV 

are equz] to OB, BV, and that they contain equal angles; the angle 

KVB is equal ” to the angle OVB. and OVB is a right angle; m. 4 x. 
therefore alſo KV is a right angle. and becauſeBDis leſs than twice | 
DV, the rectangle contained by DB, BV is leſs than twice the rec- 

tangle DVB; that is a, the ſquare of KB is leſs than twice the n. g. 6. 
ſquare of KV. but the ſquare of KB is greater than twice the 
ſquare of BZ; therefore the ſquare of KV is greater than the ſquare 

of BZ. and becauſe BA is equal to AK, and that the ſquares of 
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— of KV, VA to the ſquare of AK; therefore the ſquares of BZ, 


o. 2. Lem. 
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ZA are equal to the ſquares of KV, VA; and of theſe the Cavan 
of KV is greater than the ſquare of BZ, therefore the ſqutre g 
VA is leſs than the ſquare of Z A, and the ſtraight line AZ gieate 
than VA. much more then AZ is greater than AG, becauſe in tte 
preceding Propoſition it was ſhewn that KV falls without the :ircls 
FGH. and AZ is perpendicular to the plane KBOS, and is tiere. 
fore the ſhorteſt of all the ſtraight lines that can be drawn fron 
A the center of the ſphere to that plane. Therefore the ↄlune 
KBOS does not meet the lefler ſphere. 

And that the other planes between the quadrants BX, KI fil 
without the leſſer ſphere, is thus demonſtrated. fiom the point A 
draw Al perpendicular to the plane of the quadrilateral SOPT, and 
Join IO; and as was demonſtrated of the plane KBOS and the point 
Z, in the ſame way it may be ſhewn that the point I is the center of 
a circle deſcribed about SOPT, and that OS is greater than PI; 
and PT was ſhewn to be parallel to OS. therefore becauſe the two 


trapeziums KBOS, SOPT inſcribed in circles have their ſides BK, 


OS parallel, as alſo OS, PT; and their other ſides BO, KS, OP, 
S Tall equal to one another, and that EK is greater than OS, aid C8 
greater than PT, therefore the ſtraight line ZB is greater o than IO, 
Join AO which wi!l be equal to AB; and becauſe AIO, AB are 
right angles, the ſquares of Al, IO are equal to the ſquareof AO 
or of AB; that is, to the ſquares of AZ, ZB; and the ſquare of 
ZB is greater than the ſquare of IO, therefore the ſquare of AZ 
is leſs than the ſquare of Al; and the ſtraight line AZ leſs than 
the ſtraight line Al. and it was proved that AZ is greater thin AG; 
much more then is Al greater than AG. therefore the plane SOPT 
falls wholly without the leſſer ſphere. in the ſame manner it may 
be demonſtrated that the plane TPRY falls without che fame 
ſphere, as alſo the triangle YRX, viz. by the Cor. of 2d Lemma. 
and aſter the ſame way it may be demonſtrated that all the planes 
which contain the folid polyhedron fall without the leſſer ſphere. 
therefore in the greater of two ſpheres which have the ſame cen- 
ter, a ſolid polyhedron is deſcribed the ſuperficies of which does 
not meet the leſſer ſphere. Which was to be done. 

But the ſtraight line AZ may be demonſtrated to be greater than 
AG otherwiſe and in a ſhorter manner, without the help of Prop. 
1 6. as follows. From the point G draw GU at right angles to AG 


OF EUCLIB. 


1 leſs than the circumference which is ſubtended by a 
ſtraight line equal to GU inſcribed in the circle BODE. let this 
de the circumference KB. therefore the ſtraight line KB is leſs than 
GU. and becauſe the angle BZK is obtuſe, as was proved in the 
preceding, therefore BK is greater than BZ. but GU is greater 
than BK; much more then is GU greater than BZ, and the ſquare 
of GU than the ſquare of BZ. and AU is equal to AB; therefore 
the ſquare of AU, that is the ſquares of AG, GU are equal to the 
ſquare of AB, that is to the ſquares of AZ, ZB; but the ſquare 
of BZ is leſs than the ſquare of GU; therefore the ſquare of AZ 
js greater than the ſquare of AG, and the ſtraight Ine AZ conle- 
gueatly greater than the ſtraight line AG. 

Cox. And if in the leſſer ſphere there be deſcribed a ſolid poly- 
hedron by drawing ſtraight lines betwixt the points in which the 
ſtraight lines from the center of the ſphere drawn to all the angles of 
the ſolid polyhedron in the greater ſphere meet the ſuperficies of the 
leſſer 3 in the ſame order in which are joined the points in which the 
ſame lines from the center meet the ſuperficies of the greater iphere 
the folid polyhedron in the ſphere BCDE has to this other ſolid po- 
yhedron the triplicate ratio of that which the diameter of the ſphere 
BCDE has to the diameter of the other ſphere. for if theſe two ſo- 
lids be divided into the ſame number of pyramids, and in the fame 
order; the pyramids ſhall be ſimilar to one another, each to each. 

:cauſe they have the ſolid angles at their common vertex, the cen- 
uur of the ſphere, the ſame in each pyramid, and their other ſolid 
angles at the baſes equal to one another, each to each *, becauſe 
theyare contained by three plane angles equal each to each; and the 
pyramids are contained by the fans number of ſimilar planes; and 
are therefore ſimilar Þ to one another, each to each. but ſimilar py- 
ramids haye ta one another the triplicate © ratio of their homologous 
ſides. therefore the pyramid of which the baſe is the quadrilateral 
KBOS, and vertex A, has to the pyramid in the other ſphere of the 
fame order, the triplicate ratio of their homologous ſides; that is, 
of that ratio which AB from the center of the greater ſphere has 
to the ſtraight line from the ſame center to the ſuperficies of the 
leſſer ſphere. and in like manner each pyramid in the greater ſphere 
bas to each of the ſame order in the leſſer, the triplicate ratio of that 


which AB has to the ſemidiameter of the leſſer ſphere. and as one 
* * ay 
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half again biſected, and ſo on, there will at length be left a cir- . 
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Book XII. antecedent is to its conſequent, ſo are all the antecedents to all the 

[ conſequents. Wherefore the whole ſolid polyhedron in the greater 
ſphere has to the whole ſolid polyhedron in the other, the tripli 
cate ratio of that which AB the ſemidiameter of the firſt has to the 
ſemidiameter of the other ; that is, which the diameter BD of the 
greater has to the Ader of the other ſphere. 


PROP. XVIII. THE OR. 


QPHER ES have to one another the triplicate ratio 
of that which their diameters have. 


Let ABC, DEF be two ſpheres of which the diameters are 
BC, EF. the ſphere ABC has to the ſphere DEF the triplicate 
ratio of that which BC has to EF. 
For if it has not, the ſphere ABC ſhall have to a ſphere either 
leſs or greater than DEF, the triplicate ratio of that which BC has 
to EF. Firſt, let it have that ratio to a leſs, viz. to the ſphere 
GI; and let the ſphere DEF have the fame center with GHR; 
2.17.12. and in the greater ſphere DEF deſcribe * a ſolid polyhedron the 
tuperficies of which does nat meet the leſſer ſphere GHK; and in 


L 


the ſphere ABC deſcribe another ſimilar to that in the ſphere 

DEF. therefore the ſolid polyhedron in the ſphere ABC has to 

v. Cor. 17. the ſolid polyhedcon in the ſphere DEF, the triplicate ratio b of 
2. that which BC has to EF. but the ſphere ABC has to the ſphere 
x, the triplicate ratio of that which BC has to EF; therefore 

as the ſphere ABC to the ſphere GK, ſo is the ſolid polyhedron 

in the ſphere ABC to the ſolid polyhedron in the ſphere DEF. 

but the {; phers ABC is greater than the ſolid polyhedron in it; 


10 


ers ; 
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therefore © alſo the ſphere GH is greater than the ſolid polyhe- Book XII. 
gon in the ſphere DEF. but it is alſo leſs, becauſe it is contained 


within it, which is impoſlible. therefore the ſphere ABC has not to c. 14 8. 


any ſphere leſs than DEF, the triplicate ratio of that which BC has 
to EF. In the ſame manner it may be demonſtrated that the ſphere 
DEF has not to any ſphere leſs than ABC, the triplicate ratio of 
that which EF has to BC. Nor can the ſphere ABC have to any 
ſphere greater than DEF, the triplicate ratio of that which BC has 
to EF. for if it can, let it have that ratio to a greater ſphere LMN. 
therefore, by inverſion, the ſphere LMN has to the ſphere ABC, 
the triplicate ratio of that which the diameter EF has to the dia- 
meter BC. but as the ſphere LMN to ABC, ſo is the ſphere DEF 
to ſome ſphere, which muſt be leſs © than the ſphere ABC, becauſe 
the ſphere LMN is greater than the ſphere DEF. therefore the 
ſphere DEF has to a ſphere leſs than ABC the triplicate ratio of 
that which EF has to BC; which was ſhewn to be impoſlible. 
therefore the ſphere ABC has not to any ſphere greater than DEF 
the triplicate ratio of that which BC has to EF. and it was de- 
monſtrated that neither has it that ratio to any ſphere leſs than 
DEF. Therefore the ſphere ABC has to the ſphere DEF, the 
riplicate ratio of that which BC has to EF. Q. E. D. 


c. 14. 5. 
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DEFINITION I BOOK I. 


I is neceſſary to conſider a ſolid, that is a magnitude which haz 
length, breadth and thickneſs, in order to underſtand arigh# 
the Definitions of a point, line and ſuperficies; for theſe all 
iriſe from a ſolid, and exiſt in it. the boundary, or boundaricz 
which contain a ſolid are called ſiperficies, or the boundary which 
is common to two ſolids which are contiguous, or which divides one 
ſolid into two contiguous parts, is called a ſuperficies. thus if BCG 
de one of the boundaries which contain the folid ABCDEFGH, 
or which is the common boundary of this ſolid, and the ſolid 
BKLCENMG and is therefore in the one as well as the other ſolid, 
is called a ſuperficies, and has no thickneſs. for if it have any, this 
thickneſs muſt either be a par? of the | 

thickneſs of the ſolid AG, or of the H M. 
folid PM, or a part of the thicknefs 2 | 

of each of them. It cannot be a part E 

of the thickneſs of the ſolid BM, be- 
cauſe if this ſolid be removed from B | 

the ſolid AG, the ſuperficies BCG, Fl 901 
the boundary of the ſolid AG, re-. 
mains ſtill the ſame as it was. Nor A. B K 
can it be a part of the thickneſs of the ſolid AG, becauſe if this 
be removed from the ſolid BM, the ſuperficies BCGF, the bovs- 
dary of the ſolid BM, does nevertheleſs remain. therefcre the ſaper- 
ficies BCGF has no thickneſs ; but only length and breadth. 

The boundary of a ſuperficiès is called a line, or a line is the 
common boundary of two ſuperficies that are contiguous, or whicl 
divides one ſuperficies into two contiguous parts. thus if BC be one 
of the boundaries which contain the ſuperficies ABCD, or which 
is the common boundary of this ſuperficies and of the ſuperficies 
KBCL which is contiguous to it, this bouddary BC is called a line, 
and has no breadth. for if it have any, this muſt be part either of 
the breadth of the ſuperficies ABCD, or of the ſuperficies KPC? , 
or part of each of them. It is not part of the breadth of the {uper - 
ficies KBC1, for if this ſuperficies be removed from the ſuperficies 
_ ABCD, the line BC which is the boundary of the ſuperficies ACD 

N 


L 
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Book I. remains the fame as it was. nor can the breadth that BC is ſup. 
A poled to have be a part of the breadth of the ſuperficies ABC, 


becauſe if this be removed from the ſuperficies KBCL, the line 
BC which is the boundary of the ſuperficies KBCL does never. 
theleſs remain. therefore the line BC has no breadth. and becauſe 
the line BC is in a ſuperficies, and that a ſuperficies has no thick. 


neſs, as was ſhewn; therefore a line has neither breadth nor thick. 


nels, but only length. 

The boundary of a line is called a point, or a point is the com. 
mon boundary or extremity of two lines that are contiguous. thus 
if B be the extremity of the line AB, or the common extremity of 
the two lines AB, KB, this extremity is called a point, and has no 
length. for if it have any, this length muſt either be part of the 


length of the line AB, or of the line 
KB. It is not part of the length of H gl G Mu 


KB, for if the line KB be removed | N 

from AB, the point B which is the E 

extremity of the line AB remains the FE 

fame as it was. nor is it part of the D ;Þ 
length of the line AB; for if AB be 


removed from the line KB, the point | 
B which is the extremity of the line A. B K 


RB, does nevertheleſs remain. therefore the point B has no length. 
and becauſe a point is in a line, and a line has neither breadth nor 
thickneſs, thcrefore a point has no length, breadth nor thickneſs. 
And in this manner the Definitions of a point, line and ſuper- 
ficies are to be underſtood. 


DEF. VE. BL 
Inſtead of this Definition as it is in the Greek copies, a more 
diſtinct one is given from a property of a plane ſuperficies, which is 
manifeſtly ſuppoſed in the Elements, viz. that a ſtraight line drawn 
from any point in a plane to any other in it, is wholly in that plane. 


DEF. VII. B. 


It ſeems that he who made this Definition deſigned that it ſhould 


comprehend not only a plane angle contained by two ſtraight lines, 
but likewiſe the angle which ſome conceive to be made by a ſtraight 
line and a curve, or by two curve lines, which meet one another 


in a plane. but tho the meaning of the words i «das ; that is, 


NOTE 8. 


; a ſtraight line, or in the ſame direction, be plain, when two Book 
fraight lines are ſaid to be in a ſtraight line, it does not appear Coyad 


what ought to be underſtood by theſe words, when a ſtraight live 
and a curve, or two curve lines, are ſaid ro be in the ſame direc- 
ton; at leaſt it cannot be explained in this place; which makes 
it probable that this Definition, and that of the angle of a ſegment, 
and what is ſaid of the angle of a ſemicircle, and the angles of 
ſegments, in the 16. and 31. Propoſitions of Book 3. are the ad- 
ditions of ſome leſs fkilfnl Editor. on which account, eſpecially ſince 
they are quite uſeleſs, theſe Definitions are diſtinguiſhed from the 
reſt by inverted double commas. 
i e. EL | 

The words © which alſo divides the circle into two equal parts” 
are added at the end of this Definition in all the copies, but are 
now left out as not belonging to the Definition, being only a Co- 
rollary from it. Proclus demonſtrates it by conceiving one of the 
parts into which the diameter divides the circle, to be applied to 
the other, for it is plain they muft coincide, elſe the ſtraight lines 
from the center to the circumference would not be all equal. the 
ſame thing is eaſily deduced from the 31. Prop. of Book 3. and 
the 24. of the fame; from the firſt of which it follows that ſemi- 
circles are ſimilar ſegments of a circle.” and from the other, that 
they are equal ts one another. 


7 


D E F. XXXIII. B. I. 

This Definition has one condition more than is neceſſary; be- 
cauſe every quadrilateral figure which has its oppoſite ſides equal 
to one another, has likewiſe its oppoſite angles equal; and om 
the contrary. - P 2 
Let ABCD be a quadrilateral figure, of which the oppoſite ſides 
AB, CD are equal to one another; as gy _ 8 
a AD and BC. join BD; the two 
lides AD, DB are equal to the two 
CB, BD, and the baſe AB is equal to —— 
the baſe CD; therefore by Prop. 8. of B 5 | C 
Book 1. the angle ADB is equal to the angle CBD; and by Prop. 
4. B. 1. the angle BAD is equal to the angle DCB, and ABD 
7 and therefore alſo the angle ADC is equal to the angle 


3 


the angle ABC to ADC; the oppolite ſides are equal. Becauſe by 


Or 
And if the angle BAD be equal to the oppoſite angle BCD, and 


Prop. 3 2. B. 1. all the angles of the quadrilateral figure ABC) 
are together equal to four right angles, 
and the two angles BAD, ADC are to- 
gether equal to the two angles BCD, 
ABC. wherefore BAD, ADC are the | 
half of all the four angles; that is, BAD B C 
and ADC are equal to two right angles. and therefore AB, CH 
are parallels by Prop. 28. B. 1. in the ſame manner AD, BC are 
parallels. therefore ABCD is a parallelogram, and its oppoſite 
ſides arc cqual by 34. Prop. B. 1. 


r 


There are two caſes of this Propoſition, one of which is not in 
the Greek text, but is as neceſſary as the other. and that the caſe 
left out has been formerly in the text appears plainly from this, 
that the ſecond part of Prop. 5. which is neceſſary to the Demon- 
{tratioa of this caſe, can be of no uſe at all in the Elements, or 


any where elſe, but in this Demonſtration ; becauſe the ſecond part 


of Prop. 5. clearly follows from the firſt part, and Prop. 1 3. B. 1, 
this part malt therefore have been added to Prop. 5. upon account 
of ſome Propoſition betwixt the 5. and 13. but none of theſe ſtand 
in need of it, except the 7. Propoſition, on account of which it 
has been added. beſides the tranſlation from the Arabic has this 
caſe explicitely demonſtrated. and Proclus acknowledges that the 
fecond part of Prop. 5. was added upon account of Prop. 7. but 
gives a ridiculous reaſon for it, “ that it might afford an anſwer 
to objections made againſt the 7.” as if the caſe of the 7. which 
is left out, were, as he expreſsly makes it, an objection againſt the 
propoſition irſelf. Whoever is curious may read what Proclus 
ſays of this in his commentary on the 5. and 7. Propoſitions ; for 
it is not worth while to relate his trifles at full length. 

It was thought proper to change the enuntiation of this 7. Prop. 
ſo as to preſerve the very ſame mcaning; the literal tranſlation from: 
che Greek being extremely harſh, and difficult to be underſtood 
by beginners. 


. 
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PROP M KI 83 


A Corollary is added to this Propoſition, which is neceſſary 
to Prop. 1. B. 11. and otherwiſe. 


PROP. XX. and XXI. B. I. 


Proclus in his Commentary relates that the Epicureans derided 
this Propoſition, as being manifeſt even to aſſes, and needing no 
Demonſtration; and his anſwer is, that tho? the truth of it be ma- 
rifeſt to our ſenſes, yet it is ſcience which muſt give the reaſon 
why two ſides of a triangle are greater than the third. but the right 
anſwer to this objeCtion againſt this and the 21. and ſome other 
plain Propoſitions, is, that the number of Axioms ought not to be 
encreaſed without neceſſity, as it muſt be if theſe Propoſitions be 
not demonſtrated. Monſ. Clairault in the Preface to his Elements 
of Geometry publiſhed in French at Paris Ann. 1741. fays that 
Euclid has been at the pains to prove that the two ſides of a triangle 
which is included within another are together leſs than the two 
ſides of the triangle which includes it; but he has forgot to add 
this condition, viz. that the triangles wok be upon the ſame bale; 
becauſe unleſs this be added, the ſides of the included triangle 
may be greater than the ſides of the triangle which includes it, in 
any ratio which is leſs than that of two to one. as Pappus Alex- 
andrinus has. demonſtrated in Prop. 3. B. 3. of his Mathematical 
Collections. 


PROP. XXII. B. I. 


Some Authors blame Euclid becauſe he does not demonſtrate 
that the two circles made uſe of in the conſtruction of this Problem 
muſt cut one another. but this is very plain from the determination 
he has given, viz. that any two of the ſtraight lines DF, FG, GH 
mult be greater than the third. for 
who | is ſo dull, tho' only beginning 
to learn the Elements, as not to per- 
ceive that the circle deſcribed from 
the center F, at the diſtance FD, 
muſt meet FH betwixt F and H, H 
becauſe FD is leſs than FH ; and N F bs 1 
that, for the like reaſon, the circle deſcribed from the center G, at 
the diſtance GH or CM muſt meet DG betwixt D and G; and 

T3 


Fi. 


Book I. that theſe circles muſt meet one _— becauſe * and GH ae 


NOT E 8. 


: fiat together greater than FG ? and this elle 


determination is eaſier to be under- 
ſtood than that which Mr. Thomas 
Simpſon derives from it, and puts 
inſtead of Euclid's, in the 49. page 
of his Elements of Geometry, that he F 
may ſupply the omiſſion he . * 0 H 
Euclid for; which determination is, that any of the three ſtraight 
lines muſt be leſs than the ſum, but greater than the difference of 
the other two. from this he ſhews the circles muſt meet one ano. 
ther, in one caſe; and ſays that it may be proved after the ſame 
manner in any other caſe. but the ſtraight line GM which he bids 
take from GF may be greater than it, as in the figure here annexed, 
in which cale his Ong mult be Tg into another, 


PR OP. XXIV. B. I. 


To this is added © of the two ſides DE, DF, let DE be that 
* which is not greater than the other ;” that is, take that ſide of 
the two DE, DF which is not greater than the N in order to 
make with it the angle EDG equal to 5 
BAC. becauſe without this reſtriction, 
there might be three different caſes of 
the Propoſition, as N and others 
make. 

Mr. Thomas Simpſon | in p. 462 of 
the ſecond edition of his Elements of 
Geometry printed Ann. 1 7 60. obſerves 
in his Notes, that it ought to have been 
ſhewn that 'the point F falls below the 
line EG; this probably Euclid omitted, as it is very eaſy to perceive 
that DG being equal to DF, the point G is in the circumference of a 
circle deſcribed from the center D at the diſtance DF, and muſt be in 
that part of it which is above the ſtraight line EF, becauſe DG falls 
. DF, the 5 0 Nr * than the es EDF. 


it 


PROP. XXIX. * 


The Propoſition which is uſually called the 5. Poſtulate, or 11. 
Axiom, by ſome the 12. on which this 29. depends, has given 4 
great deal to do both to antient and modern Geometers. it ſeems 
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ae got to be properly placed among the Axioms, as, indeed, it is not Book 1. 


ſelf· evident; but it may be demonſtrated thus. YN 
DEFINITION I:. 
The diſtance of a point from a ſtraight line, is the perpendicular 
drawn to it from the point. | 
pl DEF. 2. 
be One ſtraight line is ſaid to go nearer to, or further from another 


of ſtraight line, when the diſtance of the points of the firſt from the 
other ſtraight line become leſs or greater than they were; and two 


a ſtraight lines are ſaid to keep the ſame diſtance from one another, 
15 when the diſtance of the points of one of them from the other is 
f always the ſame. | 
AXIONM. 
A ſtraight line cannot firſt come nearer to another ſtraight line, 
and then go further from it, before 
; it cuts it; and, in like manner, a A B C 


ſtraight line cannot go further from — —— | 
another ſtraight line, and then come D 8 
nearer to it; nor can a ſtraight line F & H 
keep the ſame diſtance from ano- 
ther ſtraight line, and then come nearer to ir, or go further from 
it; or a ſtraight line keep always the ſame direction. 

For example, the ſtraight line ABC cannot firſt come nearer to 


the ſtraight line DE, as from the point B See the f- 
A to the point B, and then, from the A. | — sure above, 
point B to the point C, go further D 3 — 


from the ſame DE. and, in like man- 1 
ner, the ſtraight line FG H cannot go 
further from DE, as from F to G, and then, from G to H, come 

nearer to the ſame DE. and fo in the laſt caſe as in fig. 2. | 


| ROE, 1. 

If two equal ſtraight lines AC, BD be each at right angles to 
the ſame ſtraight line AB; if the points C, D be joined by the 
ſtraight line CD, the ſtraight line EF drawn from any point E in AB 
unto CD, at right angles to AB, ſhall be equal to AC, or BD. 
| If EF be not equal to AC, one of them muſt be greater than the 
other; let AC be the greater; then becauſe FE is leſs than CA, the 
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Book I. ſtraight line CFD is nearer to the ſtraight line AB at the point F 
-' than at the point C, that is CF comes F 


8. 4. 1. 
b. 8. 1. 
e. 0. Def. 1. 


nearer to AB from the point C to F. 
but becauſe DB is greater than FE, the C — D 
ſtraight line CFD is further from AB 

at the point Dthan at F, that is FD goes F 
farther from AB from F to D. there- | 
fore tile ſtat ht Lne CFD firſt comes --' 
nearer to the Araight line AB, and feed E B 
goes further from | it, before it cuts it, which is impoſſible. and the 
ſame thing will ſollow, if FE be ſaid to be greater than CA, or DL. 
therefore FE is not une nal to AC, that is, it is equal to it. 


\A « 


I 


It two equal ſtraight lines AC, BD be each at right angles to . 


the fame ſtraight line AB; the ſtraight line CD which joius their 
extremities makes right angles with AC and BD. 

Joi, AD, BC; and becauſe in the triangles CAB, DBA, CA, 
AB are equal to DB, BA, and the angle CAB equal to the angle 
BA; the bafe BC is equal“ to the bate AD. and in the triangles 
ACD, BDC, AC, CD are equal to BD, DC, and the baſe AD is 
equal to the baſe BC, therefore the an- 


gle ACD is equal Þ to the angle BDC. 'C F | | 


trom any point E in AB draw EF unto ( 
Cb, at right angles to AB; therefore, 
by Prop. 1. Eb is equal to AC, or BD; 
v-herefore, as has been juſt now ſhewn, XK A .'T 
the angle ACF is equal to the —— Ly B 
FFC. in the ſame manner the angle BDF is equal to the angle 
EVI ; but the angles ACD, BDC are equal, therefore the angles 
EFC cad ED are equal, and right angles e; wherefore alſo the 
angles ACD, BDC are right angles. 
Cor. Hence, if two ſtraight lines AB, CD be at right angles 

to the ſame {tr aight line AC, and if betwixt them a ſtraight line 
11) be drawn at right angles to either of them, as to 'AB ;' then 
Þ1) is equal to AC, and BDC is a right angle. 

' It AC be not equal to BD, take BG equal to AC, and join CG. 
tlicrcfore, by this Propoſition, the angle ACG is a right angle; but 
AY is ulſo a right [IN WTR the angles W ACG : are 


0 


Wt? os — as | — — 


N O T E 8. 


297 


equal to one another, which is impoſſible. therefore BD is equal Book I. 


io AC; and by this Propoſition BDC is a right angle. 
P-R-O-P. 3. 


If two ſtraight lines which contain an angle be produced, there 
may be found in cither ot them a point from which the perpendicular 
drawn to the other ſhall be greater than any given ſtraight line. 

Let AB, AC be two ſtraight lines which make an angle with 
one another, and let AD be the given ſtraight-line; a point may 
be found either in AB or AC, as in AC, from which the perpen- 
dicular drawn to the other AB thall be greater than AD. 

In AC take any point E, and draw EF perpendicular to AB; 
produce AE to G ſo that EG be equal to AE; and produce FE to 
H, and make EH equal to FE, and join HG. becauſe, in the tri- 
angles AEF, GEH, AE, EF are equal to GE, EH, each to each, 
and contain equal * angles, the angle GHE is therefore equal b 
to the angle AFE which is a right angle. draw. GK perpendicular 
to AB; and becauſe 

the ſtraight lines FR, A. 1 K B M 
HG are at rignt an- 
gles to FH, and. KG Q 

at right angles to D 1 
TK; KG is equal to 

FH, by Cor. Pr. 2. 

that 1s to the double | 

of FE. in the ſame manner, if AG be produced to L ſo that GL 
be equal to AG, and LM be drawn perpendicular to AB, then LM 


is double of GK, and ſo on. In AD take AN equal to FE, and 


AQ equal to KG, that is to the double of FE, or AN; alſo take 


AP equal to LM, that is to the double of KG, or AQ; and let 
this be done till the ſtraight line taken be greater than AD. let 


this ſtraight line ſo taken be AP, and becauſe AP is equal to LM, 
therefore LM is greater than AD. Which was to be done. 


PROP. 4. 

If two ſtraight lines AB, CD make equal angles EAB, ECD 
with another ſtraight line EAC towards the ſame parts of it; AB 
and CD are at right angles to ſome ſtraight line. 

 Bifet AC in F, and draw FG perpendicular to AB; take CH in 
the ſtraight line CD equal to AG and on the contrary ſide of AC io 


2 


. 1 . 
D. 4 . 


— — 


298 


% 


N O T E 8. 


Book I. that on which AG is, and join FH. therefore, in the triangles AFG, 
c the ſides FA, AG are equal to FC, CH, each to each, a 


A. 15. 1, 
b. 4. 1. 


c. 13. 1. 


Ke 23. 1. 
7 


b. 13. Sk 


the angle FAG, that * is EAB is equal to 
the angle FCH; wherefore b the angle 
AGF is equal to CHF, and AFG to the 
angle CFH. to theſe laſt add the common GA 
angle AFH, therefore the two angles 
AFG, AFH are equal to the two angles F 
CFH, HFA which two laſt are equal to- 

ether to two right angles , therefore g* n 
uſo AFG, AFH are equal to two right C HI D 
angles, and conſequently! GF and FH are in one ſtraight line. and 
becauſe AGF is a right angle, CHF which is equal to it is alſo a 
right angle. therefore the ſtraight lincs AB, CD are at right angles 
to GH. 


PROP. B. 

If two ſtraight lines AB, CD be cut by a third ACE ſo as to 
make the interior angles BAC, ACD, on the ſame fide of it, toge- 
ther leſs than two right angles; AB and CD being produced ſhall 
meet one another towards the parts on which are the two angles 
which are leſs than two right angles. 

At the point C in the ſtraight line CE make * the angle ECF 
equal to the angle EAB, and draw to AB the ſtraight line CG at 
right angles to CF. then becauſe the angles ECF, EAB are equal 
to one another, and that the 
angles ECF, FCA are toge- 
ther equal b to two right an- 
gles, the angles EAB, FCA 
are equal to two right angles. 
but, by the hypotheſis, the 
angles EAB, ACD are toge- 
ther leſs than two right an- 
gles, therefore the angle FCA 
is greater than ACD, and CD 
falls between CF and AB. and becauſe CF and CD make an angle 
with one another, by Prop. 3. a point may be found in either of 
them CD from which the perpendicular drawn to CF ſhall be greater 
than the ſtraight line CG. let this point be H, and draw H K per- 
pendicular to CF mecting AB in L. and becauſe AB, CF contain 
equal angles with AC on the ſame ſide of it, by Prop. 4. AB and 


KS OT $ 


CF are at right angles to the ſtraight line MNO which biſects AC Bock 1. 
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in N and is perpendicular to CF. therefore, by Cor. Prop. 2. CG —— 


and KL which are at right angles to CF are equal to one another. 
and HK is greater than CG, and therefore is greater than KL, and 
conſ:quently the point H is in KL produced. Wherefore the 
ſtraight line CDH drawn betwixt the points C, H which are on 
contrary ſides of AL, muſt neceſſarily cut the ftraight line AB. 


FRO AAXV. BI. 


The Demonftration of this Propoſition is changed, becauſe if the 
method which is uſed in it was followed, there would be three 
caſes to be ſeparately demonſtrated, as is done in the tranſlation 
from the Arabic; for in the Elements no caſe of a Propoſition that 
requires a different demonſtration ought to be omitted. On this 
account we have choſen' the method which Monſ. Clairault has 
given, the firſt of any, as far as I know, in his Elements, page 21. 
and which afterwards Mr. Simpſon gives in his, page 3 2. but where- 
as Mr. Simpſon makes uſe of Prop. 26. B. r. from which the equa- 
lity of the two triangles does not immediately follow, becauſe to 
prove that, the 4. of B. 1, muſt likewiſe be made uſe of, as may 
be ſeen, in the very ſame caſe, in the 34. Prop. B. 1. it was 
8 better to make uſe ny of the 4 of B. 1. 


L 


PROP. . X. I 


The ſtraight line K M is proved to be parallel to FL from the 
33. Prop. whereas KH is parallel to FG by conſtruction, and 
KHM, FGL have been demonſtrated to be ſtraight lines. a Co- 
rollary is added from Commandine, as being often uſed. | 


PROP. XII. B. IL 


N this Propoſition only acute angled triangles are mentioned, 

whereas it holds true of every triangle. and the Demonſtrations 
of the caſes omitted, are added ; Commandine and Clavius have 
—_—_ given their Demonſtrations of theſe caſes. | | 


PROP. XIV. B. II. 


In the Demonſtration of this, ſome Greek Editor has ignorantly 
icferted the words, © but if not, one of the two BE, ED is the 


"x 
. - 


7. + i 


Book 11, 


E 


NO TE: 


Book II. © greater; let BE be the greater and produce it to F,“ as if it was of 
ay conſequence whether the greater or leſſer be produced. there. 


fore inſtead of theſe words, there ought to be read only, “ but if 
© not, produce BE to F.“ 


ROE. l N Uh 
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EVERAL Authors, eſpecially among the modern Mathemati. 
cians and Logicians, inveigh too ſeverely againſt indirect, or 
Apagogic Demonſtrations, and ſometimes ignorantly enough ; not 
being aware that there are ſome things that cannot be demonſtrated 
any other way. of this the preſent Propoſition is a very clear in- 
ſtance, as no direct demonſtration can be given of it. becauſe, be- 
ſides the Definition of a circle, there is no principle or property re- 
lating to a circle antecedent to this Problem, from which cither a 
direct or indirect Demonſtration can be deduced. wherefore it is 
nec:fary that the point found by the conſtruction of the Problem 
be proved to be the center of the circle, by the help of this Defi- 
nition, and ſome of the preceding propoſitions. and becauſe in the 
Demonſtration, this Propoſition muſt be brought in, viz, ſtraight 
lines from the center of a circle to the circumference are equal, and 
that the point found by the conſtruction cannot be aſſumed as the 
center, for this is the thing to be demonſtrated; it is manifeſt ſome 
other point muſt be aſſumed as the center; and if from this aſſump- 
tion an abſurdity follows, as Euclid demonſtrates there muſt; then 
it is not true that the point aſſumed is the center; and as any point 
whatever was aſſumed, it follows that no point, except that found 
by the conſtruction can be the center. from which the neceſſity of 
an indirect Demonſtration in this caſe is evident. 


PROF. MI. B. UL. 


As it is much eaſier to imagine that two circles may touch one 
another within in more points than one, upon the fame fide, than 
upon oppoſite ſides; the figure of that caſe ought not to haye been 
omitted; but the conſtruction in the Greek text would not have 
ſuited with this figure ſo well, becauſe the centers of the circles 
muſt have been placed near to the circumferences. on which ac- 
count another conſtruction and demonſtration is given which is the 
ſame with the ſecond part of that hig h Campanus has tranſlated 


fror 
div 


rr 
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from the Arabic, where without any reaſon the Demonſtration is Book 111. 
divided into two parts. \FYYo 


PR O P: W. J, III. 


The converſe of the ſecond part of this Propoſition is wanting, 
tho' in the preceding, the converſe is added, in a like caſe, both in 
the Enuntiation and Demonſtration; and it is now added in this, 
beſides in the Demonſtration of the firſt part of this 1 5th the dia- 
meter AD (fee Commandine's figure) is proved to be greater than 
the ſtraight line BC by means of another ſtraight line MN; whereas 
it may be better done without it. on which accounts we have given 
a different Demonſtration, like to that which Euclid gives in the 
preceding 14th, and to that which Theodoſius gives, in Prop. 6. 
B. 1. of his Spherics, in this very affair, 


PROF. NXVL B. I. 


In this we have not followed the Greek, nor the Latin tranſlation 
htcrally, but have given what is plainly the meaning of the Propo- 
ſition, without mentioning the angle of the ſemicircle, or that which 
ſome call the cornicular angle which they conceive to be made by the 
circumference and the ſtraight line which is at right angles to the 
diameter, at its extremity ; which angles hare furniſhed matter of 
great debate between ſome of the modern Geometers, and given 9c- 
caſion of deducing ſtrange conſequences from them, which are quite 
avoided by the manner in which we have expreſſed the Propoſition, 
and in like manner we have given the true meaning of Prop. 31.B.3. 
without mentioning the angles of the greater or leſſer ſegments, 
theſe paſſages Vieta with good reaſon ſuſpec is to be adulterated, in 
the 3 86. page of his Oper, Math, 


FROP. XX. B. IL 


The firſt words of the ſecond part of this Demonſtration, “ z- 
« xxx) du TAY” are wrong tranſlated by Mr. Briggs and Dr. 
Gregory © Rurſus inclinetur,” for the tranſlation ought to be © Rur- 
* ſus infleftatur” as Commandine has it. a ſtraight line is ſaid to 
be inflected either to a ſtraight, or curve line, when a ſtraight line is 
drawn to this line from a point, and from the point in which it 
meets it, a ſtraight line making an angle with the former is drawn 
to another point, as is evident from the 90. Prop. of &uclid's Data ; 
for thus the whole line betwixt the firſt and laſt points, is iuflected 
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Book III. or broken at the point of inflexion where the two ftraight line: 

meet. And in the like ſenſe two ftraight lines are ſaid to be in. 
flected from two points to a third point, when they make an angle 
at this point; as may be ſeen in the deſcription given by Pappus 
Alexandrinus of Apollonius Books de Locis planis, in the Preface 


to his 7. Book. we have made the expreſſion fuller from the go, 
Prop. of the Data. 


PROP. XXI. B. III. 


There are two caſes of this Propoſition, the ſecond of which, 
viz. when the angles are in a ſegment not greater than a ſemicircle, 
is wanting in the Greek. and of this a more ſimple Demonſtration 
is given than that which is in Commandine, as being derived only 
from the firſt caſe, without the help of triangles. 


PROP. XXIII. and XXIV. B. III. 


In Propoſition 2 4. it is demonſtrated that the ſegment AFB 
muſt coincide with the ſegment CFD (fee Commandine's figure) 
and that it cannot fall otherwiſe, as CGD, ſo as to cut the other 
circle in a third point G, from this, that if it did, a circle could 
cut another in more points than two. bat this ought to have been 
proved to be impoſſible in the 23. Prop. as well as that one of 
the ſegments cannot fall within the other. this part then is left 
out in the 24. and put in its proper place the 23d Propoſition. 


PROP. XV. B. III. 


This Propoſition is divided into three cafes, of which two have 
the ſame conſtruction and demonſtration; therefore it is now di- 
vided only into two caſes. 


PR OP. XXXIII. B. III. 


This alſo in the Greek is divided into three caſes, of which two, 
Viz. one, in which the given angle is acute, and the other in whick 
it is obtuſe, have exactly the fame conſtruction and demonſtration; 
on which account the demonſtration of the laſt*caſe is left out as 
quite ſuperfluous, and the addition of ſome unſkilful Editor; be- 
fides the demonſtration of the cafe when the angle given is a right 
angle, is done a round about way, and is therefore changed to à 
more ſimple one, as was done by Clavius. 


= 072. % 


PROP. XXV. B. III. 


As the 25. and 33. Propoſitions are divided into more caſes, 
fo this 3 5. is divided into fewer caſes than are neceſſary. Nor 
can it be ſuppoſed that Euclid omitted them becauſe they are eaſy; 
as he has given the caſe which by far is the eaſieſt of them all, viz. 
that in which both the ſtraight lines paſs thro' the center. and in 
the following Propoſition he ſeparately demonſtrates the caſe in 
which the ſtraight line paſſes thro' the center, and that in which 
it does not paſs thro' the center. ſo that it ſeems Theon, or ſome 
other, has thought them too long to inſert. but caſes that require 
different demonſtrations, ſhould not be left out in the Elements, as 
was before taken notice of. theſe caſes are in the tranſlation from 
the Arabic; and are now put into the Text. 


PROP. XXVII. B. III. 
At the end of this the words © in the ſame manner it may be 


« demonſtrated, if the center be in AC” are left out as the addition 
of ſome ignorant Editor. 


DEFINITIONS of BOOK IV. Book IV. 
er WAN 
HEN a point is in a ſtraight, or any other line, this point is 
by the Greek Geometers ſaid a{io3zy, to be upon, or in 
that line. and when a ſtraight line or circle meets a circle any way, 
the one is ſaid & to meet the other. but when a ſtraight line 
or circle meets a circle fo as not to cut it, it is ſaid ipam]to3oy, to 
touch the circle; and theſe two terms are never promiſcuouſly uſed 
by them. therefore in the 5. Definition of B. 4. the compound 
ipz7]nray muſt be read, inſtead of the ſimple #71174. and in the 
1, 2, 3. and 6. Definitions in Commandine's tranſlation © tangit” 
muſt be read inſtead of © contingit.” and in the 2. and 3. Definitions 
of Book 3. the ſame change muſt be made. but in the Greek text 


of Propoſitions 11, 12, 13, 18, 19. B. 3. the compound verb 
is to be put for the ſimple. 


PROP. IV. B. IV. 


In this, as alſo in the 8. and 13. Propoſitions of this Book, it 
is demonſtrated indirectly that the circle touches a ftraight line; 
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Book IV. whereas in the 17. 33. and 37. Propoſitions of Book 3. the ſam⸗ 
tg is directly demonſtrated.” and this way we have cholen to uſe 
in the Propoſitions of this Book, as it is ſhorter.” 


PROP. V. . IV. 
The Demonſtration of this has been ſpoiled by ſome anſkilfg! 


* I ſhall only add, that the Author had, perhaps, no other De- 
« ſign in making this Definition, than (that he might more fully 
© explain and embelliſh his ſubject) to give a general and ſummary t 
idea of ratio to beginners, by premiſing this Metaphyſical Defi- > 
c nition, to the more accurate Definitions of ratios that are the 
s ſame to one another, or one of which is greater, or leſs than the ! 
cr other. I call it a Metaphyſical, for it is not properly a Mathema- 
“ tical Definition, ſince nothing in Mathematics depends on it, or 
« is deduced, nor, as I judge, can be deduced from ir. and the 
Definition of Analogy, which follows, viz. Analogy is the-fizh 


hand. for he does not demonſtrate, as is neceſſary, that the tuo * 
ſtraight lines which biſect the ſides of the triangle at right angles, * 
muſt meet one another; and, without any reaſon, he divides the * 
Propoſition into three caſes, whereas one and the ſame conſtruction x 
and demonſtration ferves for them all, as Campanus has obſerved; ” 
| which uſeleſs repetitions are now left out. the Greek text alſo in : 
| the Corollary is manifeſtly vitiated, where mention is made of a - 
| given angle, tho' there neither is, nor can be any thing in the Pro. ” 
poſition relating to a given angle. 1 
« 
PROP. XV. and XVI. B. IV. 4s 
In the Corollary of the firſt of theſe, the words equilateral and l 
equiangular are wanting in the Greek. and in Prop. 16. inſtead of cl 
the circle ABCD ought to be read the circumference ABCD, f 
where mention is made of its containing fiftcen equal parts. by 
Book V. DEF. III. B. V. 5 
3 
ANY of the modern Mathe maticians reject this Definition. [ 
the very learned Dr. Barrow has explained it at large at the 
end of his third Lecture of the year 1666, in which alſo he anſwers 0 
the objections made againſt it as well as the ſubject would allow. 8 
and at the end gives his opinion upon the whole, as follows. 
i 
b 


N O T E 8. 


& lirude of ratios, is of the ſame kind, and can ſerve for no purpoſe Book v. 
& in Mathematics, but only to give beginners ſome general tho 


« croſs and confuſed notion of Analogy. but the whole of the doc- 
« trine of Ratios, and the whole of Mathematics depend upon the 
« accurate Mathematical Definitions which follow this. to theſe we 
« ought principally to attend, as the doctrine of Ratios is more 
« perfectly explained by them; this third, and others like it, may 
« be entirely ſpared without any loſs to Geometry. as we fee in 
« the 7. Book of the Elements, where the proportion of numbers 
to one another is defined, and treated of, yet without giving any 
« Definition of the ratio of numbers; tho? ſuch a Definition was 
« as neceſſary and uſeful to be given in that Book, as in this. but 
« indeed there is ſcarce any need of it in either of them. tho' I 
« think that a thing of ſo general and abſtracted a nature, and there- 
« by the more difficult to be conceived, and explained, cannot be 
more commodiouſly defined, than as the Author has done. upon 
« which account I thought fit to explain it at large, and defend 
« it againſt the captious objections of thoſe who attack it.” to this 
citation from Dr. Barrow I have nothing to add, except that I. 
fully believe the 3. and 8. Definitions are not Euclid's, but added 
by ſome unſkilful Editor. 


DEF. XI B. V. 


It was neceſſary to add the word © continual” before © pro- 
© portionals” in this Definition z and thus it is cited in the 33. 
Prop. of Book 11. 

After this Definition ought to have followed the Definition of 
Compound ratio, as this was the proper place for it; Duplicate 
aud Triplicate ratio being ſpecies of Compound ratio. But Theon 
has made it the g. Def. of B, 6. where he gives an abſurd and 
entirely uſeleſs Definition of Compound ratio. for this reaſon we 
have placed another Definition of it betwixt the 11. and 12. of 
this Book, which, no doubt, Euclid gave; for he cites it expreſsly 
in Prop. 23. B. 6. and which Clavius, Herigon and Barrow have 
likewiſe given, but they retain alſo Theon's, which they onght te 
have left out in the Elements. 


DEF. XIII. B. V. 


This and the reſt of the Definitions following, contain the ex» 
Pication of ſome terms which are uſed in the 5. and following 
LY] | 
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Book V. Books; which, except a few, are eaſily enough underſtood from 
ya the Propoſitions of this Book where they are firſt mentioned, they 


K 


ſeem to have been added by Theon or ſome other. However it 
be, they are explained ſomething more diſtinctly for the ſake of 
learners. 


PR ©OP.IV. . 


In the conſtruction, preceding the demonſtration of this, the 
words 2 ervyt, any whatever, are twice wanting in the Greck, as 
alſo in the Latin tranſlations; and are now added, as being wholly 
necellary. 

Ibid. in the demonſtration; in the Greek, and in the Latin tran. 
lation of Commandine, and in that of Mr. Henry Briggs, which 


vas publiſhed at London in 1620, together with the Greek text of 


the firſt ſix Books, which tranſlation in this place is followed by 


Dr. Gregory in his edition of Euclid, there is this ſentence follow. 


ing, viz. © and of A and C have been taken equimultiples K, L; 
„and of B and D, any equimultiples whatever (A £rvx:) M, N;“ 
which is not true. the words © any whatever” ought to be left out. 
and it is ſtrange that neither Mr Briggs, who did right to leave 
out theſe words in one place of Prop. 1 3. of this Book, nor Dr. 
Gregory who changed them into th: word © ſome” in three places, 
and left them out in a fourth of that ſame Prop. 1 3. did not alfo 
leave them out in this place of Prop. 4. and in the ſecond of the 
two places where they occur in Prop. 1 7. of this Book, in neither 
of which they can ſtand confiſtent with truth. and in none of all 
theſe places, even in thoſe which they corrected in their Latin tran- 
Nation, have they cancelled the words d (ru in the Greek text, 
as they ought to have done. 

The ſame words d i r&ðν are found in four places of Prop. 1 1. 
of this Book, in the firſt and laft of which, they are neceſſary, but 
in the ſecond and third, tho? they are true, they are quite ſuper- 
fluous; as they likewiſe are in the ſecond of the two places in 
which they are found in the 1 2. Prop. and in the like places of 
Prop. 22, 23. of this Book. but are wanting in the laſt place of 
Prop. 23. as alſo in Prop 25. B. 11. 


COR. PROP. IV. B. V. 


This Corollary has been unſkilfully annexed to this Propoſition, 
and has been made inſtead of the legitimate demonſtration which 


„ we wh. ey*. fs: of it 


6 


r 


without doubt Theon, or ſome other Editor has taken away, not Bock v. 
from this, but from its proper place in this Book. the Author of 2 


it deſigned to demonſtrate that if four magnitudes E, G, F, H be 
proportionals, they are alſo proportionals inverſely; that is, G is 
to E, as H to F; which is true, but the demonſtration of it does 
not in the leaſt depend upon this 4. Prop. or its demonſtration. 
for when he ſays © becauſe it is demonſtrated that if K be greater 
« than M, L is greater than N,” &c. this is indeed ſhewn in the 
demonſtration of the 4. Prop. but not from this that E, G, F, H 
are proportionals, for this laſt is the concluſion of the Propoſition. 
Wherefore thefe words © becanſe it is demonſtrated,” &c. are 
wholly foreign to his deſign. and he ſhould have proved that if K 
be greater than M, L is greater than N, from this, that E, G, F, 
H are proportionals, and from the 5. Def. of this Book, which he 
has not; but is done in Propoſition B, which we have given, in 
its proper place, inſtead of this Corollary. and another Corollary 
is placed after the 4. Prop. which is often of uſe, and is neceſſary 
to the Demonſtration of Prop. 18. of this Book. 


P R O A V. B. V. 5 
In the conſtruction which precedes the demonſtration of this 
Propoſition, it is required that EB may be the ſame multiple of 
CG, that AE is of CF; that is, that EB be divided into as many 
equal parts, as there are parts in AE equal to CF. from which it 
is evident that this conſtruction is not Euclid's. for he does not 
ſhew the way of dividing ſtraight lines, and far leſs other magni- 
tudes, into any number of equal parts, until the 9. Propoſition of 
B. 6. and he never requires any thing to be done in the conſtruction, 
of which he had not before given the method of doing. 
for this reaſon we have changed the conſtruction to 
one which without doubt is Euclid's, in which nothing |] 
is required but to add a maanitide to itſelf a certain E- 
number of times. and this is to be found in the tran- 
lation from the Arabic, tho' the enunciation of the 
Propoſition and the demonſtration are there very much 
ſpoiled. Jacobus Peletarius who was the firſt, as far B 
as I know, who took notice of this error, gives alſo 
the right conſtruction in his edition of Euclid, after he had given 
the other which he blames. he ſays he would not leave it out, be- 
cauſe it was fine, and might ſharpen one's genius to invent others 
VU 2 
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Book V. like it; whereas there is not the leaſt difference between the two 
Wa) demonſtrations, except a ſingle word in the conſtruction, which 


very probably has been owing to an unſkilful Librarian. Clavius 
likewiſe gives both the ways, but neither he nor Peletarius takes 
notice of the reaſon why one is preferable to the other. 


PROF. VL: B. V. 


There are two caſes of this Propoſition, of which only the firſt 
and ſimpleſt is demonſtrated in the Greek. and it is probable Theon 
thought it was ſufficient to give this one, ſince he was to make 
uſe of neither of them in his mutilated edition of the 5th Book; 
and he might as well have left ont the other, as alſo the 5. Pro- 
poſition for the fame reaſon. the demonſtration of the other caſe 
is now added, becauſe both of them, as alſo the 5. Propoſition, are 
neceſſary to the demonſtration of the 18. Prop. of this Book. the 
tranſlation from the Arabic gives both caſes briefly. 


FEUD A KA V- 


This Propoſition is frequently uſed by Geometers, and it is ne- 
ceſſary in the 25. Prop. of this Book, 3 1. of the 6. and 34. of the 
11. and 15. of the 12. Book. it ſeems to have been taken out of 
the Elements by Theon, becauſe it appeared evident enough to him, 
and others who ſubſtitute the confuſed and indiſtinct idea the vulgar 
have of proportionals, in place of that accurate idea which is to be 
got from the 5. Def. of this Book. Nor can there be any doubt 
that Eudoxus or Euclid gave it a place in the Elements, when we 
ſee the 7. and g. of the fame Book demonſtrated, tho! they are 
quite as ealy and evident as this. Alphonſus Borellus takes occaſion 
from this Propoſition to cenſure the 5. Definition of this Book very 
ſeverely, but moſt unjuſtly. in page 1 26. of his Euclid reſtored 
printed at Piſa in 165 8. he ſays, Nor can even this leaſt degree 
e of knowledge be obtained from the foreſaid property,” viz. that 
which is contained in 5. Def. 5.“ That if four magnitudes be 
* proportionals, the third muſt neceſſarily be greater than the 
fourth, when the firſt is greater than the ſecond ; as Clavius ac- 
* knowledges in the 16. Prop. of the 5. Book of the Elements.“ 


But tho' Clavins makes no ſuch acknowledgement expreſsly, he 


has given Borellus a handle to ſay this of him, becauſe when Cla- 
vius in the above-cited place cenſures Commandine, and that very 


juſtly, for demonſtrating this Propoſition by help of the 16. of the 


r 


g. yet he himſelf gives no demonſtration of it, but thinks it plain Bock v. 
from the nature of Proportionals, as he writes in the end of the 14. \w ya 


and 16. Prop. B. 5. of his edition, and is followed by Herigon in 
Schol 1. Prop. 14. B. 5. as if there was any nature of Propor- 
tionals antecedent to that which is to be derived and underſtood 
from the Definition of them. and indeed, tho” it is very eaſy to 
give a right demonſtration of it, no body, as far as I know, has 
given one, except the learned Dr. Barrow, who, in anſwer to Bo- 
rellus's objection, demonſtrates it indirectly, but very briefly and 
clearly from the 5. Definition, in the 3 2 2 page of his Left. Mathem. 
from which Definition it may alſo be eaſily demonſtrated directly. 
on which account we have placed it next to the Propoſitions con- 
cerning equimultiples. 


PROF. B. B. V. 


This alſo is eaſily deduced from the 5. Def. B. 5. and therefore is 
placed next to the other, for it was very ignorantly made a Corollary 
from the 4. Prop. of this Book. See the note on that Corollary. 


PROP. G R V. 


This is frequently made uſe of by Geometers, and is neceſſary 
to the 5. and 6. Propoſitions of the 10. Book. Clavius in his Notes 
ſubjoined to the 8. Def. of Book 5. demonſtrates it only in num- 
bers, by help of ſome of the Propoſitions of the 7. Book, in order 
to demonſtrate the property contained in the 5. Definition of the 5. 
Book, when applied to numbers, from the property of Proportionals 
contained in the 20. Def. of the 7. Book. and moſt of the Com- 
mentators judge it difficult to prove that four magnitudes which 
are proportionals according to the 20. Def. of 7. B. are alſo pro- 
portionals according to the 5. Def. of 5. Book. but this is eaſily 
made out, as follows. 

Firſt, If A, B, C, D be four mag- F | 
nitudes, ſuch that A is the ſame mul- B | 
tiple, or the ſame part of B, which D | H | 
Cis of D; A, B, C, D are propor- | 
tionals. this is demonſtrated in Pro- | 
poſition C, K I 14 

Secondly, If AB contain the ſame 1 i 
parts of CD that EF does of GH; A C LY G M 
in this caſe likewiſe AB is to CD, as EF to GH, | 

DV 3 
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Let CK be a part of CD, and GL the ſame part of GH; and let 


— AB be the ſame multiple of CK, that EF is of GL. therefore by 


Prop. C. of 5. Book, AB is to CK, as 
EF to GL. and CD, GH are equi- 
multiples of CK, GL the ſecond and 
fourth; wherefore by Cor. Prop. 4. 
B. 5. ABis to CD, as EF to GH. 
And if four magnitudes be pro- 
portionals according to the 5. Def. of | | 
B. 5. they are alſo proportionals, ac- 
. to the 20. Def. of B. 7. A C E GM 

Firft, If A be to B, as C to D; then if A be any multiple or 
part of B, C is 8 mu _— or ares of D, by 855 D. of 
D. 5. 

Next, If AB be to cb, as EF to GH; then if AB contains any 
parts of CD, EF contains the ſame parts of GH. for let CK be a 
part of CD, and GL the ſame part of GH, and let AB bea 
multiple of CK ; EF is the fame multiple of GL. Take M the 
ſame multiple of GL that AB is of CK; therefore by Prop. C. of 
B. 5. A; is to CK, as M to GL; and CD, GH are equimultiples 
of CK, GL; wherefore by Cor. Prop. 4. B. 5. AB is to CD, as 
M to GH. and, by the Hypotheſis, AB is to CD, as EF to GH; 


F: | 
HE. 


B 
D 


| therefore M is equal to EF by Prop. . B. 5. and conſequently * 


is the ſame e of GL that AB is of CK. 


PROP. v. B v. 


This is not a oſedin he a of other Pro- 
poſitions, and is neceſſary in that of Prop. 9. B. 6: it ſeems Theon 
has left it out for the reaſon mentioned i in the Notes at Prop. A. 


PROP. vm. B. v. 


In the demonſiration of this, as it is now in the Greek, there are 
two caſes, (ſee the demonſtration in Hervagius, or Dr. Gregory's 
edition) of which the firſt is that in which AE is leſs than EB; and 
in this, it neceſſarily follows that HO the multiple of EB is greater 
than ZH the ſame multi»le of AE, which laſt multiple, by the con- 
ſtruction, is greater than a; whence alſo HO muſt be greater than 
A. but in the ſecond caſe, vis. that in which EB is leſs than AE, tho' 
ZH be greater than &, yet HO may be leſs than the ſame 4; ſo that 


== F 
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NOTE S. 


this account, the Author of this demonſtration found it neceſſary 
to change one part of the conſtruction that was made uſe of in the 
firſt caſe. but he has, without any neceſſity, changed alſo another 
part of it, viz. when he orders to take N that multiple of A which 
is the firſt that is greater than 7, 

ZH; for he might have taken 45 | & 

that multiple of A which is the 1 ; | 
firſt that is greater than HO, or | 

K, as was done in the firſt caſe. H. ; A | A 
he likewiſe brings in this K into E H. 

the demonſtration of both caſes, | ' i: 

| 


without any reaſon, for it ſerves |. 

to no purpoſe but to lengthen 

the K There is alſo O B A O B A 
a third caſe, which is not mentioned in this demonſtration, viz. that 
in which AE in the firſt, or EB in the ſecond of the two other 
caſes, is greater than D; and in this any equimultiples, as the 
doubles, of AE, EB are to be taken, as is done in this Edition, 
where all the caſes are at once demonſtrated. and from this it is 
plain that Theon, or ſome other unſkilful Editor has vitiated this 
Propoſition. 


= 


4 


PROP. IX. B. V. 


Of this there is given a more explicit demonſtration than that 
which is now in the Elements. 


NO. X. B. V. 


It was neceſſary to give another demonſtration of this Propoſition, 
becauſe that which is in the Greek, and Latin, or other editions, 
is not legitimate. for the words greater, the ſame or equal, leſſer have 
a quite different meaning when applied to magnitudes and ratio s, 
as is plain from the 5. and 7. Definitions of B. 5. by the help of 
theſe let us examine the demonſtration of the 10. Prop. which pro- 
ceeds thus. Let A have to C a greater ratio, than B to C. I ſay 
© that A is greater than B. for if it is not greater, it is either equal, 
or leſs. but A cannot be equal to B, becauſe then each of them 
* would have the ſame ratio to C; but they have not. therefor2 
* A is not equal to B,” the force of which reaſoning is this, if A 

e | U4 | 
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there cannot be taken a multiple of A which is the firſt that is Book v. 
greater than K, or HO, becauſe & itſelf is greater than it. upon Ly 


Book v. had to C, the ſame ratio that B has to C, then if any equimultiples 
KY whatever of A and B be taken, and any multiple whatever of c; 


R T 


if the multiple of A be greater than the multiple of C, then, by 
the 5. Def. of B. 5. the multiple of B is alſo greater than that of C. 
but from the Hypotheſis that A has a greater ratio to C, than B has 
to C, there muſt, by the 7. Def. of B. 5. be certain equimultiples 
of A and B, and ſome multiple of C ſuch, that the multiple of A is 
greater than the multiple of C, but the multiple of B is not greater 
than the ſame multiple of C. and this Propoſition directly contra. 
dicts the preceding; wherefore A is not equal to B. the demon- 
ſtration of the 10. Propoſition goes on thus,“ but neither is A leſs 
gethan B, becauſe then A would have a leſs ratio to C, than B has 
* to it. but it has not a leſs ratio, therefore A is not leſs than B, 
&c. here it is ſaid that A would have a leis ratio to C, than B has 
* toC,” or, which is the ſame thing, that B would have a greater 
ratio to C, than A to C; that is, by 7. Def. B. 5. there muſt be 
ſome equimultiples of B and A, and ſome multiple of C ſuch, that 
the multiple of B is greater than the multiple of C, but the multiple 
of A is not greater than it. and it ought to have been proved that 
this can never happen if the ratio of A to C, be greater than the 
ratio of B to C; that is, it ſhould have been proved that in this caſe 
the multiple of A is always greater than the multiple of C, when- 
ever the multiple of B is greater than the multiple of C; for when 
this is demonſtrated it will be evident that B cannot have a greater 
ratio to C, than A has to C, or, which is the ſame thing, that A 
cannot have a leſs ratio to C, than B has to C. but this is not at all 
proved in the 10. Propatiticn ; but if the 10. were once demon- 
ſtrated it would immediately follow from it ; but cannot without it 
be eaſily demonſtrated, as he that tries to do it will find. wherefore 
the 10. Propoſition is not ſufficiently demonſtrated. and it ſeems 
that he who has given the demonſtration of the 10. Propoſition as 
we now have it, inſtead of that which Eudoxus or Euclid had gi- 
ven, has been deceived in applying what was manifeſt when under- 
ſtood of magnitudes, unto ratios, viz. that a magnitude cannot be 
both greater and leſs than another. That thoſe things which are 
equal to the ſame are equal to one another, is'a moſt evident Axiom 
when underſtood of magnitudes, yet Euclid does not make uſe of 
it to infer-that thoſe ratios which are the ſame to the ſame ratio, 
are the ſame to one another; but explicitely demonſtrates this in 
Prop. 11. of B. 5. the demonſtration we have given of the 10, 
b 1 0 


tiple of C, then if the multiple of B be greater 


BtoC, A is greater than B, by the 10. Prop. 


NO TK . 


Prop. is no doubt the ſame with that of Eudoxus or Euchd, as it Bock v. 
is immediately and directly derived from the Definition of a great. 


er ratio, Viz. the 7. of the 5. 

The above - mentioned Propoſition, viz, If A have to C a greater 
ratio than B to C, and if of A and B there be 
taken certain equimultiples, and ſome mul- 


than the multiple of C, the multiple of A is 
alſo greater than the ſame, is thus demon- A 
ſtrated. D 
Let D, E be equimultiples of A, B, and 
F a multiple of C, ſuch, that E the multiple 
of B is greater than F; D the multiple of A 
is alſo greater than F. 
Becauſe A has a greater ratio to C, than | 


B C 
E F 


B. 5. therefore D the multiple of A is greater 
than E the ſame multiple of B. and E is greater 
than F; much more therefore D is greater than F. 


PROP. XIII. B. v. 

In Commandine's, Briggs's and Gregory's Tranſlations, at the 
beginning of this demonſtration, it is ſaid, And the multiple of C 
is greater than the multiple of D; but the multiple of E is not 
greater than the multiple of F,“ which words are a literal tranſ- 
lation from the Greek. but the ſenſe evidently requires that it be 
read,“ ſo that the multiple of C be greater than the multiple of D; 
but the multiple of E be not greater than the multiple of F.“ and 
thus this place was reſtored to the true reading in the firſt editions 
of Commandine's Euclid printed in 8 vo at Oxford; but in the later 
editions, at leaſt in that of 1 7 47, ; the error of the Greek text was 
kept in, 

There is a cs added to Prop. 13. as it is neceſſary to the 
20. — 21. Prop. of this Book, and is as uſeful as the Propoſition, 


PR O-P. XIV. B. V. 
The two caſes of this which are not in the Greek are added ; the 


demonſtration of thaw. 4 not hong oy the ſame with that of the 
_y _ 


4, 
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| yn PROP, VI. B. V. ore 
The order of the words in a clauſe of this is changed to oy WM mate 
| more natural. as was alſo done in Prop. 11. yhic 


PROP. XVIII. B. V. 


The demonſtration of this is none of Euclid's, nor is it legitimate 
for it depends upon this Hypotheſis, that to any three magnitudes, 
two of which, at leaſt, are of the ſame kind, there may be a fourth 
proportional ; which if not proved, the Demonſtration now in the 
text, is of no force. but this is aſſumed without any proof, nor can 
it, as far as Iam able to diſcern, be demonſtrated by the Propoſt- 
ons preceding this; ſo far is it from deſerving to be reckoned an 
Axiom, as Clavius, after other Commentators, would have it, at 
the end of the Definitions of the 5. Book. Euclid does not de- 
monſtrate it, nor does he ſhew how to find the fourth proporto. 
nal, before the 12. Prop. of the 6. Book. and he never aſſumes any 
thing in the demonſtration of a Propoſition, which he had not be- 
fore demonſtrated ; at leaſt, he aſſumes nothing the exiſtence of 
which is not evidently poſſible; for a certain concluſion can never 


be deduced by the means of an uncertain Propoſition. upon this « 
account we have given a legitimate Demonſtration of this Propo- 0 
ſition inſtead of that in the Greek and other editions, which very 0 
probably Theon, at leaſt ſome other has put in the place of Euclid's, c 
becauſe he thought it too prolix. and as the 1 5. Prop. of which 


this 18. is the converſe, is demonſtrated by help of the 1. and 
2. Propoſitions of this Book, fo in the demonſtration now given of | 
the 1 8th, the 5. Prop. and both caſes of the 6. are neceſſary, and 

theſe two Propoſitions are the converſes of the 1. and 2. Now the 

5. and 6. do not enter into the demonſtration of any Propoſition in 

this Book as we now have it, nor can they be of uſe in any Pro- 
poſition of the Elements, except in this 18. and this is a manifeſt 

proof that Euclid made uſe of them in his demonftration of it, and 

that the demonſtration now given, which is exactly the converſe 

of that of the 17. as it ought to be, differs nothing from that of 
Eudoxus or Euclid. for the 5. and 6. have undoubtedly been put 

into the 5. Book for the ſake of ſome Propoſitions in it, as all the 

other Propoſitions about equimultiples have been. 

Hieronymus Saccherius in his Book named Euclides ab omni 

naevo vindicatus, printed at Milan Ann. 1733 in to, acknowledge: 
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his blemiſh in the demonſtration of the 1 8. and that he may re- Bock v. 
more it, and render the demonſtration we now have of it legiti- (ay 
obe mate, he endeavours to demonſtrate the following Propoſition, 
which is in page 11 5 of his Book, viz. 
Let A, B, C, D be four magnitudes, of which the two firſt 
« are of one kind, and alſo the two others either of the ſame kind 
ate « with the two firſt, or of ſome other the ſame kind with one 
dez « another. I ſay the ratio of the third C to the fourth D, is ei- 
r © ther equal to, or greater, or leſs than the ratio of the firſt A to 
the « the ſecond B.” 


n And after two Propoſitions premiſed as Lemmas, he proceeds 
it. thus. 92 

an « Fither among all the poſſible equimultiples of the firſt A, and 
at « of the third C,and, at the ſame time among all the poſſible equi- 
le- multiples of the ſecond B, and of the fourth D, there can be found 
0 « ſome one multiple EF of the firſt A, and one IK of the ſecond B, 
ny that are equal to one another; and alſo (in the ſame caſe) ſome 


e. ne multiple GH of the third C equal to LM the multiple of the 
of « fourth D, or ſuch equality is no where to be found. If the firſt 
er « caſe happen, [1.e. 


is if ſuch equality A\ mw E F 
» «is to be found, ] | 
y « it ismanifeſt from B 1 oo K 


5 « what is before de- | 

pn «© monſtrated, that C. „ G H : 
d « Ais to B, as C e | 
i * to D. but if cn D . L * 
« ſimultaneous equality be not to be found upon both ſides, it will 
* be found either upon one ſide, as upon the fide of A [and B;] 
© or it will be found upon neither ſide ; if the firſt happen; there- 
© fore (from Euclid's Definition of greater and leſſer ratio fore- 
« going) A has to B, a greater or leſs ratio than C to D; accor- 
ding as GH the multiple of the third C is leſs, or greater than 
© LM the multiple of the fourth D. but if the ſecond caſe hap- 
* pen; therefore upon the one ſide, as upon the fide of A the firſt 
* and B the ſecond, it may happen that the multiple EF, [viz. of the 
* firſt] may be leſs than IK the multiple of the ſecond, while on 
© the contrary, upon the other ſide, [viz. of C and Di the multiple 
H (of the third C] is greater than the other multiple LM [of 
* the fourth D. ] and then (from the ſame Definition of Euclid) the 
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Book V. © ratio of the firſt A to the ſecond B, is leſs than the ratio of 
13 © the third C to the fourth D; or on the contrary. 

* 'Therefore the Axiom, [i. e. the Propoſition before ſet down,) 
©« remains demonſtrated,” &c. 

Not in the leaſt ; but it remains ſtill undemonſtrated. for hat 
he ſays may happen, may in innumerable caſes never happen, and 
therefore his demonſtration does not hold. for example, if A be 
the ſide and B the diameter of a ſquare; and C the ſide and D 
the diameter of another ſquare; there can in no cafe be any mul. 
tiple of A equal to any of B; nor any one of C equal to one of D, 
as is well known; and yet it can never happen that when any mul. 
tiple of A is greater or leſs than a multiple of B, the multiple of 
C can, upon the contrary, be leſs or greater than the multiple of 
D, viz. taking equimultiples of A and C, and equimultiples of B 
and D. for A, B, C, D are proportionals, and fo if the multiple 
of A be greater, &c. than that of B, ſo muſt that of C be greater an 
&c. than that of D. by 5. Def. B. 5. ca 

The ſame objection holds good againſt the Demonſtration which 
ſome give of the 1. Prop. of the 6. Book, which we have made 
againſt this of the 18. Propoſition, becauſe ir depends upon the 
ſame inſufficient foundation with the other. | 


ENO. . 


A Corollary is added to this, which is as frequently vſed as the 
Propoſition itſelf. the Corollary which is ſubjoined to it in the 
Greek, plainly ſhews that the 5. Book has been vitiated by Editors 
who were not Geometers. for the converſion of ratios does not 
depend upon this 19. and the Demonſtration which ſeveral of the 
Commentators on Euclid give of Converſion, is not legitimate, as 
Clavius has rightly obſerved, who has given a good Demonſtra- 
tion of it which we have put in Propoſition E; but he makes it a 
Corollary from the 19. and begins it with the words, © Hence 
te it eaſily follows,” tho' it does not at all follow from it. 


PR OP. XX, XXI, XXII, XXII, XXIV. B. v. 


The Demonſtrations of the 20. and 21. Propoſitions are ſhorter 
than thoſe Euclid gives of eaſier Propoſitions, either in the preced- 
ing, or following Books. wherefore it was proper to make them 
more explicit. and the 22. and 23. Propoſitions are, as they ought 
to be, extended to any number of magnitudes. and in like manner 


may the 24. be, as is taken notice of in a Corollary; and another Book v. 
of Corollary is added, as uſeful as the Propoſition. and the words Lg 
« any whatever” are ſupplied near the end of Prop. 23. which 
5 are wanting in the Greek text, and the tranſlations from it. 
In a paper writ by Philippus Naudaeus, and publiſhed, after his 
at death, in the Hiſtory of the Royal Academy of Sciences of Berlin, 
1d Ann. 1745. page 50. the 23. Prop. of the 5. Book, is cenſured 


be as being obſcurely enuntiated, and, becauſe of this, prolixly demon- 
D ſtrated. the Enuntiation there given is not Euclid's but Tacquet's, 
. 25 he acknowledges, which, tho' not ſo well expreſſed, is, upon the 


w 


matter, the ſame with that which is now in the Elements. Nor is 
there any thing obſcure in it, tho' the Author of the paper has 
ſet down the proportionals in a difativantageous order, by which 
it appears to be obſcure. but no doubt Euclid enuntiated this 23. 
as well as the 22. ſo as to extend it to any number of magnitudes, 
which taken two and two, are proportionals, and not of ſix only; 
and to this general cafe the Enuntiation which Naudaeus gives, 
cannot be well applied. 

The Demonſtration which is given of this 2 3. in that paper, is 
quite wrong; becauſe if the proportional magnitudes be plane or 
ſolid figures, there can no rectangle (which he improperly calls a 
Product) be conceived to be made by any two of them. and if it 
ſhould be ſaid, that in this caſe ſtraight lines are to be taken which 
are proportional to the figures, the Demonſtration would this way 
become much longer than Euclid's. but even tho' his Demonſtra- 
tion had been right, who does not ſee that it could not be made 
uſe of in the 5. Book ? 


— —_ * mupy 


R O P. F, G, H, k. B. v. 


Theſe Propoſitions are annexed to the 5. Book, becauſe they 
are frequently made uſe of by both antient and modern Geome- 
ters. and in many caſes Compound ratios cannot be brought into 
Demonſtrations, without making uſe of them. 

Whoever deſires to ſee the doctrine of Ratios delivered in this 
5. Book, ſolidly defended, and the arguments brought againſt it 
by And. Tacquet, Alph. Borellus and others, fully refuted, may 
read Dr. Barrow's Mathematical Lectures, viz. the 7. and 8. of 
the year 1666. 

The 5. Book being thus corrected, I moſt readily agree to what 
the learned Dr. Barrow fays*, © That there is nothing in the whole * Page 336. 
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Book V. © body of the Elements, of a more ſubtile invention, nothing more 
c ſolidly eſtabliſhed and more accurately handled, than the doctrine 
&« of Proportionals.” And there is ſome ground to hope that Geo. 


meters will think that this could not have been ſaid with as good 
reaſon, ſince Theon's time till che preſent. 


Book Vi. DE F. II. and V. of B. VI. 

* HE 2. Definition does not ſeem to be Euclid's but ſome 
unſkilfu} Editor's. for there is no mention made by Tu- 

clid, nor, as far as I know, by any other Geometer, of reciprocal 

figures. it is obfcurely ud $1 which made it proper to render 

it more diſtin. it would be better to put the following Definition 

in place of it, viz. 


DE F. II. 


Two magnitudes are faid to be reciprocally proportional to two 
others, when one of the firſt is to one of the other magnitudes, as 
the remaining one of the laſt two is to the remaining one of the firſt. 

But the 5. Definition, which ſince Theon's time has been kept 
in the Elements, to the great detriment of learners, is now juſtly 
thrown out of them, for the reaſons given in the Notes on the 
23. Prop. of this Book. 


PROP. L and IL. B. YL 


5 To the firſt of theſe a Corollary is added which is often uſed, 
and the Enuntiation of the ſecond is made more general. 


PROP. III. B. VL 


viz. the caſe in which the exterior angle of a triangle is biſected 
by a ftraight line. the Demonſtration of it is very like to that of 
the firft caſe, and upon this account may, probably, have been 
left out, as alſo the Enuntiation, by fome naſkilful Editor. at leaſt 
it is certain that Pappus makes ufe of this caſe, as an Elementary 


Book of Mathem. Collections. 


A ſecond caſe of this, as uſeful as the firft, is given in Prop. A, 


Propoſition, without a Demonſtration of it, in Prop. 39. of his 7. 


re 
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Book VI. 
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To this a caſe is added which occurs not unfrequently in De- 
monſtrations. 


PROP. VIII. B. VI. 


It tems plain that ſome Editor has changed the Demonſtration 
that Euclid gave of this Propoſition. for after he has demonſtsated 
that the triangles are equiangular to one another, he particularly 
hews that their ſides about the equal angles are proportionals, as 
it this had not been done in the Demonſtration of the 4. Prop. of 


this Book. this ſuperfluous part is not found in the Tranſlation 
from the Arabic, and is now left out. 


PROP. IX. B. VL 


This is demonſtrated in a particular caſe, viz. that in which the 
third part of a ſtraight line is required to be cut off; which is not 
at all like Euclid's manner. beſides, the Author of the Demonſtra- 
tion, from four magnitudes being proportionals, concludes that the 
third of them is the ſame multiple of the fourth, which the firſt is 
of the ſecond z now this is no where demonſtrated in the 5. Book, 
25 we now have it. but the Editor aſſumes it from the confuſed 
notion which the vulgar have of proportionals. on this account it 


was neceſſary to give a general and legitimate Demonſtration of 
this Propoſition. 


PR OP. XVIII. B. VI. 

The Demonſtration of this ſeems to be vitiated. for the Propo- 
ftion is demonſtrated only in the caſe of qudrilateral figures, with- 
out mentioning how it may be extended to figures of five or more 
ſides. beſides, from two triangles being equiangular it is inferred 
that a ſide of the one is to the homologous ſide of the other, as ano- 


ther ſide of the firſt is to the ſide homologous to it of the other, 


without permutation of the proportionals; which is contrary to Eu- 
clid's manner, as is clear from the next Propoſition. and the ſame 
fault occurs again in the concluſion, where the ſides about the equal 
angles are not ſhewn to be proportionals ; by reaſon of again ne- 
glecting permutation. on theſe accounts a Demonſtration is given 
in Euclid's manner, like to that he makes uſe of in the 20. Prop. 


319 


320 


E 


Book v1, of this Book; and it is extended to five ſded ſigures, by which x 
WAY may be ſeen bow to extend it to figures of any number of ſides, 


PROP. XXII. B. VI. 


Nothing is uſually reckoned more difficult in the Elements ot 
Geometry by learners, than the doctrine of Compound ratio, which 
Theon has rendered abſurd and ungeometrical, by ſubſtituting the 
5. Definition of the 6. Book, in place of the right Definition which 
without doubt Eudoxus or Euclid gave, in its proper place, after 
the Definition of Triplicate ratio, &c. in the 5. Book. Theon's 
Definition is this; a Ratio is ſaid to be compounded of ratios ira, 
a Tor Mywv TYMIXOTHTE, IP YOWTAG TONNATNGTIGo AT 2) 701274 TIY2, 
which Commandine thus tranſlates, © quando rationum quantitates 


c inter ſe multiplicatae aliquam efficiunt rationem;“ that is, when 


the quantities of the ratios being multiplied by one another make a 
certain ratio. Dr. Wallis tranſlates the word Tyamoryre, © ratio. 
c num exponentes,” the exponunts of the ratios. and Dr. Gregory 
renders the laſt words of the Definition by © illius facitquantitatem,” 
makes the quantity of that ratio, but in whatever ſenſe the“ quan- 
«© tities” or © exponents of the ratios,” and their © multiplication” 
be taken, the Definition will be ungeometrical and uſeleſs. for there 
can be no multiplication but by a number; now the quantity or 
exponent of a ratio (according as Eutocius in his Comment. on 
Prop. 4. Book 2. of Arch. de Sph. et Cyl. and the moderns explain 
that term) is the number which multiplied into the conſequent term 
of a ratio produces the antecedent, or, which is the ſame thing, the 
number which ariſes by dividing the antecedent by the conſequent; 
but there are many ratios ſuch, that no number can ariſe from the 
diviſion of the antecedent by the confequent ; ex. gr. the ratio which 
the diameter of a ſquare has to the fide of it; and the ratio which 
the circumference of a circle has to its diameter, and ſuch like, 
Beſides, there is not the leaſt mention made of this Definition in 
the writings of Euclid, Archimedes, Apollonius, or other antients, 
tho? they frequently make uſe of Compound ratio. and in this 23. 


Prop. of the 6.' Book, where Compound ratio is firſt mentioned, 


there is not one word which can relate to this Definition, tho' here, 
if in any place, it was neceſſary to be brought in; but the right 


Definition is expreſsly cited in theſe words, © but the ratio of K to 
M is compounded of the ratio of K to L, and of the ratio of L 
* to M.“ this Definition therefore of Theon is quite uſeleſs and 
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abſurd. for that Theon brought it into the Elements can ſcarce be Book VI; 
doubted, as it is to be found in his Commentary upon Ptolomy's Ly IIS 


Meyzan Zur rabic, page 62. where he alſo gives a childiſh explication 
of it, as agreeing only to ſuch ratios as can be expreſſed by num- 
bers; and from this place the Definition and explicetion have been 
exactly copied and prefixed to the Definitions of the 6 Book, as 
appears from Hervagius's edition. but Zambertus and Commandine 
in their Latia Tranſlations ſubjoin the ſame to theſe Definitions: 
Neither Campanus, nor, as it ſeems, the Arabic manuſcripts from 
which he made his Tranſlation, have this Definition. Clavius in his 
Obſervations upon it, rightly judges that the Definition of Com- 
pound ratio might have been made after the ſame manner in which 


the Definitions of Duplicate and Triplicate ratio are given. viz, 


« that as in ſeveral magnitudes that are continual proportionals, Eu- 
« (lid named the ratio of the firſt to the third, the Duplicate ratio 
« of the firſt to the ſecond ; and the ratio of the fir {t to the fourth, 
« the Triplicate ratio of the firſt to the ſecond ; that is, the ratio 
«* compounded of two or three intermediate ratios that are equal 
to one another, and ſo on; ſo in like manner if there be ſeveral 
* magnitudes of the ſame kind, following one another, which are 
* not continual proportionals, the firſt is ſaid to have to the laſt 
the ratio compounded of all the intermediate ratios, only for 
* this reaſon, that theſe intermediate ratios are interpoſed betwixt 
* the two extremes, viz, the firſt and laſt magnitudes ; even as in 
the 10. Definition of the 5. Book, the ratio of the firſt to the 
© third was called the Duplicate ratio, merely upon account of two 
* ratios being interpoſed betwixt the extremes, that are equal to one 
another. ſo that there is no difference betwixt this compounding 
* of ratios, and the duplication or triplication of them which are 
* defined in the 5. Book, but that in the duplication, triplication, 
„Kc. of ratios, all the interpoſed ratios are equal to one another; 
* whereas in the compounding of ratios, it is not neceſſary that the 
© intermediate ratios ſhould be equal to one another.” Alfo Mr. 
Edmund Scarburgh, in his Engliſh tranſlation of the firſt x Books, 
page 238, 266. expreſsly affirms that the 5. Definition of the 6. 
Book, is ſuppoſititious, and that the true Definition of Compound 
ratio is contained in the 10. Definition of the 5. Book, viz. the 
Definition of Duplicate ratio, or to be underſtood from it, to wit, 
in the ſame manner as Clavius has explained it in the preceding ci- 
tation. Yet theſe, aud the reſt of the Moderns, do notwithQandir.r 
X 
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Book VI. retain this 5. Def. of the 6. B. and illuſtrate and explain it by long 
wa Commentaries, when they ought rather to have taken it quite away 
from the Elements. 

For, by comparing Def. 5. B. 6. with Prop. 5. B. 8. it will 
clearly appear that this Definition has been put into the Elements in 
place of the right one which has been taken out of them. becauſe in 
Prop. 5. B. 8. it is demonſtrated that the plane number of which 
the ſides are C, D has to the plane number of which the ſides are 
E, Z (ſee Hervagius's or Gregory's Edition) the ratio which is com- 
pounded of the ratios of their ſides; that is, of the ratios of C to 
E, and D to Z. and by Def. 5. B. 6. and the explication given of 
it by all the Commentators, the ratio which is compounded of the 
ratios of C to E, and D to Z, is the ratio of the product made by 
the multiplication of the antecedents C, D, to the product of the 
conſequents E, Z, that is the ratio of the plane number of which 
the ſides are C, D to the plane number of which the ſides are E, Z. 
wherefore the Propoſition which is the 5. Def. of B. 6. is the very 
ſame with the 5. Prop. of B. 8. and therefore it ought neceſſarily 
to be cancelled in one of theſe places; becauſe it is abſurd that the 
{ame Propoſition ſhould ſtand as a Definition in one place of the 
Elements, and be demonſtrated in another plice of them. Now 
there is no doubt that Prop. 5. B. 8. ſhould have a place in the 
Elements, as the ſame thing is e eee in it concerning plane 
numbers, which is demonſtrated in Prop. 23. B. 6. of equiangular 
parallelograms z wherefore Def. 5. B. 6. ought not to be in the 
Elements. and from this it is evident that this Definition is not 
Enclid's but Theon's, or ſome other unſkilful Geometer's. 

But no body, as far as I know, has hitherto ſhewn the true uſe 

of Compound ratio, or for what purpoſe it has been introduced into 
Geometry; for every Propoſition in which Compound ratio is made 
ule of, may without it be both enuntiated and demonſtrated. Now 
the uſe of Compound ratio conſiſts wholly in this, that by means of 
it, circumlocutions may be avoided, and thereby Propoſitions may 
be more briefly cither enuntiated or demonſtrated, or both may be 
done; for iuſtance, if this 23. Propoſition of the 6. Book were to 
be enuntiated, without mentioning Compound ratio, it might be 
done as follows; If two Parallelograms be equiangular, and if as a 
fide of the firſt to a fide of the ſecond, ſo any aſſumed ſtraight line 
be made to a ſecond ſtraight line; and as the other ſide of the firlt 
to the other ſide of the ſecond, ſo the ſecond ſtraight line be made 
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I to a third. the firſt parallelogram is to the ſecond, as the firſt Book VI. 

yy ſtraight line to the third. and the Demonſtration would be exactly 
the ſame as we now have it. but the antient Geometers, when they 
I obſerved this Enuntiation could be made ſliorter, by giving a name 
t to the ratio which the firſt ſtraight line has to the laſt, by which 
n name the intermediate ratios might like wiſe be ſignified, of the firſt 
h to the ſecond, and of the ſecond to the third, and fo on if there 
e were more of them, they called this ratio of the firſt to the laſt, the 
- ratio compounded of the ratios of the firſt to the ſecond, and of the 
) {:cond to the third ſtraight line; that is, in the preſent example, of 
f the ratios which are the ſame with the ratios of the ſides. and by this 
they expreſſed the Propoſition more briefly thus, If there be two 
7 equiangular parallelograms, they have to one another the ratio 


which is the ſame with that which is compounded of ratios that 
| are the ſame with the ratios of the ſides. which is ſhorter than the 
preceding Enuntiation, but has preciſely the ſame meaning. or yer 
ſhorter thus; equiangular parallelograms have to one another the 
ratio which is the fame with that which is compounded of the ra- 
tios of their ſides. and theſe two Enuntiations, the firſt eſpecially, 
agree to the Demonſtration which is now in the Greek. the Propo- 
ſition may be more briefly demonſtrated, as Candalla does, thus; 
Let ABCD, CEFG be two equiangular parallelograms, and com- 
plete the parollelogram CDIIG; then, becauſe there are three pa- 
rallelograms AC, CH, CF, the firſt AC (by the Definition of Com- 


pound ratio) has to the third CF, the 

ratio which is compounded of the ratio A D FH 
of the firſt AC to the ſecond CH, and | | 

of the ratio of CH to the third CF B 


but the parallelogram AC is to the pa- i 


rallelogram CH, as the ſtraight line BC | 

to CG; and the parallelogram CH is to E F 
CF, as the ſtraight line CD is to CE; therefore the parallelogram 
AC has to CF the ratio which is compounded of ratios that are the 
ſame with the ratios of the ſides. and to this Demonſtration agrees 
the Enuntiation which is at preſent in the text, viz. equiangular pa- 
rallelograms have to one another the ratio which is compounded 
of the ratios of the ſides. for the vulgar reading“ which is com- 
« pounded of their ſides” is abſurd. But in this Edition we have 
kept the Demonſtration which is in the Greek text, tho' nut fo 
ſhort as Candalla's ; becauſe the way of finding the ratio which 
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Book VI. is compounded of the ratios of the ſides; that is, of finding the ratig 
sc the parallelograms, is ſhewn in that, but not in Candalla's De. 


monſtration z whereby beginners may learn, in like caſes, how to 
find the ratio which is compounded of two or more given ratios, 
From what has been ſaid it may be obſerved, that in any magni- 
tudes whatever of the ſame kind A, B, C, D, &c. the ratio com- 
pounded of the ratios of the firſt to the fecond, of the {econd to the 
third, and ſo on to the laſt, is only a name or expreſſion by which 
the ratio which the firſt A has to the laſt D is ſignified, and by 
which at the ſame time the ratios of all the magnitudes A to B, 
B to C, C to D from the firſt to the laſt, to one another, whether 
they be the ſame, or be not the ſame, are indicated; as in magni- 
tudes which are continual proportionals A, B, C, D, &c. the Du- 
plicate ratio of the firſt to the ſecond is only a name, or expreſſion 
by which the ratio of the firſt A to the third C is ſignified, and by 
which, at the fame time, is ſhewn that there are two ratios of the 
inagnitudes from the firſt to the laſt, viz. of the firſt A to the ſe. 
cond B, and of the ſecond B to the third or laſt C, which are the ſame 
with one another; and the Triplicate ratio of the firſt to the ſecond 
is a name or expreſſion by which the ratio of the firſt A to the 
fourth D is ſignified, and by which, at the ſame time, is ſhewn that 
there are three ratios of the magnitudes from the firſt to the laſt, viz, 
of the firſt A to the ſecond B, and of B to the third C, and of C to 
the fourth or laſt D, which are all the ſame with one another; and 
ſo ia the caſe of any other Multiplicate ratios. And that this is the 
right explication of the meaning of theſe ratios is plain from the De- 
{:niticas of Duplicate and Triplicate ratio in which Euclid makes 
ule of the word atytray, is ſaid to be, or is called; which word, he 
10 doubt made uſe of alſo in the Definition of Compound ratio 
nich Theon, or ſome other, has expunged from the Elements; 
tor the very ſame word is ſtill retained in the wrong Deñnition of 
Compound ratio which is now the 5. of the 6. Book. but in the 
Citation of theſe Dcfinitions it is ſometimes retained, as in the De- 
monſtration of Prop. 19. B. 6. © the firſt is ſaid to have, e atyt7a, 
to the third the Duplicate ratio,” Sc. which is wrong tranſlated 
Ly Commandiae and others has” inſtead of * is ſaid to have ;” 


aud ſometimes it is left out, as in the Demonſtratioa of Prop. 


33. of the 11. Book, in which we find © the firſt has, «xe, to 
the third the Triplicate ratio ;” but without doubt «x, has,“ 
ia this place ſignſics the ſame as cen xt ad, is ſaid to have. fo 


like 


. 


likewiſe in Prop. 23. B. 6. we find this citation ** but the ratio of gock ve. 
E to M is compounded, ovyxaTzy, of the ratio of K to L, and te 


« ratio of L to M.“ which is a ſhorter way of expreſſing the ſame 
thing, which, according to the Definition, ought to have been ex- 
preſſed by ovyxa3ay ayer, is ſuid to be compounded, 

From theſe Remarks, together with the Propoſitions ſubjoined 
to the 5. Book, all that is found concerning Compound ratio either 
in the antient or modern Geometers may be underſtood and ex- 


plained, 


N 


It ſeems that ſome unſkilful Editor has made up this Demon- 
ſtration as we now have it, out of two others; one of which may 
be made from the 2. Prop. and the other from the 4. of this Book. 
for after he has from the 2. of this Book, and Compoſition and 
Permutation, demonſtrated that the ſides about the angle common 
to the two parallelograms are proportionals, he might have imme- 
diately concluded that the ſides about the other equal angles were 
proportionals, viz. from Prop. 34. B. 1. and Prop. 7. B. 5. this 
he does not, but proceeds to ſhew that the triangles and parallelo- 
grams are equiangular, and in a tedious way, by help of Prop. 4. of 
this Book, and the 22. of B. 5. deduces the ſame concluſion. from 
which it is plain that this ill compoſed Demonſtration is not Eu- 
clid's. theſe ſuperfluous things are now left out, aud a more ſimple 
Demonſtration is given from the 4. Prop. of this Book, the fame 
Which is in the Tranſlation from the Arabic, by helpot the 2. Prop. 
and Compoſition ; but in this the Author neglects Permutation, 
and does not ſhew the parallelograms to be equiangular, as is pro- 
per to do for the fake of beginners, 


PROP: MV. B. YL 


It is very evident that the Demonſtration which Euclid had given 
of this Propoſition, has been vitiated by ſome unſkilful hand. for 
after this Editor had demonſtrated that “ as the reCtilineal figure 
* ABC is to the rectilineal KGH, ſo is the parallelogram BE to the 
* parallelogram EF,” nothing more ſhould have been added but 
this, © and the reCtilineal figure ABC is equal to the parallelogram 
BE, therefore the rectilineal KGH is equal to the parallelogram 
* EF,” viz. from Prop. 14, B. 5. but betwixt theſe two ſentences 
he has inſerted this, ©* wherefore, by Permutation, as the rectilivea] 
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Book VI. “ figure ABC to the parallelogram BE, fo is the rectilineal KCI 
YI * to the parallelogram EF ;” by which, it is plain, he thought it 


was not ſo evident to conclude that the ſecond of four proportionals 
is equal to the fourth from the equality of the firſt and third, which 
is a thing demonſtrated in the 14. Prop. of B. 5. as to conclude 
that the third is equal to the fourth, from the equality of the fir} 
and ſecond, which is no where demonſtrated in the Elements as we 
now have them. but tho' this Propoſition, viz. the third of four 
proportionals js equal to the fourth, if the firſt be equal to the ſe- 
cond, had been given in the Elements by Euclid, as very probably 
it was, vet he would not have made uſe of it in this place, becauſe, 
as was faid, the concluſicn could have been immediately deduced 
without this ſuperfluous ſtep by Permutation. this we have ſhewn 
at the greater length, both becauſe it affords a certain proof of the 
vitiation of the Text of Euclid, for the very ſame blunder is found 
twice in the Greek Text of Prop. 23. B. 1 1. and twice in Prop. 2. 
B. 12. and in the 5. 11. 12. and 18. of that Book; in which 
places of B. 1 2. except the laſt of them, it is rightly left out in the 
Oxford Edit'on of Commandine's Tranſlation. and alſo that Geo- 
meters may beware of making uſe of Permutation in the like caſes, 
for the Moderns not unfrequently commit this miſtake, and among 
others Commandine himſelf in his Commentary on Prop. 5. B. z. 
p. 6. b. of Pappus Alexandrinns, and in other places. the vulgar 
notion of proportionals, has, it ſeems, pre-occupied many ſo much, 
that they do not ſuſſiciently underſtand the true nature of them. 
Beſides, tho! the rectilineal figure ABC, to which anothes is 
to be made ſimilar, may be of any kind whatever, yet in the De- 
monſtration the Greek Text has © triangle” inſtead of © rectilineal 
* figure,” which error is corrected in the above-named Oxford 
Edition. 


PROP. XXVII. B. VI. 

The ſecond Caſe of this has aaxur, otherwiſe, prefixed to it, 
as if it was a different Demonſtration, which probably has been 
done by ſome unſkilful Librarian. Dr. Gregory has rightly left it 
out. the ſcheme of this ſecond Caſe ought to be marked with the 
ſame letters of the Alphabet which are in the ſcheme of the firſt, 
as is now done. 


NO TE S. 


PR OP. XXVIIL and XXIX. B. VI. Loved 


Theſe two Problems, to the firſt of which the 27. Prop. is ne- 
ceſſary, are the moſt general and uſeful of all in the Elements, and 
are moſt frequently made uſe of by the antient Geometers in the 
ſolution of other Problems; and therefore are very ignorantly left 
out by Tacquet and Dechales in their Editions of the Elements, 
who pretend that they are ſcarce of any uſe. the Caſes of theſe 
Problems, wherein it is required to apply a rectangle which ſhall 
be equal to a given ſquare, to a given ſtraight line, either deficient 
or exceeding by a ſquare; as allo to apply a rectangle which ſhall 
be equal to another given, to a given ſtraight line, deficient or 
excceding by a ſquare, are very often made uſe of by Geometers. 
and on this account, it is thought proper, for the ſake of begin- 
ners, to give their conſtructions, as follows. 

1. To apply a rectangle which ſhall be equal to a given ſquare, 
to a given ſtraight line, deficient by a ſquare. but the given ſquare 
muſt not be gi eater than that upon the half of the given line. 

Let AB be the given ſtraight line, and let the ſquare upon the 
given ſtraight line C be that to which the rectangle to be applied 
muſt be equai, and this ſquare bythe determination, is not greater 
than that upon half of the ſtraight line AB. 

Biſet AB in D, and if the ſquare upon AD be equal to the 
ſquare upon C, the thing required is done. but if it be not equal to 
it, AD muſt be greater than C, 
according to the determination. L K 
draw DE at right angles to AB, — 
and make it equal to C; pro- 5 G B 
duce ED to F, fo that EF be A D 
equal to AD or DB, and from —_ 
the center E, at the diſtance 
EF deſcribe a circle meeting 
AB in G, and upon GB deſcribe the ſquare GBKH, and com- 
plete the rectangle AGHL ; alſo join EG. and becauſe AB is bi- 
ſected in D, the rectangle AG, GB together with the ſquare of 
DG is equal * to (the ſquare of DB, that is of EF or EG, that is 
to) the ſquares of ED, DG. take away the ſquare of DG from each 
of theſe equals, therefore the remaining rectangle AG, GB is equal 
to the ſquare of ED, that is, of C. but the rectangle AG, GB is 
the — AH, becauſe GH is equal to GB. therefore the recs 
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Book VI. tangle AH is equal to the given ſquare upon the ſtraight line C. 
Wor wherefore the rectangle AH equal to the given {ſquare upon C, has 


= 


2» 


_ been applied to the given ſtraight line AB, deficient by the ſquare 


GK. Which was to be done. 
 _ 2. To apply a rectangle which hall be equal to a given ſquare, 
to a given ſtraight line, exceeding by a ſquare. 

Let AB be the given ſtraight line, and let the ſquare upon the 
given ſtraight line C be that to which the rectangle to be applied 
muit be equal. 

Biſect AB in D, and draw BE at right angles to it, ſo that BE 
be equal to C, and, having joined DE, from the center D at the 
diſtance DE deſcribe a circle meeting AB produced in G; upon 
BG deſcribe the ſquare BGHK, 
and complete the rectangle AGHL. 
and becauſe AB is biſected in D, 
and produced to G, the rectangle 
AG „ GB together with the ſquare 
of DB is equal * to (the ſquare of | 

DG, or DE, that is to) the CR A D B 
ot EB, 8). from each of theſe e- ES 

GUuals take the ſquare of DB, there- 

fore the remaining rectangle AG, GB is REN to the ſquare of 
BE, tl. at is to the ſquare upon C. but the rectangle AG, GB is 
the rectangle AH, becauſe Gi is equal to GB. therefore the rec- 
tangie AL is equal to the ſquare upon C. wherefore the rectangle 
AH equal to the given ſquare upon C, has been applied to the 
given ſtraight line AB, exceeding by the ſquare GK. Which 
was to be done. 

3. To apply a rectangle to a given ſtraight line which ſhall 
be equal to a given rectangle, and be deficient by a ſquare. but the 
given rectangle muſt not be greater than the ſquare upon the half 
of the given ſtraight line. 

Let AB be the given ſtraight line, and let the given rectangle 
be that which is contained by the ſtraight lines C, D, which is 
not greater than the ſquare upon the half of AB. it is required 
to apply to AB a rectangle equal to the rectangle C, D, deficient 
by a ſquare. 

Draw AE, BF at right angles to AB, upon the ſame fide of | it 
and make AE equal to © and BF to D. join EF and biſect it in G, 
an! from te center C, at the diſtance GE deſcribe a circle meeting 


U 
G 
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AE again in H; join HF and draw GK parallel to it, and GL. Bock VI. 

par arallel to AE meeting AB in L. WARY 
Becauſe the angle LH in a ſemicircle is equal to the right angle 

FAB, AB and HF are parallels, and AH and BF are parallels, 
wherefore AH is equal to BF, and the rectangle EA, AH equal to 

the rectangle EA, BY, that is to the rectangle C, D. and becauſe 

EG, GF are equal to one another, and AE, LG, BF parallels, 

therefore AL and LB are equal; alſo EK is equal to KH *, and a. 3. ;. 

the rectangle C, D, from the determination, is not greater than the 

ſauare of AL the half of AB, wherefore the rectangle EA, AH 

is not greater than the ſquare of AL, that is of KG. add to each 

the ſquare of KE, therefore the ſquare® of AK is not greater than b. 6. z. 

the ſquares of EK, KG, that 

is than the ſquare of EG; and E=> 

conſequently the ſtraight line T Foes: 

AK or GL 1s not greater than D 

GE. Now, if GE be equal K G 

twGL, the circle ZHFtouches 

AB in L, and therefore the 


uare of AL is © equal to the I. —A | e. 36. 3. 
_ EA, AH, that is to N L Nie 
the given rectangle C, D; and 4 T. Mme Þ | 
that which was required is — 
lone. but if EG, GL be un- CL 2 0 
equal, EG muſt be the greater, and therefore the circle EHF cuts 
the ſtraight line AB} let it cut it in the points M, N, and upon NB 
deſcribe the ſquare NBOP, and complete the rectangle ANPQ. 
becauſe ML is equal to 9 LN, and it has been proved that AL is d. 3. 3. 
equal to LB, therefore AM is equal to NB, and the rectangle AN, 
NB equal to the rectangle NA, AM, that is to the rectangle EA, e. Cor. 36. 3 
AH or the rectangle C, D. but the rectangle AN, NB is the rec- 
tangle AP, becauſe PN is equal to NB. therefore the rectangle 
AP is equal to the rectangle C, D, and the rectangle AP equal to 
the given rectangle C, D has been applied to the given ſtraight 
line AB, deficient by the ſquare BP. Which was to be done. 
4. To apply a rectangle to a given ſtraight line that ſhall be 
equal to a given rectangle, exceeding by a ſquare. 
Let AB be the given ſtraight line, and the rectangle C, D the 
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Book V1. given rectangle, it is required to apply a rectangle to AB equal 
t C, D, exceeding by a ſquare. 


a. 38. 3. 


Draw AL, BF at right angles to AB, on the contrary ſides of it, 
and make AE equal to C, and BF equal to D. join EF and bike 
it in G, and from the center G, at the diſtance GE deſcribe a circle 
meeting AE again in H; join HF, and draw GL parallel to AE. 
let the circle meet AB produced 
in M, N, and vpon BN deſcribe E 
the ſquare NBOP, and complete 
the rectangle ANPQ. becauſe the 
angle EHF in a ſemicircle is equal 
to the right angle EAB, AB and h 
HF are parallels, and therefore AH Q 
and BF are equal, and the rectan- 
gle EA, AH equal to the rectan- 
gle EA, BF, that is to the rectan- i 
gle C, D. and becaufe ML is equal 
to LN, and AL to LB, therefore 
MA is equal to BN, and the rectangle AN, NB to MA, AN, 
that is to the rectangle EA, AH or the rectangle C, D. there- 
fore the rectangle AN, NB, that is AP is equal to the rectangle 
C, D; and to the given ſtraight line AB the rectangle AP has 
been applied equal to the given rectangle C, D, exceeding by the 
ſquare BP. Which was to be done. 

Willebrordus Snellius was the firſt, as far as I know, who gave 
theſe conſtructions of the 3. and 4. Problems in his Apollonius 
Batavus. and afterwards the learned Dr. Halley gave them in the 
Scholium of the 18. Prop. of the 8. B. of Apollonius's Conics 
reſtored by him, 

The 3. Problem is otherwiſe enuntiated thus, To cut a given 
ſtraight line AB in the point N, ſo as to make the rectangle AN, 


"NB equal to a given ſpace. or, which is the ſame thing, Having 


given AB the ſum of the ſides of a rectangle, and the magnitude 
of it being likewiſe given, to find its ſides. 

And the 4. Problem is the ſame with this, To find a point N 
in the given ſtraight line AB produced, ſo as to make the rectan- 
gle AN, NB equal to a given ſpace. or, which is the ſame thing, 
Having given AB the difference of the ſides of a rectangle, and 
the magnitude of it, to find the ſides. 
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Book VI. 
PROP. XXII. B. VI. II 


In the Demonſtration of this the inverſion of proportionals is 
twice neglected, and is now added, that the concluſion may be 
legitimately made by help of the 24. Prop. of B. 5. as Clavius 
had done. 


PROP. XXXII. B. VL 


The Enuntiation of the preceding 26. Prop. is not general 
enough; becauſe not only two ſimilar parallelograms that have an 
angle common to both, are about the ſame diameter; but likewiſe 
two fimilar parallelograms that have vertically oppoſite angles, 
have their diameters in the ſame ſtraight line. but there ſeems to 
have been another, and that a direct Demonſtration of theſe caſes, 
to which this 3 2. Propoſition was needful. and the 3 2. may be 
otherwiſe and ſomething more brieſiy demonſtrated as follows. 


PROP. XXIII. B. VI. 


If two triangles which have two ſides of the one, &c. 

Let GA, HFC be two triangles which have two ſides AG, 
GF proportional to the two ſides FH, HC, viz. AG to GF, as FH 
to HC; and let AG be parallel to FH, G 
and GF to HC; AF and FC are in 4A 25 


ſtraight line. 

Draw CK parallel * to FH, and ler i 2 H. . . 
it meet GF produced in K. becauſe AG, © 
KC are each of them parallel to FH, | 
they are parallel b to one another, and B K Cv. 30. «. 
therefore the alternate angles AGF, 

FRC are equal. and AG is to GF, as (FH to HC, that is ©) CKe. 34 1. 
to KF; wherefore the triangles AGF, CKF are equiangular d, and d. 6. 6. 
the angle AFG equal to the angle CFK. but GFK is a ſtraight 
line, therefore AF and FC are in a ſtraight line ©. 

The 26. Prop. is demonſtrated from the 32. as follows. 

If two ſimilar and ſimilarly placed parallelograms have an angle 
common to both, or vertically oppoſite angles; their diameters are 
in the ſame ſtraight line. | 

Firſt, Let the parallelograms ABCD, AEFG have the angle 
BAD common to both, and be ſimilar, and ſimilarly placed; 
ABCD, AEFG are about the ſame diameter. 


e. 14. f. 
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Book VI, Produce EF, GF, to II, K, and join FA, FC. then becauſe the 
3 parallelograms ABCD, AEF G are ſi- "eb 
milar, DA is to AB, as GA to AE; A —— — 
2. Cor. 19.6. wherefore the remainder DG is * to 7 | 
the remainder EB, as GA to AE. but HK W III 
DG is equal to FH, EB to HC, and 
AE to GF. therefore as FH to HC, 
ſo is AG to GF; and FH, HC are pa- I — 
rallel to AG, GF; and the triangles 2 K C 
AGF, FHC are joined at one angle, in the point F; wherefors 
b. 33.6. AF, FC are in the fame ſtraight line b. 

Next, Let the parallelograms KFHC, GFEA which are ſimilar 
and ſimilarly placed, have their angles KFH, GFE vertically op- 
poſite; their diameters AF, FC are in the ſame ſtraight line, 

Becauſe AG, GF are parallel to FH, HC; and that AG is to Gx, 
as FH to HC; therefore AF, FC are in the ſame ſtraight line b. 


PROF. II. B. VL 


The words © becauſe they are at the center,” are left out, as the 
addition of ſome unſkilful hand. 

In the Greek, as allo in the Latin Tranſlation, the words 4 tv. 
xt, © any whatever,” are left ont in the Demonſtration of both 
parts of the Propoſition, and are now added as quite neceſlary, 
and in the Demonſtration of the ſecond part, where the triangle 
BGC is proved to be equal to CG, the illative particle azz in the 
Greek Text ought to be omitted. 

The ſecond part of the Propoſition is an addition of Theon's, 
as he tells us in his Commentary on Ptolomy's Mey Surat, 


p- 50. l 

BO 

PROP, B, ©, D. B: VI. ly 

Theſe three Propoſitions are added, becauſe they are frequently tl 

made ule of by Geometers. F 

| q 

q 

Book XI. DE F. IX. and XI. B. XI. t 
WW | K 
3 ſimilitude of plane figures is defined from the equality of 7 

their angles, and the proportionality of the ſides about the f 


equal angles; for from the proportionality of the ſides only, or only 
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om the equality of the angles, the ſimilitude of the figures does Book XI. 
not follow, except in the caſe when the figures are triangles. the 


(nilar poſition of the ſides, which contain the figures, to one ano- 
ther, depending partly upon each of theſe. and, for the ſame rea- 
ſon, thoſe are ſimilar ſolid figures which have all their ſolid angles 
equal, each to each, and are contained by the ſame number of ſimi- 
r plane figures. for there are {ome ſolid figures contained by ſimi- 
lr plane figures, of the fame number, and even of the ſame mag- 
nitude, that are neither ſimilar nor equal, as ſhall be demonſtrated 
after the Notes on the 10. Definition. upon this account it was 
neceſſary to amend the Definition of ſimilar ſolid figures, and to 
place the Definition of a ſolid angle before it. and from this and 
the 10. Definition, it is ſufficiently plain how much the Elements 
have been ſpoiled by unſkilſul Editors. 


DEF; X. B. V. 


Since the meaning of the word “ equal” is known and eſtabliſhed 
before it comes to be uſed in this Deſinition, therefore the Propoſi- 
tion which is the 10. Definition of this Bock, is a Theorem the 
truth or fal ſhood of which ought to be demonſtrated, not aſſumed 
ſo that Thzoa, or ſome other Editor, has ignorantly turned a The- 
orem which ought to be demonſtratcd into this 10. Definition. that 
Foures are ſimilar, ought to be proved from the Definition of ſimi- 
lar figurcs; that they are equal ought to be demouſtrated from the 
Mom, Magnitudes that wholly coincide, are equal to one auo- 
« ther;z” or from Prop. A. of Book 5. or the 9. Prop. or the 14. 
of the ſame Book, from one of which the equality of all kind of 
figures mult ultimately be deduced. In the preceding Books, Eu- 
cid has given no Definition of equal figures, and it is certain he did 
not give this. for what is called the 1. Def. of the 3. Book, is real- 
ly a Theorem in which theſe circles are faid to be equal, that have 
the ſtraight lines from their centers to the circumferences equal, 
which is plain from the Definition of a circle, and therefore has by 
ſome Editor been improperly placed among the Deſinitions. The 
equality of figures ought not to be deſined, but demonſtrated. 
therefore tho it were true that ſolid figures contained by the ſame 
number of ſimilar and equal plane gures fare equal to one another, 
yet he would juſtly deſerve to be blamed who ſhould make a Defi- 
vition of this Propoſition which ought to be demonſtrated. But if 
this Propoſition be not true, muſt it got be con that Ceo- 
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F 


ters have for theſe thirteen hundred years been miſtaken in hi. 


A Hementary matter? and this ſhould teach us modeſty, and to xc. 


Ks 1. 11. 


b. 4 I. 


e. . . 


4. 6. 
d. I. Def. 
6. 


knowledge how little, thro' the weakneſs of our minds, we ate 
able to prevent miſtakes even in the principles of ſciences which 
are juſtly reckoned amongſt the molt certain; for that the Pro. 
poſition is not univerſally true can be ſhewn by many examples; 
the following is ſufficient. 

Let there be any plane rectilineal figure, as the triangle ABC, 
and from a point D within it draw * the ſtraight line DE at right 
angles to the plane ABC; in DE take DE, DF equal to one any. 
ther, upon the oppoſite ſides of the plane, and let G be any point in 
EF; join DA, DB, DC; EA, EB, EC; FA, FB, FC; GA, Gh, 
GC. becauſe the ſtraight line EDF is at right angles to the plane 
ABC, it makes right angles with DA, DB, DC which it meets in 
that plane; and in the triangles EDB, FDB, ED and DB are equal 
to FD and DB, cach to each, and they contain right angles, there- 
fore the baſe EB is equal d to the baſe FB; in the ſame manner EA 
is equal to FA, and EC to 6 
FC. and in the triangles / 

EBA, FBA, EB, BA are 

equ al to FB, BA, and the 
baſe EA is equal to the E v 
baie FA; wherefore the * 
angle EEA is equal © to the — 
angle FBA, and the tri- 
angle EBA equal b to the 5 
triangle VBA, and the other B 4 | IC 


angles equal to the other ; 
angles; therefore theſe tri- 
angles are fimilar d. in the 


ſame manner the triangle F 

EBC is ſimilar to the triangle FBC, and the triangle EAC to FAC. 
therefore there are two ſolid figures each of which is contained by 
ſix triangles, one of them by three triangles the common vertex 
of which is the point G, and their baſes the ſtraight lines AB, BL, 
CA; and by three other triangles the common vertex of which is 
the point E, and their baſes the ſame lines AB, BC, CA. the other 
{olid is contained by the ſame three triangles the common Vertex 
of which is G, and their baſes AB, BC, CA; and by three other 
triangles of which the common vertex is the point F, and their 


ND TE 3 | 
baſes the ſame ſtraight lines AB, BC, CA. now the three triangles Book 


GAB, GBC, GCA are common to both ſolids, and the three others 


EAB, EBC, ECA of the firſt ſolid have been ſhewn equal and ſi- 
miiar to the three others FAB, FBC, FCA of the other ſolid, each 
to each. therefore theſe two ſolids are contained by the ſame num- 
ber of equal and ſimilar planes. but that they are not equal is ma- 
nifeſt, becauſe the firſt of them is contained in the other. there- 
fore it is not univerſally true that ſolids are equal which are con- 
tained by the Tame number of equal and ſimilar planes. 

Cor. From this it appears that two unequal ſolid angles may 
be contained by the ſame number of equal plane angles. 

For the ſolid angle at B which is contained by the four plane 
angles EBA, EBC, GBA, GBC is not equal to the folid angle at 
the ame point B which is contained by the four plane angles 
FBA, FBC, GBA, GBC; for this laſt contains the other. and each 
of them is contained by four plane angles, which are equal to one 
another, each to each, or are the ſelf ſame; as has been proved. 
and, indeed, there may be innumerable ſolid angles all unequal to 
one another, which are each of them contained by plane angles 
that are equal to one another, each to each. it is likewiſe maniteſt 


that the before-mentioned ſolids are not ſimilar, fince their ſolid 


angles are not all equal. 

And that there may be innumerable ſolid angles all unequal to 
one another, which are cach of them contained by the ſame plane 
angles diſpoſed in the ſame order, will be plain from the three 
following Propoſitions. 


PROP.-L PROBLEM. 


Three magnitudes A, B, C being given, to find a fourth ſuch, 
that every three ſhall be greater than the remaining one. 

Let D be the fourth, therefore D muſt be leſs than A, B, C to- 
gether. of the three A, B, C let A be that which is not leſs than 
either of the two B and C. and firſt, let E and C together be not 
leſs than A; therefore B, C, D together are greater than A. and 
becauſe A is not leſs than B; A, C, D together are greater than B. 
in the like manner A, B, D together are greater than C. wherc- 
fore in the caſe in which B and C together are not leſs than A, 
any magnitude D which is leſs than A, B, C together will anſwer 
the Problem. 


But if B and C together be lc than A, then becauſe it is re- 
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Book xl. quired that B, C, D together be greater than A, from each of the, 
ang away B, C, the remaining one D mult be greater than the 


excels of A above B and C. take therefore any magnitude D which 
is leſs than A, B, C together, but greater than the exceſs of A abgye 
B and C. then B, C, D together are greater than A; and becauſe 
A is greater than either B or C, much more will A and D, tg 
gether with either of the two B, C be greater than the other. 
and, by the conſtruction, A, B, C are together greater than D. 

Co R. If beſides, it be required that A and B together ſha! 
not be leſs than C and D together; the exceſs of A and B toge. 
ther above C muſt not be lefs than D, that is D muſt ot be 
greater than that exceſs. 


PROP. H. PROBLEM. 


Four magnitudes A, B, C, D deing given, of which A and B 
together are not leſs than C and D together, and ſuch that any 
three of them whatever are greater than the fourth; it is required 
to find a fifth magnitude E ſuch, that any two of the three A, , 
E ſhall be greater than the third, and alſo that any two of the 
three C, D, E ſhall be greater than the third. Let A be not les 
than B, and C not leſs than D. 

Firſt, Let the exceſs of C above D be not leſs than the excess 
of A above B. it is plain that a magnitude E can be taken which 
is leſs than the ſum of C and D, but greater than the excels of C 
above D; let it be taken, then E is greater likewiſe than the ex- 
ceſs of A above B; wherefore E and B together are greater than 
A; and A is not leſs than B, therefore A and E together are 
greater than B. and, by the Hypotheſis, A and B together are not 
leſs than C and D together, and C and D together are greater 
than E; therefore likewiſe A and B are greater than E. 

But let the exceſs of A above B be greatcr than the exceſs of C 
above D. and, becauſe, by the Hypotheſis, the three B, C, D are 
together greater than the fourth A; C and D together are greater 
than the exceſs of A above B. therefore a mapaitude may be taken 
which is leſs than C and D together, but greater than the cxcets of 
A above B. Let this magnitude be E, and becauſe E is greater than 
the exceſs of A above B, B topether with E is greater than A. and, 
as in the preceding caſe, it may be ſhewn that A together with E 
greater than B, and that A together with B is greater than E. 


N O T E 8. 


herefore in each of the caſes it has been ſhewn that any two of Bock xl. 


tne three A, B, E are greater than the third. 

And becauſe in each of the caſes E is greater than the exceſs of 
C above D, E together with D is greater than C, and, by the Hy- 
potheſis, C is not leſs than D, therefore E together with C is 
greater than D; and, by the conſtruction, C and D together are 
greater than E. therefore any two of the three, C, D, E are greater 
than the third. 


PROP. III. THEOREM. 


There may be innumerable ſold angles all nnequal to one ano- 
ther, each of which is contained by the ſame four plane angles, 
placed in the ſame order. 

Take three plane angles A, B, C, of which A is not leſs than 
either of the other two, and ſuch, that A and B together are leſs 
than two right angles; and by Problem 1. and its Corollary, find a 
fourth angle D ſuch, that any three whatever of the angles A, B, 
C, D be greater than the remaining angle, and fuch, that A and B 
together be not leſs than C and D together. and by Problem 2. find 
a fifth angle E ſuch, that any two of the angles A, B, E be greater 
than the third, and alſo that any two of the angles C, D, E be 


AE -C 


greater than the third. and becauſe A and B together are leſs than 
two right angles, the double of A and g together is leſs than four 
right angles. but A and B together are greater than the angle E, 
Wherefore the double of A and B together is greater than the three 
angles A, B, E together, which three are conſequently leſs than 
four right angles; and every two of the ſame angles A, B, L are 
greater than the third; therefore, by Prop. 23. 11. a ſolid angle 
may be made contained by three plane angles equal to the angles 
A, B, E, each to each. Let this be the angle F contained by the 
three plane angles GFH, HFK, GFK which are cqual to the angles 
Y 
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Book XI. A, B, E, each to each. and becauſe the angles C, D together ar- 
u not greater than the angles A, B together, therefore the angles C, 


6. 23. 11. 


D, E are not greater than the angles A, B, E. but theſe laſt three 
are leſs than four right angles, as has been demonſtrated, where. 
fore alſo the angles C, D, E are together leſs than four right angles, 
and every two of them are greater than the third; therefore a ſolid 
angle may be made which ſhall be contained by three plane angles 
equal to Tg 57 C, Þ E, each to each“. and * Prop. 26. 11, 


SL 
A WALES ER 


at the point F in the ſtraight line FG a ſolid angle may be made 
equal to that which is contained by the three plane angles that 
are equal to the angles C, D, E. let this be made, and let the angle 
GFK, which is equal to E, be one of the three; and let KFL, Gil, 
be the other two which are equal to the angles C, D, each to 
each. thus, there is a ſolid angle conſtituted at the point F con- 
tained by the four plane angles GFH, HFK, KFL, GFL which 
are equal to the angles A, B, C, D, each to each. | 
Again, Find another angle M ſuch, that every two of the three 
angles A, B, M be greater than the third, and alſo every two of 
the three C, D, M be greater than the third. and, as in the pre- 
ceding part, it may be demon- 
ſtrated that the three A, B, M 
are leſs than four right angles, as 
alſo that the three C, D, M are 
leſs than four right angles. Make 
therefore a ſolid angle at N 
contained by the three plane an- 
gles ONP, PNQ , ONO, which 
are equal to A, B, M, each to each. and by Prop. 26. 11. make 
at the point N in the ſtraight line ON a ſolid angle contained 
by three plane angles of which one is the angle ONQ equal 
to M, and the other two are the angles QNR, ONR which are 


> 
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equal to the angles C, D, each to each. thus at the point N there Book XI, 
is a ſolid angle contained by the four plane angles ONP, PNQ , \ywo 


ONR, ONR which are equal to the angles A, B, C, D, each to 
each. and that the two ſolid angles at the points F, N, each of 
which is contained by the above named four plane angles, are not 
equal to one another, or that they cannot coincide, will be plain 
by conſidering that the angles GFK, ONQ ; that is, the angles 
E, Mare unequal by the conſtruction, and therefore the ſtraight 


lines GF, FK cannot coincide with ON, NQ, nor couſequently 


can the ſolid angles, which therefore are unequal. 

And becauſe from the three given plane angles A, B, C there 
can be found innumerable other angles that will ſerve the ſame pur- 
poſewith the angle D, and again from Dor any one of theſe others, 
and the angles A, B, C, there may be found innumerable angles, 
ſuch as E or M; it is plain that innumerable other ſolid angles 
may be conſtituted Which are each contained by the ſame four 
plane angles, and all of them unequal to one another. Q. E. D. 

And from this it appears that Clavius and other Authors are miſ- 
taken who aſſert that thoſe ſolid angles are equal which are con- 
tained by the fame number of plane angles that are equal to one ano- 
ther, each to each. alſo it is plain that the 26. Prop. of Book 1 1. 
is byno means ſufficiently demonſtrated, becauſe the equality of two 
ſolid angles, whereof each is contained by three plane angles which 
are equal to one another, each to each, is only aſſumed, and not 
demonſtrated. 

PR: O-P.*-1; I. 

The words at the end of this,“ for a ſtraight line cannot meet 
« a ſtraight line in more than one point,” are left out, as an ad- 
dition by ſome unſkilful hand; for this is tv be demouſtrared, not 
aſſumed. 

Mr. Thomas Simpſon, in his notes at the end of the 2d Edition 
of his Elements of Geometry, p. 262. after repeating the words of 
this note, adds Now can it poſſibly ſhew any want of {kill in an 
© editor” (he means Euclid or 'Theon) “ to refer to an Axiom which 
* Euclid himſelf had laid down Book 1. N* 1 4.” (he means Bar- 
row's Euclid, for it is the 10th in the Greek) “ and not to have 
* demonſtrated, what no man can demonſtrate?” But all that in this 
caſe can follow from that Axiom is, that if two ſtraight lines could 
meet. each other in two points, the parts of them betwixt taeſe 
points muſt coincide, and ſo they would have a ſegment betwixt 
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Book XI. theſe points common to both. Now, as it has not been ſhewn in 
. Euclid, that they cannot have a common ſegment, this does not 


prove that they cannot meet in two points, from which their not 
having a common ſegment is deduced in the Greek Edition. but, 
on the contrary, becauſe they cannot have a common ſegment, as 
is ſhewn in Cor. of 11. Prop. B. 1. of 4to. Edition, it follows 
plainly that they cannot meet in two points, which the remarker 
ſays no man can demonſtrate. 

Mr. Simpſon in the ſame notes, p. 265. juſtly obſerves that in 
the Corollary of Prop. 1 1. Book 1. 4to. Edit. the ſtraight lines AB, 
BD, BC, are ſuppoſed to be all in the ſame plane, which cannot be 
aſſumed in 1. Prop. B. 11. this, ſoon after the 4to. Edition 
was publiſhed, I obſerved and corrected as it is now in this Edition, 
he is miſtaken in thinking the roth Axiom he mentions here, to 
be Euclid's; it is none of Euclid's, but is the 1 oth in Dr. Barsow's 
Edition, who had it from Herigon's Curfus Vol. 1. and in place 
of it the Corollary of 11. Prop. Book 1. was added. 


PROP, IL B XI. 


'This Propoſition ſeems to have been changed and vitiated by 
ſome Editor; for all the figures defined in the 1. Book of the 
Elements, and among them triangles, are, by the Hypotheſis, plane 
figures; that is, ſuch as are deſcribed in a plane; wherefore the 
ſecond part of the Enuntiation needs no Demonſtration. befides a 
convex ſuperficies may be terminated by three ſtraight lines meet- 
ing one another. the thing that ſhould have been demonſtrated is, 
that two, or three ſtraight lines that meet one another, are in one 
plane. and as this is not ſufficiently done, the Enuntiation and 
Demonſtration are changed into thoſe now put into the 'Text. 


PRO H. B. I. 


In this Propoſition the following words near to the end of it are 
left out, viz. © therefore DEB, DFB are not ſtraight lines, in the 
like manner it may be demonſtrated that there can be no other 
ſtraight line between the points D, B.“ becauſe from this that two 
lines include a ſpace, it only follows that one of them is not a 
ſtraight line. and the force of the argument lies in this, viz. if 
the common ſection of the planes be not a ſtraight line, then two 
ſtraight lines could include a ſpace, which is abſurd; therefore 
the common ſection is a ſtraight line. 
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PROP. IV. R XL 


The words © and the triangle AED to the triangle BEC” are 
omitted, becauſe the whole concluſion of the 4. Prop. B. 1. has 
been ſo often repeated in the preceding Books, it was needleſs to 
repeat it here. 


PROP. V. B. XI. 


In this, near to the end, ii, ought to be left out in the 
Greek text. and the word © plane” is rightly left out in the Ox- 
ford Edition of Commandine's Tranſlation. 


FROP. YI. B AL 


This Propoſition has been put into this Book by ſome unſkilful 
Editor, as is evident from this, that ſtraight lines which are drawn 
from one point to another in a plane, are, in the preceding Books, 
ſuppoſed to be in that plane. and if they were not, ſome Demon- 
ſtrations in which one ſtraight line is ſuppoſed to meet another 
would not be concluſive, becauſe theſe lines would not meet one 
another. for inſtance, in Prop. 30. B. 1. the ſtraight line GK 
would not meet EF, if GK were not in the plane in which are the 
parallels AB, CD, and in which, by Hypotheſis, the ſtraight line 
EF is. beſides, this 7. Propoſition is demonſtrated by the preced- 
ing 3. in which the very thing which is propoſed to be demon- 
ſtrated in the 7. is twice aſſumed, viz. that the ſtraight line drawn 
from one point to another in a plane, is in that plane; and the 
ſame thing is aſſumed in the preceding 6. Prop. in which the 
ſtraight line which joins the points B, D that are in the plane to 
which AB and CD are at right angles, is ſuppoſed to be in that 
plane. and the 7. of which another Demonſtration is given, is 
kept in the Book merely to preſerve the number of the Propoſitions; 
for it is evident from the 7. and 35. Definitions of the 1. Book, 
tho' it had not been in the Elements. 


PROP. VIII. B. XL 


In the Greek, and in Commandine's and Dr. Gregory's Tranſla- 
tions, near to the end of this Propoſition, are the following words, 
* but DC is in the plane thro' BA, AD” inſtead of which in the 
Oxford edition of Commandine's tranſlation, is rightly put “ but 


E is in the plane thro BD, DA.” but all the Editions have 
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Book XI. the following words, viz. * becauſe AB, BD are in the plane thre 
Bo, DA, and DC is in the plane in which are AB, BD,” which 


are manifeſtly corrupted, or have been added to the 'Text; for there 
was not the leaſt neceſſity to go ſo far about to ſhtw that DC js 
in the ſame plane in which are BD, DA, becauſe it immediately 
follows from Prop. 7. preceding, that BD, DA are in the plane in 
which are the parallels AB, CD. therefore inſtead of theſe words 
there ought only to be © becauſe all three are in the plane in 
« which are the parallels AB, CD.” 


PRO. . X I. 


After the words, “ and becauſe BA is parallel to GH,” the 
following are added © for each of them is parallel to DE, and are 
* not both in the ſame plane with it,” as being manifeſtly forgotten 
to be put into the Text, 


PAROP.EVL---B. -AT. 


In this, near to the end, inſtead of the words © but ſtraight lines 
« which meet neither way” ought to be read © but ſtraight lines 
&« in the ſame plane which produced meet neither way.” becauſe 
tho' in citing this Definition in Prop. 27. B. 1. it was not ne- 
ceſſory to mention the words, © in the ſame plane” all the ſtraight 
Ines in the Books preceding this being in the fame plane; yet 
here it was quite neceſſary. 


„ 


In this, acar the beginning, are the words,“ but if not, let BAC 
ce be the greater.“ but the angle BAC may happen to be equal to 
one of the other two. wherefore this place ſhould be read thus, 
« but if not, let the angle BAC be not leſs than either of the other 
two, but greater than DAB.” | 

At the end of this Propoſition it is ſaid, © in the fame manner 
ce it may be demonſtrated,” tho' there is no need of any Demon- 


ſtration; becauſe the angle BAC being not leſs than either of the 


other two, it is evident that BAC together with one of them 13 
greater than the other. 


PROP. XXII. B. XL 
And likewiſe in this, near the beginning, it is ſaid, © but if not, 


# let the angles at B, E, H be unequal, and let the angle at B be 
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« greater than either of thoſe at E, H.“ which words manifeſtly Book XI. 
ew this place to be vitiated, becauſe the angle at B may be equal . 


to one of the other two. they ought therefore to be read thus, but 
« jf not, let the angles at B, E, H be unequal, and let the angle 
« at B be not leſs than either of the other two at E, H. therefore 
« the ſtraight line AC is not leſs than either of the two DF, GK,” 


PROP. XXIII. B. XI, 


The Demonſtration of this is made ſomething ſhorter, by not 
repeating in the third caſe the things which were demonſtrated in 
the firſt ; and by making uſe of the conſtruction which Campanus 
has given; but he does not demonſtrate the ſecond and third caſes, 
the conſtruction and demonſtration of the third caſe are made a 
little more ſimple than in the Greek Text. 


PROP, AV. B. Al. 


The word © ſimilar” is added to the Enuntiation of this Propo- 
ſition, becauſe the planes containing the ſolids which are to be de- 
monſtrated to be equal to one another in the 25. Propoſition, 
ought to be ſimilar and equal; that the equality of the ſolids may 
be inferred from Prop. C. of this Book. and in the Oxford Edi- 
tion of Commandine's "Tranſlation, a Corollary is added to Prop. 
24. to ſhew that the parallelograms mentioned in this Propoſition 
are ſimilar, that the equality of the ſolids in Prop. 25. may be 
deduced from the 1 o. Def. of B. 11. 


PROP. XXV. and XXVI. B. XI. 


In the 2 5. Prop. ſolid figures which are contained by the ſame 
number of ſimilar and equal plane figures, are ſuppoſed to be equal 
to one another. and it ſeems that Theon, or ſame other Editor, 
that he might ſave himſelf the trouble of demonſtrating the ſolid 
figures mentioned in this Propoſition to be equal to one another, 
has inſerted the 10. Def. of this Book, to ſerve inſtcad of a De- 
monſtration z which was very ignorantly done. 

Likewiſe in the 26. Prop, two ſolid angles are ſuppoſed to be 
equal, if each of them be contained by three plane angles which 
are equal to one another, each to each. and it is ſtrange enough, 
that none of the Commentators on Euclid have, as far as I know, 
perceived that ſomething is wanting in the demonſtrations of theſe 
two Propoſitions. Clavius, indeed, in a note upon the 1 1. Nef, 
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equal which are contained by the ſame number of plane angles, 
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equal to one another, each to each, becauſe they will coincide, if 
they be conceived to be placed within one another; but this is ſaid 
without any proof, nor is it always true, except when the ſolid 
angles are contained by three plane angles only, which are equal 
to one another, each to each. and in this caſe the propoſition is the 
ſame with this, that two ſpherical triangles that are equilateral to 
one another, are allo equiangular to one another, and can coin. 
cide; which ought not to be granted without a demonſtration, 
Euclid does not aſſume this in the caſe of rectilineal triangles, but 
demonſtrates in Prop. 8. B. 1. that triangles which are equi- 
lateral to one another are alſo equiangular to one another; and from 
this their total equality appears by Prop. 4. B. 1. and Mene. 
laus, in the 4. Prop. of his 1. Book of Spherics, explicitly de- 
monſtrates that ipherica] triangles which are mutually equilateral, 
are alſo equiangular to one another; from which it is eaſy to ſhew 
that they muſt coincide, providing they have their ſides diſpoſed 
in the ſame order and ſituation. 

To ſupply theſe defects, it was neceſſary to add the three 
Propoſitions marked A, B, C to this Book. for the 25. 26. and 
28. Propoſitions of it, and conſequently eight others, viz. the 
27. 31. 32. 33. 34. 36. 37. and 40. of the ſame, which 
depend upon them, have hitherto ſtood upon an infirm foun- 
dation; as alſo, the 8. 12. Cor. of 17. and 18, of the 12. 
Book, which depend upon the g. Definition. for it has been 
ſhewn in the Notes on Def. 1 o. of this Book, that ſolid figures 
which are contained by the ſame number of ſimilar and equal 
plane figures, as alſo ſolid angles that are contained by the ſame 
number of equal plane angles are not always equal to one another. 
It is to be obſerved that Tacquet, in his Euclid, defines equal 
ſolid angles to be ſuch, © as being put within one another do coin- 
“ cide.” but this is an Axiom, not a Definition, for it is true of 
all magnitudes whatever. he made this uſeleſs Definition, that 
by it he might demonſtrate the 36. Prop. of this Book without 
the help of the 35. of the ſame. concerning which Demonſtra- 
tion, ſee the Note upon Prop. 36. | 


PROP. XXVIII. B. XI. 


In this it ought to have been demonſtrated, not aſſumed, that 
the diagonals are in one plane. Clavius has ſupplied this defect. 
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here are three Caſes of this Propoſition; the firſt is when the 
two parallelograms oppoſite to the baſe AB have a ſide common to 
both; the ſecond is, when theſe parallelograms are ſeparated from 
one another; and the third, when there is a part of them common 
to both; and to this laſt only the D-2monſtration that has hitherto 
deen in the Elements does agree. The firſt Caſe is immediately 
deduced from the preceding 28. Propoſition, which ſeems for this 
purpoſe to have been premiſed to this 29. for it is neceſſary to none 
hut to it, and to the 40. of this Book, as we now have it, to 
which laſt it would, without doubt, have been premiſed, if Euchd 
had not made uſe of it in the 29. but ſome unſkilful Editor has 
taken it away from the Elements, and has mutilated Euclid's De- 
monſtration of the other two Caſes, which is now reſtored, and 
ſerves for both at once. 


. 


In the Demonſtration of this, the oppoſite planes of the ſolid 
CP, in the figure in this Edition; that is, of the iolid CO in Com- 
mandine's figure, are not proved to be parallel; which it is proper 
to do for the fake of learners. 


EA 


There are two Caſes of this Propoſition; the firſt is when the 
inſiſting ſtraight lines are at right angles to the baſes; the other 
when they are not. the firſt Caſe is divided again into two others, 
one of which is when the baſes are equiangular parallelograms; the 
other when they are not equiangular. the Greek Editor makes no 
mention of the firſt of theſe two laſt Caſes, but has inſerted the De- 
monſtration of it as a part of that of the other. and therefore ſhould 
have taken notice of it in a Corollary; but we thought it better to 
give theſe two caſes ſeparately. the Demonſtration alſo is made 
ſomething ſhorter by following the way Euclid has made uſe of in 
Prop. 14. B. 6. beſides, in the Demonſtration of the caſe in which 
the inſiſting ſtraight lines are not at right angles to the baſes, the 
Editor does not prove that the ſolids deſcribed in the conſtruction 
ae parallelepipeds, which it is not to be thought that Euclid ne- 
gletted, alſo the words, © of which the inſiſting ſtraight lines are 
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Book XI, © not in the ſame ſtraight lines,” have been added by ſome vnſlil. 
ful hand; for they may be in the ſame ſtraight lines. 


PROP. XXXII. B. XI. 


The Editor has forgot to order the parallelogram FH to be ap. 
plied in the angle FGH equal to the angle LCG, which is neceſ. 
ſary. Clavius has ſupplied this. 

Alſo, in the conſtruCtion, it is required to complete the ſolid of 
which the baſe is FH, and altitude the fame with that of the ſolid 
CD ; but this does not determine the folid to be completed, ſince 
there may be innumerable ſolids upon the ſame baſe, and of the 
ſame altitude. it ought therefore to be ſaid © complete the ſolid of 
* which the baſe is FH, and one of its inſiſting ſtraight lines is 
FD.“ the ſame correction muſt be made in the following Pro. 


poſition 3 3. 


PRO P. D. B. XI. 


It is very probable that Euclid gave this Propoſition a place in 
the Elements, ſince he gave the like Propoſition concerning equi- 
angular parallelograms in the 23. B. 6. 


PR OP. XXXIV. B. XI. 
In this the words, @r al ige vi eiolv i 1 autor e , 
« of which the inſiſting ſtraight lines are not in the ſame ſtraight 
c lines” are thrice repeated; but theſe words ought either to be 
left out, as they are by Clavius, or in place of them ought to be put 
& whether the inſiſting ſtraight lines be, or be not, in the ſame 
& ſtraight lines.” for the other Caſe is without any reaſon excluded. 


alſo the words, d 1d vn, © of which the altitudes” are twice put 


for d ai tg:5974, © of which the inſiſting ſtraight lines;” which is 
a plain miſtake. for the altitude is always at right angles to the baſe. 


PROP. XXXV. B. XI. 


The angles ABH, DEM are demonſtrated to be right angles in 
a ſhorter way than in the Greek; and in the ſame way ACH, DFM 
may be demonſtrated to be right angles. alſo the repetition of the 
ſame Demonſtration, which begins with © in the ſame manner, is 
left out, as it was probably added to the Text by ſome Editor; for 
the words,“ in like manner we may demonſtrate” are not inſerted 
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dl. except when the Demonſtration is not given, or when it is ſome- Bock xl. 
thing different from the other, if it be given, as in Prop. 26. f 
this Book. Campanus has not this repetition. 

We have given another Demonſtration of the Corollary, beſides 

p- WW te one in the Original, by help of which the following 36. Pro- 

l poſition may be demonſtrated without the 35. 


of PROP. XXXVI. B. XI. 

id Tacquet in his Euclid demonſtrates this Propoſition without the 
e help of the 35. but it is plain that the ſolids mentioned in the 
e Greek Text in the Enuntiation of the Propoſition as equiangular, 
f ue ſuch that their ſolid angles are contained by three plane angles 
i equal to one another, each to each; as is evident from the con- 
). ſtruction. Now Tacquet does not demonſtrate, but aſſumes theſe 


{alid angles to be equal to one another; for he ſuppoſes the ſolids 

to be already made, and does not give the conſtruction by which 

they are made. but, by the ſecond Demonſtration of the preced- 
n ing Corollary, his Demonſtration is rendered legitimate likewiſe in 
- the Caſe where the ſolids are conſtructed as in the Text. | 


PROP. XXXVII. B. XI. 


In this it is aſſumed that the ratios which are triplicate of thoſe 
N ratios which are the ſame with one another, are likewiſe the ſame 
q with one another; and that thoſe ratios are the ſame with one ano- 
a ther, of which the triplicate ratios are the ſame with one another; 
b hut this ought not to be granted without a Demonſtration, nor did 
7 Euclid aſſume the firſt and eaſieſt of theſe two Propoſitions, but de- 
monſtrated it in the caſe of duplicate ratios, in the 22. Prop. B. 6. on 
this account another Demonſtration is given of this Propoſition like 
to that which Euclid gives in Prop. 22. B. 6. as Clavius has done. 


PROP. XXXVIII. B. XI. 


When it is required to draw a perpendicular from a point in one 
plane which is at right angles to another plane, unto this laſt plane, 
it is done by drawing a perpendicular from the point to the common 
ſection of the planes; for this perpendicular will be perpendicular 
to the plane, by Def. 4. of this Book. and it would be fooliſh in 
this caſe to do it by the 11. Propoſition of the ſame. but Euclid *, a. 17. 12. in 
Apollonius, and other Geometers, when they have occaſion for this other Edi- 


Problem, direct a perpendicular to be drawn from the point to the dions. 
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Book Xl. plane, and conclude that it will fall upon the common ſection 0 
t the planes, becauſe this is the very ſame thing as if they had made 
uſe of the conſtruction above-mentioned, and then concluded th, 
the ſtraight line muſt be perpendicular to the plane; but js ex. 
preſſed in fewer words. ſome Editor not perceiving this, thought 
it was neceſſary to add this Propoſition, which can never be of any 
uſe, to the 11. Book. and its being near to the end among Pro- 


poſitions with which it has no connexion, is a mark of its having 
been added to the Text. 


PROP. XAXXIE. ZB. I. 


In this it is ſuppoſed that the ſtraight lines which biſect the 
ſides of the oppoſite planes, are in one plane, which ought to hare 
been demonſtrated ; as is now done. 


Bock XII. B. XII. 


HE learned Mr. Moor, Profeſſor of Greek in the Univerſity 

of Glaſgow, obſerved to me that it plainly appears from 

Archimedes Epiſtle to Doſitheus prefixed to his Books of the Sphere 

and Cylinder, which Epiſtle he has reſtored from antient Mani. 

ſcripts, that Eudoxus was the Author of the chief Propoſitions in 
this tweltth Book. 


PROP. Ul. B II. 

At the beginning of this it is ſaid, © if it be not ſo, the ſquare of 
© BD ſhall be to the ſquare of FH, as the circle ABCD is to ſome 
« ſpace either leſs than the circle EFGH, or greater than it.” and 
the like is to be found near to the end of this Propoſition, as alſo in 
Prop. 5. 11. 12. 18. of this Book. concerning which it is to be ob- 
ſerved, that in the Demonſtration of 'Theorems, it is ſufficient, in 
this and the like caſes, that a thing made uſe of in the reaſoning can 
poſſibly exiſt, providing this be evident, tho! it cannot be exhibited 
or found by a Geometrical conſtruction. ſo in this place it is aſ- 
ſumed that there may be a fourth proportional to theſe three magni- 
tudes, viz. the ſquares of BD, FH, and the circle ABCD; becauſe 
it is evident that there is ſome ſquare equal to the circle ABCD, 
tho? it cannot be found geometrically; and to the three rectilineal 
figures, viz. the ſquares of BD, FH, and the ſquare which is equal 
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o the circle ABC, there is a fourth ſquare proportional; becauſe gook X11. 
o the three ſtraight lines which are their ſides there is a fourth Loy 
traight line proportional*, and this fourth ſquare, or a ſpace equala. 13. 6. 


o it, is the ſpace which in this Propoſition is denoted by the letter 
6 and the like is to be underſtood in the other places above cited. 
nd it is probable that this has been (hewn by Euclid, but left out 
r ſome Editor; for the Lemma which ſome unſkilful hand has 
14ded to this Propoſition explains nothing of it. 


PROP. I. B. XII. 


In the Greek Text and the Tranſlations, it is ſaid, “ and be- 
« cauſe the two ſtraight lines BA, AC which meet one another” &c. 
here the angles BAC, KHL are demonſtrated to be equal to one 
another by 10. Prop. B. 1 1. which had been done before. becauſe 
the triangle EAG was proved to be ſimilar to the triangle KHL. 
this repetition is left out, and the triangles BAC, KHL are proved 
to be ſimilar in a ſhorter way by Prop. 21. B. 6. 


KOF. . 1 XIE 


A few things in this are more fully explained than in the Greek 
Text. ; 


PROF. V. X XL 


In this, near to the end, are the words dc tuTpooFty i dei x in, © as 
© was before ſhewn,” and the ſame are found again in the end of 
Prop. 18. of this Book; but the Demonſtration referred to, ex- 
cept it be the uſeleſs Lemma annexed to the 2. Prop. is no where 
in theſe Elements, and has been perhaps left out by ſome Editor 
who has forgot to cancel thoſe words allo. 


PROF. VEL B. All 
A ſhorter Demonſtration is given of this; and that which is 
in the Greek Text may be made ſhorter by a ſtep than it is. for 
the Author of it makes uſe of the 22. Prop. of B. 5. twice, where- 
as once would have ſerved his purpoſe ; becauſe that Propoſition 
extends to any number of magnitudes which are proportionals 


taken two and two, as well as to three which are proportional to 
ather three, 


8 COR. PROP. vm. B. XIL 


The Demonſtration of this is imperfect, becauſe it is not ſhew; 
that the triangular pyramids into which thoſe upon multanguly 
baſes are divided, are ſimilar to one another, as ought neceſſarily to 
have been done, and is done in the like caſe in Prop. 1 2. of thi 
Book. the full Demonſtration of the Corollary is as follows. 

Upon the polygonal baſes ABCDE, FGHKL, let there be ſimi. 
lar and fimilarly ſituated pyramids which have the points M, 
for their vertices. the pyramid ABCDEM has to the pyramid 
FGHEDLN the triplicate ratio of that which the fide AB has tg 
the homologous fide FG. 

Let the polygons be divided into the triangles ABE, EBC, ECT); 

2. 20. 6, FGL, LGH, LHK, which are ſimilar * each to each. and becauſe 
b. 11. Def. the pyramids are ſimilar, therefore Þ the triangle EAM is ſimilar to 

the triangle LFN, and the triangle ABM to FGN. wherefore © ME 
is to EA, as NL to LF; and as AE to EB, fois FL to LG, becauk 


C. 4. 6G. 


the triangles EAB, LFG are ſimilar; therefore, ex aequali, as ME 

to EB, ſo is NL to LG. in like manner it may be ſhewn that EB 

is to BM, as LG to GN; therefore, again, ex aequali, as EM to 

MB, ſo is LN to NG. wherefore the triangles EMB, LNG having 

d. 5.6. their ſides proportionals are 9 equiangular, and ſimilar to one ano- 
ther. therefore the pyramids which have the triangles EAB, LFG 

for their baſes, and the points M, N for their vertices are ſimilar“ 

e. B. 11. to one another, for their ſolid angles are © equal, and the ſolids 
themſelves are contained by the ſame number of ſimilar planes. in 
the ſame manner the pyramid EPCM may be ſhewn to be ſimilar 


on the pyramid LGHN, and the pyramid ECDM to LHEN. and Book X11. 
becauſe the pyramids EABM, LFGN are ſimilar, and have triat- (a 
wn WM gular baſes, the pyramid EABM has f to LFGN the triplicate ratio f. 8. 12. 
ala: of that which EB has to the homologous fide LG. and, in the ſame 
7 to WM manner, the pyramid EBCM has to the pyramid LGHN the tri- 
this plicate ratio of that which EB has to LG. therefore as the pyramid 
FABM is to the pyramid LFGN, fo is the pyramid EBCM to the 
mi. pyramid LGHN. in Ike manner, as the pyramid EBCM is to 
Ie, ſo is the pyramid ECDM to the pyramid LHKN. and 
nid as one of the antecedents is to one of the conſequents, fo are all 
to the antecedents to all the conſequents. therefore as the pyramid 
LABM to the pyramid LFCN, fo is the whole pyramid ABC DEM 
); to the whole pyramid FGHELN. and the pyramid EABM has 
ſe to the pyramid LFGN the triplicate ratio of that which AB has 
to to FG, therefore the whole pyramid has to the whole pyramid the 
E triplicate ratio of that which AB has to the homologous ſide FG. 


„ W QED. 


PROP. XI. and XII. B. XII. 


The order of the letters of the Alphabet is not obſerved in 
theſe two Propoſitions, according to Euclid's manner, and is now 
reſtored. by which means the firſt part of Prop. 1 2. may be de- 
monſtrated in the ſame words with the firſt part of Prop. 11. on 
this account the Demonſtration of that firſt part is left out, and aſ- 
ſamed from Prop. 1 1. 


PROP. XIII. B. XII. 


In this Propoſition the common ſection of a plane parallel to the 
baſes of a cylinder, with the cylinder itſelf is ſuppoſed to be a 
circle, and it was thought proper briefly to demonſtrate it; from 
whence it is ſufficiently manifeſt that this plane divides the cylin- 
der into two others. and the ſame thing is underſtood to be ſup- 
plied in Prop. 1 4. . 


PROP. XV. B. XI. 


“And complete the cylinders AX, EO.” both the Enuntiation 
and Expoſition of the Propoſition repreſent the cylinders as well as 
the cones as already deſcribed. wherefore the reading ought rather 
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Book X11, to be © and let the cones be ALC, ENG; and the cylinders Ax 
Way ED.” | 
The firſt Caſe in the ſecond part of the Demonſtration is want, 

ing; and ſomething alſo in the ſecond Caſe of that part, before the 

re petition of the conſtruction is mentioned; which are now added. 


PROP. XVII. B. XII. 


In the Enuntiation of this Propoſition the Greek words, eg 79 
uc opxipay f Torvedpor tyypta, An ö 1c i 
opajpac xaTx Try £719210v, are thus tranſlated by Commandine and 
others, “ in majori folidum polyhedrum deſcribere quod minoris 
© {phacrae ſuperficiem non tangat 3” that is,“ to deſcribe in the 
& greater ſphere a ſolid polyhedron which ſhall not meet the ſuper. 
“C ficies of the leſſer ſphere.” whereby they refer the words «a7; 
Tir triparacy to theſe next to them 73; *xctororo; oPaypa. but the 
ought by no means to be thus tranſlated, for the ſolid polyhedron 
doth not only meet the ſuperficies of the leſſer ſphere, but pervades 
the whole of that ſphere. therefore the foreſaid words are to be re- 
ferred to 7% ce roave3per, and ought thus to be tranſlated. viz, 
to deſcribe in the greater ſphere a folid polyhedron whoſe ſupcr- 
ficics ſhall not meet the leſſer ſphere ; as the meaning of the Pro- 
poſition neceſſarily requires. 

The Demonſtration of the Propoſttion is ſpoiled and mutilated, 
for ſome ealy things are very explicitly demonſtrated, while others 
not ſo obvious are not ſufficiently explained; for example, when it 
is afirmed that the ſquare of KB is greater than the double of the 
{quare of BZ, in the firſt Demonſtration ; and that the angle BZK 

is obtuſe, in the ſecond. both which onght to have been demon- 
ſtrated. beſides, in the firſt Demonſtration it is ſaid © draw KN 
from the point K perpendicular to BD 3? whereas it ought to 
have been ſaid, © join KV,” and it ſhould have been demonſtrated 
that KV is perpendicular to BD. for it is evident from the figure 
in Hervagins's and Gregory's Editions, and from the words of the 
Demonſtration, that the Greek Editor did not perceive that the per- 
pendicular drawn from the point K to the ſtraight line BD muſt ne- 
ceſſarily fall upon the point V, for in the figure it is made to fall upon 


the Demonſtration. Commandine ſeems to have been aware of this; 
for in his figure he marks one and the ſame point with the two let- 


the point N a different point from V, which is likewiſe ſuppoſed in 
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TW is V, a; and before Commandine, the learned John Dee in the Book X10, 
Commentary he annexes to this Propoſition in Henry Billingſley's . 
it WW Tranſlation of the Elements printed at London Ann. 15 50, ex- 
he preſs]y takes notice of this error, and gives a Demonſtration ſuited 
d. doo the Conftruftion in the Greek Text, by which he ſhews that 
the perpendicular drawn from the point K to BD, muſt neceſſarily 
fall upon the point V. 
"7 Likewiſe it is not demonſtrated that the quadrilateral fignres 
10 SOPT, TPRY, and the triangle YRX do not meet the leſſer 
4 WI ſphere, as was neceſſary to have done. only Clavius, as far as I 
is know, has obſerved this, and demonſtrated it by a Lemma, which 
ie 3s now premiſed to this Propoſition, ſomething altered and more 
Fe briefly demonſtrated. 
8 In the Corollary of this Propoſition it is ſuppoſed that a fotid p po- 
7 lyhedron is deſcribed in the other ſphere ſimilar to that which is de- 
n {cribed in the ſphere BODE. but as the Conſtruction by which this 
's may be done is not given, it was thought proper to give it, and to 
— demonſtrate that the pyramids in it are ſimilar to thoſe of the fame 


. order in the ſolid polyhedron deſcribed in the ſphere BCDE. 


a From the preceding Notes if is ſufficiently evident how mucly 
the elements of Euclid, who was a moſt accurate Geometer, have 
. been vitiated and mutilated by ignorant Editors. The opinion which 
$ the greateft part of learned men have entertained concerning the 
t preſent Greek edition, viz. that it is very little or nothing different 
from the genuine work of Euclid, has, without doubt deceived 
them, and made them leſs attentive and accurate in examining that 
Edition; whereby ſeveral errors, ſome of them groſs enough, have 
eſcaped their notice from the age in which 'Theon Hired to this 
time. Upon which account there is ſome ground to hope that 
the pains we have taken in correcting thoſe errors, and freeing 
the Elements as far as we could 1 blemiſhes, will not be un- 
acceptable to good Judges who can diſcern when Demonſtrations 
are legitimate, and when they are not. 
. The objections which, ſince the firſt Edition, have been made 
l againft ſome things in the Notes, eſpecially againſt the doctrine of 
| Proportionals, have either been fully anſwered in Dr. Barrow's 
ö Lect. Mathemat. and in theſe Notes; or are ſuch, except one which 
- has been taken notice of in the Note on Prop. 1. Book 1 1. as ſhew 
that the perſon who made them has not ſufficiently conſidered the 
Z 
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Book XII. things againſt which they are brought; ſo that it is not neceſſuy 

ya, to make any further anſwer to theſe objections and others like 
them againſt Euclid's Definition of Proportionals, of which De. 
nition Dr. Barrow juſtly ſays in page 297 of the above-named 
book, that Niſi machinis impulſa validioribus aeternum perſiſtet 
e inconcuſſa.“ 
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UCLID'S DATA is the firſt in order of the books written 

by the antient Geometers to facilitate and promote the me- 
thod of Reſolution or Analyſis. In the general, a thing is ſaid to 
be given which is either actually exhibited, or can be found out, 
that is, which is either known by Hypotheſis, or that can be de- 
monſtrated to be known; and the Propoſitions in the Book of 
Euclid's Data ſhew what things can be found out or known from 
thoſe that by Hypotheſis are already known; fo that in the Ana- 
lyfis or Inveſtigation of a Problem, from the things that are laid 
down to be known or given, by the help of theſe Propoſitions other 
things are demonſtrated to be given, and from theſe other things 
are again ſhewn to be given, and ſo on, until that which was pro- 
poſed to be found out in the Problem is demonſtrated to be given, 
and when this is done the Problem is ſolved, and its Compoſition 
is made and derived from the Compoſitions of the Data which were 
made uſe of in the Analyſis. And thus the Data of Euclid are 
of the moſt general and neceſſary ule in the ſolution of Problems 
of every kind. 

Euclid is reckoned to be the Author of the Book of. the Data 
both by the antient and modern Geometers; and there ſcems to 
be no doubt of his having written a Book on this ſubject, but 
which in the courſe of ſo many ages has been much vitiated by un- 
ſkilful Editors in ſeveral places, both in the order of the Pro- 
politions, and in the Definitions and Demonſtrations them{lves. 
To correct the errors which are now found in it, and bring it 
nearer to the accuracy with which it was, no doubt, at firſt Wil- 
ten by Euclid, is the deſign of this Edition, that ſo it may be ten- 
dered more uſeful to Geometers, at leaſt to beginners who defire 
to learn the inveſtigatory method of the antients. And for their 
lakes the Compoſition of moſt of the Data are ſubjoined to their 
Demonſtrations, that the Compoſitions of Problems ſolved by help 
of the Data may be the more eaſily made. 

Marinus the Philoſopher's preface which in the Greek Edition 
is prefixed to the Data is here left out, as being of no uſe to un- 

derſtand them. at the end of it he ſays that Euclid has not uſed 
| 2 3 
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the ſynthetical, but the analytical method in delivering them; in 
which he is quite miſtaken ; for in the Analyſis of a Theorem the 
thing to be demonſtrated is aſſumed in the Analyſis ; but in the 
Demonſtrations of the Data, the thing to be demonſtrated, which 
is that ſomething or other is given, is never once aſſumed in the 
Demonſtration, from which it is manifeſt that every one of them 
is demonſtrated ſynthetically ; tho indeed if a Propoſition of the 
Data be turned into a Problem, for example the 84th or 85th 
in the former Editions, which here are the 85th and 86th, the 
Demonſtration of the Propoſition becomes the Analyſis of the 
Problem. 

Wherein this Edition differs from the Greek, and the reaſons 
of the alterations from it will be ſhewn in the Notes at the end of 
me Data. 
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DEFINITIONS. 


I. 
PACES, lines and angles are ſaid to be given in magnitude, 
when equals to them can be found. 
II. 

A ratio is ſaid to be given, when a ratio of a given magnitude to a 

given magnitude which is the ſame ratio with it can be found. 
III. 

Rectilineal figures are ſaid to be given in ſpecies, which have each 

of their an gles given, and the ratios of their fides given. 
IV. 

Points, lines and ſpaces are ſaid to be given in poſition, which have 
always the ſame ſituation, and which are either actually exhi- 
bited, or can be found. 

A. 

An angle is ſaid to be given in poſition, which is contained by 

ſtraight lines given in poſition. 
V. 

A circle is ſaid to be given in magnitude, when a ſtraight line from 

its center to the circumference is given in magnitude. 
VI. 

A circle is ſaid to be given in poſition and magnitude, the center 
of which is given in poſition, and a ſtraight line from it to the 
circumference is given in magnitude. 

VII. 

Segments of circles are ſaid to be given in magnitude, when the 

angles in them, and their baſes are given in magnitude. 
VIII. 

Segments of circles are ſaid to be given in poſition and magnitude, 
when the angles in them are given in magnitude, and their 
baſes are given both in poſition and magnitude. 

| IX. 

A magnitude is ſaid to be greater than another by a given magni- 
tude, when this given magnitude being taken from it, the re: 
mainder is equal to the other magnitude. 
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A magnitude is ſaid to be Jeſs than another by a given Magnitude, fore © 
hen this given magnitude being added to it, the whole is equi cauſe 
to the other magnitude. 'Th 
text, 
5 . PROPOSITION: I ſtood 
bee N. [1E ratios of given magnitudes to one another is n 
given 
8 .* 


Let A, B be two given magnitudes, the ratio of A to Þ is given, 

2. 1. Def. Becauſe A is a given magnitude, there may * be found one equal 
Lat. to it; let this be C. and becauſe B is given, one I 
equal to it may be found; let it be D. and ſince 


b. 7.5. A is cqual to C, and B to D; therefore bA is to 
B, as C to D; and conſequently the ratio of A ] 
to B is given, becaule the ratio of the given mag- ſum 
nitudes C, D which is the ſame with it has been | 
jound. : | ABCD 


or. . 


bee N. 1 F a given magnitude has a given ratio to another 
magnitude,“ and if unto the two magnitudes by 
* which the given ratio is exhibited, and the given 
magnitude, a fourth proportional can be found ;” 

the other magnitude 1s given. 


> 2 
* 


Let the given magnitude A have a given ratio to the magnitude 
B; it a fourth proportional can be found to the three magnitude; 
above-named, B is given in magnitude. | 


Becauſe A is given, a magnitude may be found 
þ. 1. Def. equal to it“; let this be C. and becaule the ratio 


of A to ) is given, a ratio which is the ſame with A B C D } 
it may be found; let this be the ratio of the given E b 0 
magnitude E to the given magnitude F. unto the | 
magnitudes E, F, C find a fourth proportional D, | | | 
which, by the Hypotheſis, can be done. where- 


ſore becauſe A is to B, as E to F; and as E to F, 


* The figures in the margin ſhew the number of the Propoſitions in the other 
Editions. | 


E 


— 
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o is Cto D; A is d to B, as C to D. but A is equal to C, there- b. 11. . 
fore © B is equal to D. the magnitude B is therefore given *, be- C. 14. 5. 
cauſe a magnitude D equal to it has been found. 
The limitation within the inverted commas is not in the Greek 
text, but is now neceſſarily added; and the ſame muſt be under- 
food in all the Propoſitions of the Book which depend upon this 
ſecond Propoſition, where it is not expreſsly mentioned, See the 
Note upon it. 


PROP. II. . 


& any given magnitudes be added together, their 
ſum {hall be given. 


Let any given magnitudes AB, BC be added together, their 
ſum AC is given. 

Becauſe AB is given, a magnitude equal to it may be found *; a, 2. Def, 
let this be DE. and becauſe BC is given, A 3 C 
one equal to it may be found; let this be 
EF. wherefore becauſe AB is equal to 15 : 
DE, and BC equal to EF; the whole AC D | E F 
is equal to the whole DF. AC is there- ; 88 
fore given, becauſe DF has been found, which is equal to it. 


FR OP; V. 4. 


I a given magnitude be taken from a given mag- 
nitude; the remaining magnitude ſhall be given. 


From the given magnitude AB let the given magnitude AC be 
takenz the remaining magnitude CB is given. 

Becauſe AB is given, a magnitude equal to it may “ be found; a. 1. Def. 
let this be DE. and becauſe AC is given, | 
one equal to it may be found; let this be A C E 
DF. wherefore becauſe AB is equal to 
DE, and AC to DF; the remainder CB D F E 
is equal to the remainder FE. CB is there- CP eſe CF I 
fore given a, becauſe FE which is equal to it has been found, 
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1 2. PROP. V. 


Sce N. 


a. 4. Dat. 


See N. 


a, 2. Def. 


F of three magnitudes, the firſt together with the ſe. 
cond be given, and alſo the ſecond together with 

the third; either the firſt is equal to the third, or one 
of them is greater than the other by a given magnitude. 


Let AB, BC, CD be three magnitudes, of which AB together 
with BC, that is AC, is given; and alſo BC together with CD, 
that is BD, is given. either AB is equal to CD, or one of them i; 
greater than the other by a given magnitude. 

Becauſe AC, BD are each of them given, they are either equal to 
one another, or not equal. firſt, let them | 
be equal, and becauſe AC is equal to A B C D 
BD, take away the common part BC; CO OT Fn 
therefore the remainder AB is equal to the remainder CD, 

But if they be unequal, let AC be greater than BD, and make 
CE equal to BD. therefore CE is given, becauſe BD is given. and 
the whole AC is piven, therefore 
A the remainder is given. and AE B C D 
becauſe EC is equal to BD, by 
taking BC from both, the remainder EB is equal to the remainder 
CD. and AE is given, wherefore AB excceds EB, that is CD by 
the given magnitude AE. 


— 


Nor VL 


FF a magnitude has a given ratio to a part of it; it ſhall 


alſo have a given ratio to the remaining part of it. 


Let the magnitude AB have a given ratio to AC a part of it; 
it has alſo a given ratio to the remainder BC. 

Becauſe the ratio of AB to AC is given, a ratio may be found * 
which is the ſame to it. let this be the ratio of DE a given magni- 
tude to the given magnitude DF. and A <p B 
becauſe DE, DF are given, the remain- 3 
der FE is b given. and becaule AB is to 
AC, as DE to DF, by converſion © AB D F E 
is to BC, as DE to EF. therefore the | 
ratio of AB to BC is given, becauſe the ratio of the given magni- 
tudes DE, EF which is the ſame with it has been found. 


Cor. From this it follows, that the parts AC, CB have a given 
ratio to one another. becauſe as AB to BC, ſo is DE to EF; by di- 


viſion %, AC is to CB, as DF to FE; and DF, FE are given; d. :7.,s. 
therefore ! the ratio of AC to CB is given. a. 2. Def. 


PROP. VII. | 6. 


F two magnitudes which have a given ratio to one See N. 
another, be added together; the whole magnitude 
ſhall have to cach of them a given ratio, 


Let the magnitudes AB, BC which have a given ratio to one 
another, be added together; the whole AC has to each of the mag- 
nitudes AB, BC a given ratio. 

Becauſe the ratio of AB to BC is given, a ratio maybe found * a. a. Def. 
which is the ſame with it; let this be the ratio of the given mag- 
nitudes DE, EF. and becauſe DE, DF A B C 


are given, the whole DF is given d. b. 3. Dat. 
and becauſe as AB to BC, ſo is DE to 
EF; by compoſition ©, AC is to CB, D E F c. 18. 5. 
as DF to FE; and by converſion d, ; d. E. 3. 
AC is to AB, as DF to DE. i becauſe AC is to each of 
the magnitudes AB, BC, as DF to each of the others ns EF; the 
ratio of AC to each of the magnitudes AB, BC is given *. 

P R OP. VIII. 7. 


J* 2 given magnitude be divided into two parts which see N. 
have a given ratio to one another, and if a fourth 

proportional can be found to the ſum of the two magni- 

tudes by which the given ratio is exhibited, one of them, 

and the given magnitude; each of the parts is given. 


Let the given magnitude AB be divided into the parts AC, CB 
which have a given ratio to one ano- C B 
ther; if a fourth proportional can be 
found to the above- named magnitudes f ; 
AC and CB are each of them given. D F ID 

Becauſe the ratioof AC toCBis gi- 50 
ren, the ratio pf AB to BC is given *; therefore a ratio which 18 2, 7. Dat. 
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a. 2. Def. 


is the fame with it, has been found. 
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the ſame with it can be found b, let this be the ratio of the giz 
magnitudes DE, EF. and becauſe the gi- 
ven magnitude AB has to BC the piven A C B 
ratio of DE to EF, if unto DE, EF, AB _ SY 
a fourth proportional can be found, this D F E 
which is BC is given e; and becauſe AB N 
is given the other part AC is given d. 

In the ſame manner, and with the like limitation, If the differ. 
ence AC of two magnitudes AB, BC which have a given ratio he 
given; each of the magnitudes AB, BC is given. 


PROP. IX. 


AGNITUDES which have given ratios to the 


ſame magnitude, have alſo a given ratio to one 
another. 


Let A, C have each of them a given ratio to B; A has a given 
ratio to C. 

Becauſe the ratio of A to B is given, a ratio which is the ſame 
to it may be found * ; let this be the ratio of the given magnitudes 
D, E. and becauſe the ratio of B to C is given, a ratio which is 
the ſame with it may be found * ; let this be the ratio of the given 
magnitudes F, G. to F, G, E find a 
fourth proportional H, if it can be | 
done; and becauſe as A is to B, ſo is | 


D to E; and as B to C, ſo is (F to G, 


and ſo is) E to H; ex acquali, as A to | | 

C, ſo is D to H. therefore the ratio of AB 0 D OS 1 
A to C is given *, becauſe the ratio of F 

the given magnitudes D and H, which | | | 


but if a fourth proportional to F, G, 

E cannot be found, then it can only be faid that the ratio of A 
to C is compounded of the ratios of A to B, and B to C, that i 
of the given ratios of D to E, and F to G. 


Wen 


fer. 


he 


le 
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0 9. 
F two or more magnitudes have given ratios to one 
another, and if they have given ratios, tho they 
he not the ſame, to ſome other magnitudes ; theſe other 
magnitudes ſhall alſo have given ratios to one another. 
Let two or more magnitudes A, B, C have given ratios to one 
mother; and let them have given ratios, tho they be not the 
fame, to ſome other magnitudes D, E, F. the magnitudes D, E, F 
bare given ratios to one another. 
Becauſe the ratio of A to B is given, and likewiſe the ratio of A 
to D; therefore the ratio of D 
to Bis given“; but the ratio of A D ** as 
B to E is given, therefore * the RB—_— E. 
ratio of D to E is given. and be- (5 F 
cauſe the ratio of B to C is given, 
and alſo the ratio of B to E; the ratio of E to C is given *. and 
the ratio of C to F is given; wherefore the ratio of E to F is gi- 
ren. D, E, F have therefore given ratios to one another. 
N 22. 
I two magnitudes have each of them a given ratio 
to another magnitude ; both of them together 
ſhall have a given ratio to that other. 
Let the magnitudes AB, BC have a given ratio to the magnitude 
D; AC has a given ratio to the ſame D. 
Becauſe AB, BC have each of them A B S 
z given ratio to D, the ratio of AB to : 
BC is given *. and by compoſition, the D a. 9. Dat. 
ratio of AC to CB is given b. but the © b. 7. Dat, 


ratio of BC to D is given; therefore * the ratio of AC to D is 
given, ' 
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=P 3 P R O . XII. 
1 F the whole have to the whole a given ratio, aud 
che parts have to the parts given, but not the ſame, becaul 
ratios, every one of them, whole or part, ſhall have ts Nc. oi 
every one a given ratio. Dt 
of F; 


Let the whole AB have a given ratio to the whole CD, ad df B, 
the parts AE, EB have given, but not the ſame, ratios to the pas the 
CF, FD; every one ſhall have to every one, whole or part, 2 g. ne! 
ven ratio. ine! 
Becauſe the ratio of AE to CF is given, as AE to CF, ſo make N beca 
AB to CG; the ratio therefore of AB to CG is given; wherefore FVI 
the ratio of the remainder EB to the remainder FG is given, be- 
2.19.5, Cauſeit is theſame * with the ratio of AB to CG. and the ratio of FB 


to FD is given, wherefore the ratio of A L. B 

b. 9. Dat. VD to FG ie given d; and by con ver — 1 
c. 6. Dat. fon, tlie ratio of bt to DG is given. (: F # D 

and becauſe AB has to each of the mag- — — oth 
nitudes CD, CG a given ratio, the ratio of cb to CG is given'; WM tio 
and therefore © the ratio of CD to DG is given. but the ratio of GD tu 
to DF is given, wherefore b the ratio of CD to DF is given, and 
d. Cor. 6. conſequently © the ratio of CF to FD is given; but the ratio of CF on 
Dat. to AE is given, as allo the ratio of FD to EB; wherefore © the 1 

e. 10. Pat. ratio of AE to EB is given; as alſo the ratio of AP to each of 
. 7. Pat. them f. the ratio therefore of every one to every one is given. R 
PROP. XII. e 
| 1 F tlie firſt of three proportional ſtraight lines hasa 13 
| given ratio to the third, the firſt ſhall allo have a WM g 
4 given ratio to the ſecond. : 
| Fet A, B, C be three proportional ſtraight liges, that is as A T 
to B, ſo is B to C; if A has to C a given ratio, A (hall alſo have ; 
to B a piven ratio. 


| 

| Becauſe the ratio of A to C is given, a ratio which is the ſame 
| a. 2. Def. With it may be found ; let this be the ratio of the given ſtraight 
v. 13. 6. lines D, E; and between D and E find a d mean proportional F; 
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yerefore the rectangle contained by D and E is equal to the 
ſquare of F, and the rectangle D, E is given be- 

2 its ſides D, E are given; wherefore the 
ſquare of F, and the ſtraight line P is given. and 


becauſe as A is to C, ſo is D to E; but as A to 
c, ſo is the ſquare of A to the ſquare of B; and 1 Cor. 
«xD to E, ſo is © the ſquare of D to the ſquare 9 
of F; therefore the ſquare 4 of A is to the ſquare A 3 C d. 11. 5. 
of B, as the fquare of D to the ſquare of F. 5 
1s therefore © the ſtraight line A to the ſtraight 8 
ine B, ſo is the ſtraight line D to the ſtraight | 
ine F. therefore the ratio of A to B is given “, 2. 2. Def. 
becauſe the ratio of the given ſtraight lines D, 
F which is the fame with it has been found. 

PR O-P. NV. A. 


Jr. a magnitude together with a given magnitude has a See N. 
given ratio to another magnitude; the exceſs of this 

. magnitude above a given magnitude has a given ra- 

tio to the firſt magnitude. and if the exceſs of a magni- 

tude above a given magnitude has a given ratio to another 

magnitude; this other magnitude together with a given 

magnitude has a given ratio to the firſt magnitude. 


Let the magnitude AB together with the given magnitude BE, 
thatis AE, have a given ratio to the magnitude CD; the exceſs of 
CD above a given magnitude has a given ratio to AB. 

Becauſe the ratio of AE to CD is given, as AE to CD, ſo make 
BE to FD; therefore the ratio of BE to FD is given, and BE is 
given, wherefore FD is given *. and A B E 2+ Dat. 
becauſe as AE to CD, ſo is BE to { 
FD, the remainder AB is ® to the C F D b. 19. 5. 
remainder CF, as AE to CD. but oy 
the ratio of AE to CD is given, therefore the ratio of AB to CF 
is given; that is, CF the exceſs of CD above the given magni- 
tude FD has a given ratio to AB. 

Next, Let the exceſs of the magnitude AB above the given 
magnitude BE, that is, let AE have a given ratio to the magni- 


EUCLID?'S 


tude CD; CD together with a given magnitude has a given ral 
to AB. 


Becauſe the ratio of AE to CD is given, as AE to CD, fo male 748 
BE to FD; therefore the ratio of BE to 1 

FD is given, and BE is given, wherefore A i E B 1 

2. 3. Dat. FD is given“. and becanſe as AE to CD, aj 1 
c. 12. 5s. ſo is BE to FD, AB is to CF, ase AE to C D PF 517 
CD. but the ratio of AE to CD is given, e Are 


therefore the ratio of AB to CF is given; that is CF which is equal 
to CD together with the given magnitude DF has a given ratioto AB, \ 


B. PROP. Iv. - * 

See N. | be 2 magnitude together with that to which another Nee 
magnitude has a given ratio, be given; this other M vo! 

is given together with that to which the firſt magni- i { 

tude has a grven ratio, 1 


Let AB, CD be two magnitudes of which AB together with \f 
BE to which CD has a given ratio, is given; CD is given together 
with that magnitude to which AB has a given ratio. - 

Becauſe the ratio of CD to BE is given, as BE to CD, fo male 
AE to FD; therefore the ratio of AE to FD is given, and AE i: 


2. 2. Dat. given, whercfore * FD is given. and be- A B F 
cauſe as BE to CD, ſo is AE to FD; N ; 
b. Cor. 19.5. AB is b to FC, as BE to CD. and the F C D 


ratio of BE to CD is given, wherefore 


the ratio of AB to FC is given. and FT is given, that is CD to- 
gether with FTC to which AB has a given ratio is given. 


I 0. PROP. AVE. . 

See N. 1 F the exceſs of a magnitude above a given magni- 
tude, has a given ratio to another magnitude; the | 

exceſs of both together above a given magnitude ſhall I * 

have to that other a given ratio. and if the excels of | 

two magnitudes together above a given magnitude, 

has to one of them a given ratio; either the excels of 

of the other above a given magnitude has to that one 

2 given ratio; or the other is given together with the Þ | 
magnitude to which that one has a given ratio. 


any 


ake 


| = 
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Let the exceſs of the magnitude AB above a given magnitude, 
Have a given ratio to the magnitude BC; the exceſs of AC, both of 
them together, above a given magnitude, has a given ratio to BC, 

Let AD be the given magnitude the excels of A} above which, 
viz. DB, has a given ratio to BC. A B 0 
and becauſe DB has a given ratio Doc 1 
10 ah the ratio of DC to CB is 
given *, and AD is given; therefore DC, the excels of AC abore 
the given magnitude AD, has a given ratio to BC. 

Next, let the excels of two magnitudes AB, BC together above 
a giren magnitude have to one of A T p 15 
tnem BC a given ratio; either the B 
excels of the other of them AB a- x : wy 
bore a given magaitade ſhall have to BC a given ratio; or AB 
is given together with the magnitude to which BC has a given 


ratio. 

Let AD be the given magnitude, and fift let it be Jeſs than 
AB; and becauſe DC the exceſs of AC above AD has a given 
rao to BC, DB has d a given ratio to BC; that is DB, the exceſs 
of AB above the given magnitude AD, has a given ratio to BC. 

But let the given magnitu e be greater than AB, and make 
AE equal to it; and becauſe EC, the excets of AC above AF, 
has to BC a given ratio, BC has © a given ratio to BE; and be- 
cauſe AL is given, AB together with BZ to which BC has a given 
ratio, 15 given. 


PROP. XVII 


F the exceſs of a magnitude above a given magnitude 


„J. Vat 


b. Cor. 6. 
Dat. 


c. 6, Det. 


11. 
Sce N. 


has a given ratio to another maguitude; the exccis 


of the ſame ſirſt magnitude above a given magnitude, 
{hall have a given ratio to both the magnitudes toge— 
ther. and if the exceſs of cither of two magnitudes a- 

bove a given magnitude has u f given ratio to both Mag- 
nituc 1 together; the exceſs ot the ſame above a given 
magnitude {hall hive a given ratio to the other. 


Let the exceſs of the magnitude AB above a given magnitude 
have a rven ratio to the magnitude BC; the excels of Ai above 


a given magnitude has a given ratio to AC, 
A 2 
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a. 7. Dat. 


b. 2. Dat. 
. 


d. 6. Vat. 


e. 19 5. 


. Cor. 6. 
Dat. 


— ä ——— — . —p— — — 


14. 


— v— —ꝛů—ů— 


2. 1. Dat. 


E UC 11D D 


Let AD be the given magnitude; and becauſe DB, the excef; g 
AB above AD, has a given ratio to BC; the ratio of DC to DB; 
given *. make the ratio of AD to DE the ſame with this ratio; 
therefore the ratio of AD to DE is 
given. and AD is given, wherefore = LY D 5 0 
» DE, and the remainder AE are gi- 
ven. and becauſe as DC to DP, ſo is AI) to DE, AC is e to EB, 
as DC to DB; and the rativ of DC to DB is given, wherefore tlie 
ratio of AC to EB is given. and becauſe the ratio of IB to AC 
is given, and that AE is given, therefore EB the exceſs of AB a. 
bore the given magnitude Af, has a given ratio to AC, 

Next, let the exceſ, of AB above a given magnitude have à 
given ratio to AB and BC together, that is to AC; the exceſs of 
AB above a given magnitude has a given ratio to BC, 

Let AE be the given magnitude; and becauſe EB the exce; 
of AB above AE 1 to AC a given ratio, as AC to EB, fo make 
AD to DE; therefore the ratio of AD to DE is given, as al! 
the ratio of AD to AE. and ALE is given, wheretore b AJ is . 
ven. and becauſe as the whole, AC, to the whole, EB, fo 1; AY 
to DE; the remainder DC is © to the remainder DB, 2s AC to EB; 
and the ratio of AC to EB is given, wherefore the ratio of me 
to DB is given, as alſo f the ratio of DB to BC. and AD is gi- 
ven, therefore DB, the exceſs of AB above the given magnitude 
AD, has a given ratio to LC. 


N 


* to cach of two magnitudes, which have a given 

atio to one another, a given magnitude be added; 
the wholes ſhall cither have a given ratio to one ano- 
ther, or the exceſs of one of them above a given mag- 
nitude ſhall have a given ratio to the other. 


Let the two magnitudes AB, CD have a given ratio to one 
another, and to AB let the given magnitude BE be added, and 
the given magnitude DF to CD. the wholes AE, CF either have a 
given ratio to one another, or the exceſs of one of them above 3 
given magnitude has a given ratio to the other. 

Becauſe BE, DF are each of them given, their ratio is given“. 


— 


% www CD 


DATA. 


«nd if this ratio be the ſame with A 
the ratio of AB to CD, the ratio of N K 
AE to CF, which is the ſame d with C D F 
the given ratio of AB to CD, Galt be 
ven. 


But if the ratio of BE to DF be not the fame with the ratio of 
AB to CID; either it is greater than the ratio of AB to CN, or, by 
inverſion, the ratio of DF to BE is greater than the ratio of CD to 
AB. firſt, let the ratio of BE to DF ,- G 
be greater than the ratio of AB to CT); A. B Gr K 
and as AB to CD, ſo make BG to 
DF; therefore the ratio of BG to DF 0 I F 
js given 3 and DF is given, therefore 
BG is given. and becauſe BE has a greater ratio to DF than (AB 
to CD, that is than) BG to DF, BY. is greater 4 than BG. and 
becauſe as AB to Ci), fo is BG to DF, therefore AG is d to C, 
as AB to CD. but the ratio of AB to Ci) is given, wherefore 
the ratio of A to CF is given; and becauſe BY, BG are each of 
them given, GE is given. therefore AG, the exceſs of AE abore 
the given magnitude GE has a given ratio to CF, the other caſe 
is demonſtrated in the ſame manner. 


PROP. XIX. | 
F from each of two magnitu-les, which have a given 


ratio to one another, a given magnitude be taken; 


the remainders ſhall either have a given ratio to one 
another, or the excels of one of them above a given 
magnitude, ſhall have a given ratio to the other. 


Let the magnitudes AB, CD have a given ratio to one another, 
and from AB let the given magnitude All be taken, and from CN, 
the given magnitude CF. the remainders EB, FD chall either have 
a given ratio to one another, or the excefs of one of them above 
a given magnitude ſhall have a gi- 
ven ratio to the other. A 1 B 
Fs ecauſe AF, CF are each of 'C Þ TN 

given, their ratio is givcn * - 
and if this ratio be the ſame with 
the ratio of AB to CD, the ratio of the remainder EB to the re- 
A 2 2 


I 


31! 


. Der. 
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1. 19. 8. mainder FD, which is the ſame d with the given ratio of Aj; 6 
CD, ſhall be given. 

But if the ratio of AB to CD be not the ſame with the ratio cf 

AE to CF, either it is greater than the ratio of AE to CF, or, þ 
inverſion, the ratio of CD to AB is greater than the ratio of C 90 

AE. firſt, let the ratio of AB to CD be greater than tlie ra of 

AE to CF, and as AB to CD, ſo make AG to CF; therefore the 


there 
tude 


ratio of AG to CF is given, and CF A ＋ 0 * f 
c. 2. Dat. is given, wherefore © AG is given. . " 
and becauſe the ratio of AB to CD, C 18 TD ay ; 
that is the ratio of AG to CF, is | tach 
greater than the ratio of AT to CF; ane 
A. 10. 5. G is greater 4 thau AE. and AG, AE are given, therefore the wit) 
remainder EG is given. and as AB to CD, fois AG to CV, ud 
fo is b the reel: r GB to the remainder FD; and the ruio of 1 
AB to CD is given, wherefore the ratio of GB to FI is «iv n M0: 
therefore GB, the exceſs of EB above the given magnum! IG, let 
has a given ratio to FD. in the fame manner the other caſe is de. 80 
monſtrated. } 
16. FN OP. AX; 


F to one of two magnitudes which have a given ratio 
to one another, a given magnitude be added, and 
from the other a given magnitude be taken; the ex- 
ceſs of the ſum above a given magnitude 1hall have a 
given ratio to the remainder. 


Let the two magnitudes AB, CD have a given ratio to one ano- 
ther, and to AB Jet the given magnitude EA be added, and from 
CD let the given magnitude CF be taken; the excels of the ſum 
EB above a given magnitude has a given ratio to the remainder FI). 

Becauſe the ratio of AB to CD is given, make as AB to CO, 0 
AG to CF. therefore the ratio of AG to CF is given, and CF is 


' 4.2. Dat. given, wherefore * AG is given; E A. 6 B 


and E A is given, therefore the 


whole EG is given. and becauſe A 
as AB to CD, ſo is AG to CF, C_ x D t1 


b. 19. 5s. and ſo is d the remainder GB to the 
remainder FD; the ratio of GB to FD is given. and EG is given, 
th 


DAT As 


therefore GB, the exceſs of the ſum EB above the given magni- 
tude LG, has a given ratio to the remainder FD. 


PROP. XXI. 


F two magnitudes have a given ratio to one another, if 
a given magnitude be added to one of them, and the 
other be taken from a given magnitude; the ſum toge- 
ter with the maguitude to which the remainder has a 
c)ver ratio, is given. and the remainder is given together 
with the magnitude to which the ſum has a given ratio. 


Let the two magnitudes AB, CD have a given ratio to one 
Mather; and to AB let the given magnitude BE be added, and 
kt Ci) be taken from the given magnitude FD. the ſum AL is 
nin together with the magnitude to which the remainder FC 
1 2 given ratio. 

Vecnuſe the ratio of AB to CD is given, make as AB to CD, 
C to FD. therefore the ratio of GB to FD is given, and FD 


is given, wherefore GB is given“; G B E 
and BE is given, the whole GE is — 
therefore given. and becauſe as AB 

to CD, fo is GB to FD, and ſo 6E C es BD 


dGAto FC; the ratio of GA to f 

is given. and AE together with GA is given, becauſe GE is 
giren; therefore the ſum AE together with GA to which the re- 
mander FC has a given ratio, is given. the ſecond part is mani- 
felt from Prop. 15. 


* 


NOF. XI 


two magnitudes have a given ratio to one another, 
if from one of them a given magnitude be taken, 
and the other be taken from a given magnitude; each 
of the remainders is given together with the magni- 
tude to which the other remainder has a given ratio. 


Let the two magnitudes AB, CD have a given ratio to one ano- 
ther, and from AB let the given magnitude AE be taken, and let 
A 2 3 


G 
See N. 


2. 2. Dat, 


b. 19. 5. 


D. 


See N. 
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CD be taken from the given magnitude CF; the remainder FB is 
given together with the magnitude to which the other remainder 
DF has a given ratio. 

Becauſe the ratio of AB to CD is given, make as AB tg CD, ſo 
AG to CF. the ratio of AG to CF is therefore given, and CF is 


2. 2, Dat. given, wherefore * AG is given; 


b. 19. 5. 


20 
Zet N. 


«206.6 


and AE is given, and therefore the A. Xx B oO 
remainder EG is given. and be- 58 OY 
cauſe as AB to CD, fois AG to C D F 


Mn 


CF, and ſo is d the remainder BG 5 18 

to the remainder DF; the ratio of BG to DF is given. and FB to. 
gether with BG is given, becauſe EG is given. therefore the re. 
mainder EB together with BG to which DF the other remainder 
has a given ratio is given. the ſecond part is plain from Prop, 15, 


PROP. XXIII. 


IF from two given magnitudes there be taken magni- 


tudes which have a given ratio to one another, the 
remainders ſhall either have a given ratio to one ano- 
ther, or the exceſs of one of them above a given mag- 
nitude ſhall have a given ratio to the other. 


Let AB, CD be two given magnitudes, and from them let the 
magnitudes AE, CF which have a g:vcn ratio to one another be 
taken; the remainders EB, FD either have a given ratio to one 
another, or the excc's of one of them above a given magnitude 
has a given ratio to the other. 


Becauſe AB, CD are cach of . 10 BN 
them given, the ratio of AB to © » — 
C3) is given. and if this ratio be C 1E 9 
the ſame with the ratio of AL to — : 


CF, then the remainder EB has * the ſame given ratio to the re- 
mainder FI). 

But if the ratio of AB to CD be not the ſame with the ratio of 
AE to CF, it is cither greater than it, or, by inverſion, the ratio of 
Ci) to AB is greater than the ratio CF to AE. firſt, let the ratio of 
AB to CD be greater than the ratio of AE to CF; and as AE to 
C, ſo mike AG to CD, therefore the ratio of AG to CD is given, 
becaute the ratio of AE to CF is given; and CD is given, whete- 


fore d 
than t 
B, thy 
A31s 
AG 57 
mam. 
x A 
of E 
els ( 


FD. 


Bi MW fore AG is given; and hecauſe the ratio of AB to CD is greater b. 2. Dat. 


der MY than the ratio of (AE to CF, that N 15 GR 
b, than the ratio of) AG to CD; + — 
fo Ag is greater © than AG. and AB C + Y C. 10. 5. 


F is AG are given, therefore the re- © 

mainder BG is given. and becouſe 
£ xx» AL to CF, ſo is AG to CD, aud ſo is * EG to FD; the ratio * 79: 5. 
. of EG to FD is given. an] GB is given, therefore EG the ex- 

cſs of EB above the given mignitude GB, has a given ratio to 

FD. the other cafe is ſhewn in the ſame way, 


e. Noon . I 3. 


ry I there be three magnitudes, the firſt of which has a sce x. 
given ratio to the ſecond, and the exceſs of the ſe- 

cond above à given magnitude has a given ratio to the 

third; the exceſs of the firſt above a given magnitude 

ſhall alſo have a given ratio to the third. 


. Let AB, CD, E be three magnitudes, of which AB has a given 
ratio to C; and the excels of CD above a given magnitude has 
2 giren ratio to E. the exceſs of AB above a given magnitude has 
a given ratio to E. 

Let CF be the given magnitude the exceſs of CD above which, 
viz, FD has a given ratio to E. and becauſe the ratio of AB to CD 
is given, as AB to CD to make AG to CF; there- A 
tore the ratio of AG to CF is given; and CF is 
given, wherefore * AG is given. and becauſe as C a. 2. Dat. 
AB to CD, ſo is AG to CF, and ſo is e GB to G 
D; the ratio of GB to FD is given. and the J. | 
ratio of FD to E is given, wherefore © the ratio c. 9. Dat. 
of GB to E is given. and AG is given, therefore 
GB the exceſs of AB above the given magnitude | | | 
AG has a given ratio to F. 2 D E 

Cox. 1. And if the firſt has a given ratio to the ſecond, and 
the exceſs of the firſt above a given magnitude has a given ratio 
to the third ; the exceſs of the ſecond above a given magnitude 
ſhall have a given ratio to the third. for if the ſecond be called 
the firſt, and the firſt the ſecond, this Corollary will be the ſame 
with the Propoſition. | 


a a 4 


17. 


8:9. Dat. 


= given magnitudes AF, DG are added; there- 
. 18. Dat. 


18. 
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Cor. 2. Alſo if the firſt has a given ratio to the ſecond, an; 
the excels of the third above a given magnitude has alſo a piye 
ratio to the ſecond, the {ame excels ſhall have a given ratio to tu 
firſt; as is evident from the 9th Dat. 


PR O PF. A. 


F there be three magnitudes, the exceſs of the f18 

whereof above a given magnitude has a given ratio 

to the ſecond; and the excels of the third above a given 

magnitude has a given ratio to the fame fecond. the fut 

Mall either have a given ratio to the thurd, or the exceſz 

ot one of them above a given magnitude thall haye x 
given ratio to the other. | 


Let AB, C, DE, be three mapnitudes, and let the exceſſes of 
each of the two AB, DE above given magnitudes have given ratios 
to C; AB, DI. either have a given ratio to one anvther, or the 
excel> of one of theta above a given magnitude has a given ratio 
to the other, 

Let FB the exceſs of AB above the given magnitude AF have , 
given ratio to C; and Jet GE the excels of A 


DE above the given magnitiide JG have a gi- D 
ven ratio to C; and becauſe FB, GE have each FL 
of them a given ratio to C, they have a gi- | 8 


ven ratio * to one another. but to FB, GE the 
torcÞthe whole magnitudes AB, Dit havecither D | 
a given ratio to one angther, or the excels of 5 O E 
ou ef them above a given magnitude has a given ratio to the other. 


NO e 


F there be three magnitudes the exceſſes of one of 
which above given magnitudes have given ratios 
to the other two magnitudes ; theſe two {hall either 
have a given ratio to one another, or the exceſs of one 
of them above a given magnitude ſhall have a given 


patio to the other. 


DATA. : 377 
Let AB, CD, EF be three magnitudes, and let GD the exceſs 


of one of them CD above the given magnitude CG have a given 

ao to AB; and allo let KD the excels of the ſame CD above 

the given magnitude CK have a given ratio to EF. either AB has 

a given ratio to EF, or the excels of one of them above a given 
magnitude has a given ratio to the other. 

Becauſe GD has a given ratio to AB, as GD to AB, ſo make CG 

o HA; therefore the ratio of CG to HA is given; and CG is gi- 

ren, wherefore * HA is given. and becaule as GD to AB, ſo is CG ©: 2. Dat. 
o HA, and fo is > CD to HB; the ratio of CD to HB is given. „. xa. s. 
a becauſe KD has a given ratio to EF, as KD H 
0 EF, ſo make CK to LE; therefore the ratio 

of CK to LE is given; and CK is given, where- C | T, 
tore * LE is given. and becauſe as KD to EF, A: | 
ois CK to LE, and ſo b is CI) to LF; the ratio G+ 

A CD to LF is given. but the ratio of CD to KE 
Hh is given, wheretore © the ratio of HB to LF c. 9. Dat. 
's given. and from HE, LF the given mapnitudes E DF 
HA, LE being taken, the remainders AB, EF ſhall either have a 
oven ratio to one another, or the exceſs of one of them above a 


* 


gven magnitude has a given ratio to the other 9, d. 19. Dat. 
Another Demonſtration. 

Let AB, C, DE be three magnitudes, and let the exceſſes of one 

of them C above given magnitudes have given ratios to AB and DE. 

ether AB, DE have a given ratio to one another, or tne excels of 

one of them above a given magnitude has a given ratio to the other. 

Becauſe the exceſs of C above a given maguitude has a given ra- 

toto AB, therefore * AB together with a given magnitude has a a. 14. Dat. 
given ratio to C. let this given magnitude be 


1 


AY, wherefore FB has a given ratio to C. alſo, KC; > C 
tude has a given ratio to DE, therefore DE. 


| 
a D 
together with a giren magnitude his a given 
ratio to C. let this given magnitude be DG, | | 
wherefore GE has a given ratio to C. and FB tC 
has a given ratio to C, therefore b the ratio of b. 9. Dat. 
FB to GE is given. and from FB, GE the given magnitudes AF, 
DG being taken, the remainders AB, DE either bave a given ratio 
to one another, or the exceſs of one of them above a given mag- 
nitude has a given ratio to the other e.“ c. 19. Dat. 


. Wo 5 — 5 * 5 . . 
becauſe the exceſs of C above a given magni- 5 
— 
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19. 


2. 2. Dat. 


b. 19. 5. 


C. p. Dat. 


d. 24. Dat. 
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E R O F. VI.. 


F there be three magnitudes the exceſs of the firſt q 

which above a given magnitude has a given rat 

to the ſecond; and the exccls of the ſccond above: 

given magnitude has alſo a given ratio to the third. 

the exceſs of the hrſt above a given magnitude {;;] 
have a given ratio to the third. 


Let AB, CD, E be three magnitules the exceſs of the firſt ag I 
which AB abure the given magnitude AG, viz. GB has a ginn point 
ratio to CI; and FT) the exceſs of CD above the given nun. B 
tude CF, has a given ratio to E. the exceſs of AB above a giwel givel 
magnitude has a given ratio to F. the | 

Becauſe the ratio of GB to CD is given, as GB to CD, ſo mike the | 
GH to CF; therefore the ratio of Gil ro CF is cut 
given; and CF is given, wherefore * GH is gi- ſame 
ven; and AG is given, wherefore the whole C AD, 


AH is given. and becauſe as GB to CD, fo is , C or | 
GH to CF, and fo is o the remainder HB to the 

remainder FB; the ratio of HB to FD is given. Ht 21 the 
and the ratio of FD to E is given, whcrefore © 
the ratio of HB to E is given. and AH is given; - 
therefore HB the cel uf AB above the given B D EL 
magnitude AH has a given ratio to E. [ 


* Otherwiſe. 

Let AB, C, D be three magnitudes, the exceſs FB of the 
firſt of which AB above the given magnitude AF has a given 
ratio to C, and the exceſs of C above a given maguitude has a 
given ratio to D. the excels of AB above a gi- A 
ven magnitude has a given ratio to D. 

Decauſe EB has a given ratio to C, and the E- 
excels of C above a given magnitude has a given 
ratio to D; therefore 9 the excels of EB above a F. 
given magnitude has a given ratio to D.. let this 
given magnitude be EF, therefore FB the ex- 
ceſs of EB above EF has a given ratio to D. B C D 
and AF is given, becauſe AE, EF are given. 


* 


» 
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ſerefore FB the exceſs of AB above the given magnitude AF has 
2 given ratio to D.” 


P R OP. XXVII. 25. 


F two lines given in poſition cut one another, the see N. 
point or points in Which they cut one another are 


given, 


Let two lines AB, CD piven in poſition cut one another in the 
point E; the point E is given. 
Becauſe the lines AB, CD are C 
given in poſition, they have always OE | 
the lame ſituation “, and therefore A— 83 4. Def. 
the point, or points, in which they DE 
cut one another have always the D 
ſame ſituation. and becauſe the lines 5 
AB, CD can be found“, the point, 2 — B 


or points, in Which they cut one 7 \ 
another, are likewiſe found ; and D 


theretore are given in poſition “. 


E-30P,: ASIA. 26. 


af 


F the extremities of a ſtraight line be given in poſt- 
tion ; the ſtraight line is given in poſition and mag- 
nitude. 


Becauſe the extremities of the ſtraight line are given, they can 


de found *; let theſe be the points A, B, between which a ſtraight *: 4. Def. 
: line AB can be drawn e; this has an | 
| invariable poſition, . becauſe between -B ws 
two given points there can be drawn | 

but one ſtraight line. and when the ſtraight line AB is drawn, its 

; md nitude is at the ſame time exhibited, or given. therefore the 
ſtraight line AB is given in poſition and magnitude. 


b. 1. Poltu- 


330 


47. 


A. 1. Def. 


b. 4. Def. 


. 


. 1. . 


h. 4. Def. 
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PROF. . 


FF one of the extremities of a ſtraight line given in 
polition and magnitude be given; the other ext... 
mity hall allo be given. 


Let the point A be given, to wit one of the extremitics c 
ſtraiglit line given in magnitude, and which lies in ch. 
line AC given in poſition; the other extremity is alto given, 

Becauſe the ſtraight line is given in magnitude, one co vl 
can be ſound *; let this be the ſtraight line D. from che wii wg 


ſtraight line AC cut off AB equal to the A * 5 

leſſer D. therefore the other extremity © © Rae CARIES AC 
B of the ſtraight line AB is found. any * 

the point B has always the ſame ſitua". . line 
tion, becauſe any other point in AC, on, 

upon the ſame ſide of A, cuts off between it and the point A x FC 
greater or leſs ſtraight line than AB, that is than D. therefore the tar 
point B is given b. and it is plain another ſuch point can be found LL 
ia AC produced upon the other fide of the point A. 


PROF. XXXL 
F a ſtraight line be drawn through a given point 
parallel to a ſtraight line given in poſition ; chat 
ſtraight line is given in poſition. 


Let A be a given point, and BC a ſtraight line given in poſiion; 
the ſtraight line drawn thro' A parallel to BC is given in poſition. 


Thro' A draw * the ſtraight line DAE i | A TP, 
parallel to BC; the ſtraight line DA — 
has always the ſame poſition, derung 0 

L 


no other ſtraigkt line can be drawn — 
through A parallel to BC. therefore the 
ſtraight line DAE which has been found is given “ in poſition. 


— tw) ef fond OI m_ 
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29. 

F a ſtraight line be drawn to a given point in a gi- 

ven ſtraight line, and makes a given angle with it. 
cut firaight line is given in poſition. 

Let AB be a ſtraight line given in poſition, and C a given point 
zu it, the ſtraight line drawn to C 
which makes a given angle with CB, F 
j; given in poſition. G E 

B-caule the angle is given, one N 
eau to it can be ound let this 2. 1. Def. 
. ih» angle at D. at the given point A 2 85 C Þ 
Cn the given ſtraight line AB 
ie the angle ECB equal to the b. 23. 1. 
% e at D. therefore the ſtraight 
dne EC has always the ſame ſituati- D 
on, becauſe any other ſtraight line 
FC drawn to the point C makes with CB a greater or leſs angle 
than the angle ECB or the angle at D. there fore the ſtraight line 
LC which has been found is given in poſition. 

It is to be obſerved that there are two ſtraight lines EC, GC 
uon one fide of AB that make equal angles with it, and which 
make equal angles with it when produced to the other fide. 

een 38. 


F a ſtraight line be dran from a given point, to 2 
ſtraight line given in poſition, and makes a given 
angle with it; that ſtraight line is given in poſition. 


From the given point A let the ſtraight line AD be drawn to 
the Rraig 2nt line BC given in poſition, and make with it a given 

le ADC; AD is 1 ven in poſition. 

Two the point A draw * the ftrai ght 2 A Ea 1. 
line EAF parallel to BC; and becauſe 
thro" the given point A the ſtraight line 
— is drawn parallel to BC which is 2 7 11 d 

2 in polition, EAP is therefore given it 7 
3 on b. and becauſe the ſtr: ihe line AD ts the parallels BC, b. 31. Dat. 
EF, the angie EAD is equal © to the Keg ADC; and 'ADC 3s e 


. . * 
14216 BD, n THR SES dh. 
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given, wherefore alſo the angle EAD is given. therefore hec.y 

the ſtraight line DA is drawn to the given point A in the fir the 

line EF given in polition, and makes with it a given angle Lab, 
d. 32. Dat. AD is given 9 in poſition. 


31. PR OP. XXXIV. 
see N. F from a given point to a ſtraight line given in poi. . 5 
tion, a ſtraight line be drawn which is given i x 
magnitude; the tame is allo given in poſition. £ 
_ 
Let A be a given point, and BC a ſtraight line given iu poſe 4 0 
tion; a ſtraight line given in magnitude ks from the poiut A In 
to BC 1s given in poſition. | to 
Becauſe the ſtraight line is given in magnitude, one equal toi ud 
2. 1. Def, can be found“; let this be the ſtraight line D. from the point A 100 
draw AE perpendicular to BC; and becaule A I; 
AE is the ſhorteſt of all the ſtraight lines 7 to U 
which can be drawn from the point A to BC, | cb 
the ſtraight line D, ro which one equal is to ann! 
be drawa from the point A to BC, cannot be B 2 0 1 
leſs than AE. If therefore D be equal to AE, D Hi 
AE is the ſtraight line given in magnitude drawn from the guter ja T 
b. 33. Dat. Point A to BC. and it is evident * AI is given in poſition Þ v- mig 


cauſe it is drawn from the given point A to BC which is given 
in poſition, and makes with BC the given angle AEC. 

But if the ſtraight line D be not equal to AF, it muſt be greater 
than it. produce AL, and make AF equal to D; and from the cen 
ter A, at the diſtance AF deſcribe the circle G#H, and join AG, 

c. 6. Def. AH. becauſe the circle GFH is given in poſition ©, and the ſtraight 
line BC is alſo given in poſition ; A 
therefore their inter ſcction G is gi- 

d. 28. Dat. ven J; and the point A is given B G / F 

e. 29. Dat. Wherefore AG is given in poſition ©, SL 
that is, the ſtraight line AG given in _ 
magnitude (for it is equal to D) and — 
drawn from the given point A to the ſtraight line BC given in po 
ſition, is allo given in poſition. and in like manner AH is given 18 
poſition. therefore, in this caſe there are two ſtraight lines A. 


C 43 
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All of the ſame given magnitude which can be drawn from a 


given point A to a {ſtraight line BC given in poſition. 


— * 


P R OP. XXXV. 32 


pa ſtraight line be drawn between two parallel ſtraight 
lines given in poſition, and makes given angles with 
them ; the ſtraight line is given in magnitude. 


Let the Rraight line EF be drawn between the parallels AB, 
CN) which arc given in poſition, and make the given angles BEF, 
IVb; UF is given in magnitude. 

In CI) take the given point G, and thro' G draw * GH paral- a. zr. 1. 
to EF. and becauſe CD meets the parallels GH, EF, the angle 
EF is equil to the angle IIGD. and A Þ H B b. 29. i. 
Isa viven angle, wherefore the angle . = 
IU is given. and becauſe HG is drawn 
to the given point G in the ſtraight line 
(1) given in poſition, and makes a given 7 = 
ale 1100; the ſtraight line HG is gi- C E G D 
ren in poſition ©. and AB is given in poſition, therefore the point e. 32. Dat. 
His given; and the point G is alſo given, wherefore GE is given d. 28. Dat. 
in maguitude ©, and EF is equal to it; therefore EF is given ine. 29. Dat. 
magnitude. 


PR O-P. - XVI. 33. 


P a ſtraighit line given in magnitude be drawn between See N. 
two parallel ſtraight lines given in poſition; it ſhall 
make given angles with the parallels. 


It the ſtraight line EF given in magnitude be drawn between 
the parallel ſtraight lines AB, CD which | 
ee ee n 
givea in poſition; the angles ALF, EFC ſhall | 


be given. 


becauſe EF is given in magnitude, a | 
ſtraight line equal to it can be found * ; let FO . 1, Def. 
tis be G. in AB take a given point H, and FX D 
from it draw » HK perpendicular to CD. b. 8. 5. 
therefore the ſtraight lins G, that is EF „cannot be leſs than HK. 
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and if G be equal to IIK, EP alſo is equal to it; wherefore xy; 

at right angles to CD, for if it be not, EF would be greater f. g 

HK, which is abſurd. therefore the angle EFD is a riglit and cg. 
ſequently a given angle. 

But if the ſtr aight line G be not equal to HRK, it muſt he Arena 

than it. produce HK, and take HL equal to G; and "mA the 

center I, at the diſtance HL deſcribe the circle MLN, and 10% 

e. 6, Def. HM, HN. and becauſe the circle © MEN, and the ſtrat, ht line 00 

d. 28. Dat. are given in poſition, the points M, N are d given; and the point H 


is given, wherefore the ftraight 


lines HM, HN are given in po-A 4 bo 18 7 
e. 29. Dat. ſition*. and CN is given in poſi- | "EK 
tion, therefore the angles IIMN, \ 
f. A. Def. INM are given in poſition f. th 22 
of the ſtraight lines HM, IIN CG 3h: aan GM 5 J. AD 
let HN be that which is not pa- 8— 


rallel to EF, for LF cannot be 

parallel to both of them; and draw EO parallel to IIN. F9 
$- 30. therefore is equal © to HN, that is to G; and EF is equal to G, 

whereforz EO is equal to EF, and the angle EFO to the ang: 
h. 29. 1. EOF, that is h to the given angle INM. and becaule the an; 

HNM which is equal to the angle EFO or EFI has been found, 

therefore the angle LFD, that is the angle AEF, is given in mg. 
k. 1. Def. nitude k, and conſequently the angle EX FC. 


E. P R O P. P.M XXV II. 
see N. F a ſtraight line given in magnitude be drawn from 3 
point to a Araight line given in ane n, in a given 


angle; the ſtraight line drawn thro? that point dee 
to the ſtraight line given in poſition, is given in poſition. 
C S 4 


Let the ſtraight line AD given in magnitude be drawn from 
the point A to the ſtraight line BC given n * 
poſition, in the given angle ADC; the {tr vote E 2 


ATI 
line EAF Jrawn throu, Zh A parallel to BC is 7 


given in poſition. 

In BC take a given point G, and draw GI B D 0 
parallel to Ai). and becaule e HG is drawn to a 
giren point G in the ſtraight line BC given in poſition, in a gi 


— 1 


. 


—_ 
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angle HCC, for it is equal * to the given angle ADC; HC is gi- a. 29. 1. 


ren in poſition d; but it is given allo in magnitude, becauſe it is e- b. 3a. Dat, 
qual to AD which ! is given in magnitude. therefore becauſe & one 
of the extremities of the ſtraight line GH viven in poſition and 
magnitude is given, the aber EXtieniuty I is given ©, and the c. 30. Dat. 
ſtraight line EA which is drawn through the given point H pa- 
rallel to BC given in poſiuon, is therefore wen 4 in pouiilion, d. 31. Dat, 


PROP. XXVVIII. 


a ſtraight line be drawn from a given point to two 

parallel ſtraight lines given in poſition; the ratio of 

the ſegments between the given point and the paralleis 
thall be given. 


Vo 


Let the ſtraight line EFG be drawn from the given point E 
to the parallels AB, CD; the ratio of EF to EG is given. 

From the point E draw EHK perpendicular to CD. and becauſe 
irom a given point E the ſtraight line EK is drawn to CD which 
is given in poſition, in a given angle EKC; EK is given in poſi- 


1 En 
A. * 1 W 
KK. 


19 . 5 


1 99 
| 


tion *. and AB, CD are given in 00 : therefore d the points 2. 32. Dat. 
H, K are given. and the point E is given, wherefore © EH, KAI var 
are given in magnitude, aud the ratio 4 of them is therefore given. 12 e 
but as EII to EK, fo is KF to EC, becauſe AB, CD are parallel: 
therefore the ratio of EF to EG is given. 

PRO P. XIII. 35. 26. 


F the ratio of the ſegments of a ſtraight line between 5c &. 
a given point in it and two parallel {ti aight lines 
be given; if one of the parallels be given in politioa, 


the other is alſo given in poſition, 
B b 
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2. 33. Dat. 
b. 28. Dat. 


e. 29. Dat. 


d. 3. Dat. 
e. 30. Dat. 


F. . D. 


37. 38. 
dee N. 
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From the given point A let the ſtraight line AED be drawn t, 
tlic two parallel ſtraight lines FG, BC, and let the ratio of the 
ſegments AE, AD be given; if one of the parallels BC be given 
in poſition, the other FG is alſo given in poſition. 

From the point A draw AH perpendicular to BC, and let i: 
mect FG in K. and becauſe AH is drawn from the given point A 
to the ſtraight line BC given in poſition, and makes a given angle 


/ = JO. 


n 


AHD; AH is given * in poſition. and 
BC is likewiſe given in poſition, there- B D Z 
fore the point II is given e. the point A: | 
is alſo given, wherefore AH is given in 

magnitude ©. and, becauſe FG, BC are 

parailels, as AL to AD, ſo is AK to 1 
AlII; and the ratio ef AE to AD is gi- 

ven, wherefore the ratio of AK to All is given; but AH is given 
in magnitude, therefore 4 AK is given in magnitude; and it is al'o 
given in poſttion, and the point A is given; wherefore © the point 
K is given. and becauſe the ſtraight line FG is drawn thro? the 
given point K parallel to BC which is given in poſition, therefore 
FG is given in poſition. | 


LC 


P03. It, 


JF the ratio of the ſegments of a ſtraight line into 
= which it is cut by three parallel ſtraight lines, be 
given; If two of the parallels are given in poſition, 
the third alſo is given in poſition, 


Let AB, CD, HK be three parallel ſtraight lines, of which AB, 


CD are given in poſition; and let the ratio of the ſegments GE, 


DATA. 287 
to GF into which the ſtraight line GET is cut by the three parallels, 


the be given; the third parallel IIK is given in poſition. 
en In AB take a given point L, 2nd draw LM perpendicular to 
CD, mecting HK in N. becauſe LM is drawn from the given 
i point L to CD which is given in poſition, and makes a given angle 
A LMD ; LM is given in polirion *. and CD is given in poſition, a. 34. Det. 
le wherefore the point M is given b; and the point L is given, LM b. 28. Dat. 


is therefore given in magaitude ©. and becauſe the date of GE to c. 29. Dat. 


. 
afens E E983 


0 5 


F NX D C M P 


GF is given, and as GE to G, fo is NL to NM; the ratio of 


4 NL to NM is given; and therefore 4 the ratio of ML to LN is Cor.6, 
— given. but LM is given in magnitude, wherefore © LN is given in ay < 0 v7 
magnitude; and it is alſo given in poſition, and the poiat L 1s, , pat. 
given; wherefore f the point N is given. and becauſe the ſtraight f. ;o. Dat. 
- line HK is drawn thro' the given point N parallel to CD which is 
C given in poſition, therefore HK is given in poſition *, b 31. Dat, 
n | 
0 PROP. XII. F. 
: JF a ſtraight line meets three parallel ſtraight lines es N. 
£ which are given in poſition ; the ſegments into 
Which they cut it, have a given ratio. 
Let the parallel ſtraight lines AB, CD, EF given in poſition be 
cat by the ltraight line GH K; the ratio of GH to HK is given. 
In AB take a given point L, and draw 
; LM perpendicular to CD, meeting EF in A Ge L B 


N; therefore * LM is given in poſition; _ 8. 33. Bat, 
3 and CD, EF are given — N Where = CH 12. —2 

fore the points M, N are given. and the 0 

point L is given, therefore d the ſtraight.— 
„ lines LM, MN are given in magnitude; EL K N F 
* and the ratio of LM to MN is therefore - 
B b 2 


b. 29. Dat. 


335 


„ „ Hut; 
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A. 12. 1. 


A. 23. 1. 
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given ©. but as LM to MN, fo is GH to HK; wherefore the n. 
tio of GH to HK is given. 


FR O F.-- ALL 


| bn each of the ſides of a triangle be given in magni- 
tude ; the triangle 1s given in ſpecies. 


Let each of the ſides of the triangle ABC be given in agu. 
tude; the triangle ABC is given in ſpecies. 

Make a triangle * DEF the ſides of which are equal, each to 
cach, to the given ſtraight lines AB, BC, CA; which can be done, 
becauſe any two of them muſt be greater than the third; and let 
BE be equal to AB, EF to 
BC, and FD to CA. and D 
becauſe the two ſides ED, 
DF are equal to the two 
BA, AC, each to each, and 

the bate EF equal to the 1 Jo 
baſe BC; the angle EDF B 

equal v to the angle BAC. therefore becauſe the an 55 EDF, which 
is qual to the angle BAC, has been found, the angle BAC is g- 
ven e, in like manner the angles at B, C are given. and becauſc the 


ſides AB, BC, CA are given, their ratios to one another are given“. 
. therefore the triangle ABC is given © in ſpecies. 


l — 


PR OP. XIII. 


FF each of the angles of a triangle be given in mag- 
nitude ; the triangle is given in ſpecies. 


Let each of the angles of the triangle ABC be given in magni- 
tude; the triangle ABC is given in ſpecies. 

Take a ſtraight line DE given in A 
poſition and magnitude, and at the D 


points D, E make * the angle EDF e- 
qual to the angle BAC, and the angle 4 
DEF equal to ABC; therefore the 
other angles EFD, BCA are equal. B C E F 
and each of the angles at the points A, B, C is given, whereforc 


each 
line 


poſit 
poſit 


the 
of tl 
fore 
triar 


tri: 


n 


Ihe 
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each of thoſe at the points D, E, F is given. and becauſe the ſtraight 
line FD is drawn to the given point D in DE which is given in 
poſition, making the given angle EDF ; therefore DF is given in 
poſition b. in like manner EF allo is given in poſition; wherefore 
the point Fis given. and the points D, E are given; therefore each 
of the ſtraight lines DE, EF, FD is given © in magnitude. where- 
fore the triangle DEF is given in ſpecies; and it is ſimilar © to the 
angle ABC; which therefore is given in ſpecies. 


FR DF. ALIV. 


JF one of the angles of a triangle be given, and if the 
ſides about it have a given ratio to one another; the 
triangle is given in ſpecies. 


Let the triangle ABC have one of its angles BAC given, and 
let the ſides BA, AC about it have à given ratio to one another; 
the triangle ABC is given in ſpecies. 

Take a ftraight line DE given in poſition and magnitude, and 
at the point D ia the given ſtraight line DE make the angle EDF 
equal to the given angle BAC; wherefore the angle EDF is given. 
and becauſe the ſtraight line FD is drawn to the given point D in 
ED which is given in poſition, making the given angle EDF; there- 
fore FD is given in poſition *. and be- A 
cauſe the ratio of BA to AC is given, 


make the ratio of | ED to DF the {ame Þ 
with it, and join EF. and becauſe the £ | 
ratio of ED to DF is given, and ED is < _ 

7 C 15 Fi 


given, therefore d DF is given in mag- 

nitude; and it is given alſo in poſition, and the point D is given, 
wherefore the point F is given ©. and the points D, E are given, 
wherefore DE, EF, FD are given 4 in magnitude; and the triangle 
DEFis therefore given © in ſpecies. and becauſe the triangles ABC, 
DEF have one angle BAC equal to one angle EDF, and the fides 
about theſe angles proportionals ; the triangles are f ſimilar. but 
the triangle DEF is given in ſpecies, and therefore alſo the tri- 
angle ABC, 
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b, 31. Dat. 


c. 29. Dat. 
d. 42. Dat. 


4. 6. 
e. < 1. Def. 
6. 


41. 


a. 32. Dat. 


b. 2. Dat. 


e. 390. Dat. 
d 29. Dat. 
e. 42. Dit. 


k. 6. c. 
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4. PR O p. XIV. 


mn * the ſides of 2 triangle have to one another given I 
ratios; the triangle is given in ſpecies. 


Let the ſides of the triangle ABC have given ratios to one 
anotlicr. the triangle ABC is given in ſpecies. 1 
Take a ſtraight line D given in magnitude; and becauſe the 


1 
ratio of AB to BC is given, make the ratio of D to E the ſam: 2 
2. 2. Dat with it; and D is given, therefore * E is given. and becauſe the ; 
ratio of BC to CA is given, to this make the ratio of E to F the bec 
ſame; and E is given, and therefore “ F. and becauſe as AB to De 
BC, fo is D to E, by compoſition AB and EC * are to BC, giv 
as D and E to E; but as BC to J): 


c. 20. r, and BC are greater © than ca, B 

d. A. 3. therefore D and E are greater d th 
than F. in the ſame manner any 1 th 
two of the three D, E, F are K 

6. 42. 1. greater than the third. make © the 
triangle GHK whoſe ſides are equal to D, E, F, ſo that GH be is 


equal to D, HK to E, and KG to F. and becauſe D, E, F are, 
each of them, given, therefore GH, HK, KG are each of them 


CA, ſo is E to F; therefore, ex Fb 
b. az. 3. Acquali®, as AB and BC are to FE 
CA, ſo are D and E to F. and art bl Di 


ABC; is given in ſpecies. 

Con. If a triangle is required to be made the ſides of which 
ſhall have the ſame ratios Which three given ſtraight lines D, E, 
have to one another; it is neceſſary that every two of them 
be greater than the third, 


f. 4x. Dat. (ven ia magnitude; therefore the triangle GHK is given f in | : 
5 {pecies. but as AB to BC, ſo is (D to E, that is) GH to HK; and | 
as BC to CA, lo is (E to F, that is) IIK ro KG; therefore, ex t 

f. 5.6. acquali, as AB to AC, ſo is GH to GK. wherefore # the triangle 
| ABC is equiangular and fimilar to the triangle GIIK. and the 
triangle GHR is given in ſpecies; therefore allo the triangle ; 

{ 

| 
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PROP. XLVI. 43- 


en F the ſides of a right angled triangle about one of 
the acute angles have a given ratio to one another; 
the triangle is given in ſpecies, 


ne 

Let the ſides AB, BC abont the acute angle ABC of the tri- 
he angle ABC which has a right angle at A, have a given ratio to 
8 one another; the triangle ABC is given in ſpecies. 
ke Take a ſtraight line DE given in poſition and magnitude; and 


ie becauſe the ratio of AB to BC is given, make as AB to BC, io 

* DE to EF; and becauſe DE has a given ratio to EF, and DE is 

1 given, therefore“ EF is given. and becauſe as AB to BC, ſo is 4. 2. Dat. 

DE to EF, and AB is leſs ® than BC, therefore DE is leis © than b. 19. r. 

EF. from the point D draw DG at right angles to DE, and from . A. 5. 

tue center E at the diſtance EF deſcribe a circle which ſhall meet 

DG in two points, let G be 

either of them, and join EG 

therefore the circumference of 

the circle is given 4 in poſition. 

and the ſtraight line DG is 

given © in poſition, becauſe it 

is drawn to the given point D in DE given in poſition, in a given 

angle. therefore f the point G is given. and the points D, E are t 2s Dat. 
given, wherefore DE, EG, GD are given s in magnitude, and the gj 25. Dat. 

triangle DEG in ſpecies ®. and becauſe the triangles ABC, DEG h. 42. Dat. 
have the angle BAC equal to the angle EDG, and the ſides about 
the angles ABC, DEG proportionals, and each of the other an- 
gles BCA, EGD leſs than a right angle; the triangle ABC is e- 
quiangular i and ſimilar to the triangle DEG. but DEG is given 
in ſpecies, therefore the triangle ABC is given in ſpecies. and in 
tie ſame manner, the triangle made by drawing a ſtraight line 
from E to the other point in which the circle meets DG is given 
in ſpecies, 


d. 6. Def. 


e. 32. Dat. 


6 7. 6. 8 


B b 4 
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44. 
dee N. bo a triangle has one of its an gles which is not a right 
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angle given, and if the ſides about another angle 
have a given ratio to one another; the triangle is given 


1 12 
1 4 CTLEI. 


Let the triangle ABC have one of its angles ABC a given, but 
not a rigat angle, and let the ſides BA, AC about another angle 
BAC have a given ratio to one another; the triangle ABC is gi. 
ven in ſpecies. 

Firſt, Let the given ratio be the ratio of equa- A 
lity, that is, let the ſides BA, AC and conſe- 
quently the angles ABC, ACB be equal. and be- 
cauſc the angle ABC is given, the angle ACP, 
and alſo the remaining * angle BAC is given. 


. #8 
b. 43. Dat. therefore the triangle ABC is given Þ in ſpecies, 
an! it is evident that in this caſe the given angle B C 
Ahe mult be acute. 
Next, Let the given ratio be the ratio of a leſs to a greater, that an 
15, let the fide AB adjacent to the given angle be leſs than the fide 
AC. take a ſiraipht line DE given in poſition and magnitude, and ſar 
make the angle DEF equal to the given angle ABC; therefore EF th 
c. 32. Dat. is given © in poſition. and becauſe | A A 
the ratio of BA to AC is given, as | 
BA to AC, ſo make ED to DG; and 5 
becauſe the ratio of ED to D is B > 
given, and ED is given, the ſtraight | 
d. 2. Dat, line DG is given d. and BA is leſs D 
e. A. 3. than AC, therefore ED is leis © than 
DG. from the center D, at the diſ- 
tance DG 6efcribe the circle GE E. | T 
meeting EF in F, and join DF. and 
f. 6. Def. because the circle is given f in poſi- 
tion, as allo the ſtraight line EF, the & | 
8. . Dat, point F is given s. and the points D, E are given, whercfore the | 
n . Det. ſtraight lin»s DE, EF, FD are given h in magnitude, and the tri- ä 
i 4 Mit, angle DEF in ſpecies i. and becauſe BA is leſs than AC, the angle 
. 


ACB is lis k than the angle ABC, and therefore ACB is leſs 
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| than a right angle. in the ſame manner, becauſe ED is leſs than I. 15. 1. 
DG or DF, the angle DFE is lefs than a right angle. and becauſe 
the triangles ABC, DEF have the angle ABC equal to the angle 
DEF, and the ſides about the angles BAC, EDF proportionals, 
and each of the other angles ACB, DFE leſs than a right angle; 
the triangles ABC, DEF are ® ſimilar. and DEF is given in ſpe- m. 7. 6. 
ces, wherefore the triangle ABC is alſo given in ſpecies. 
Thirdly, Let the given ratio be the ratio of a greater to a leſs, 
that is, let the ſide AB adjacent to the given angle be greater than 
AC. and, as in the laſt caſe, take a ſtraight 
Ine DE given in pofition and magnitude, 
and make the angle DEF equal to the given 


angle ABC ; therefore EF is given © in po- = c. 32. Dat. 
ſition. alſo draw DG perpendicular to EF; 

therefore if the ratio of BA to AC be the 3 

ame with the ratio of ED to the perpen- B C 

dicular DG, the triangles ABC, DEG are D 


ſimilar n, becauſe the angles ABC, DEG are 

equal, and DGE is a right angle. therefore 

the angle ACB is a right angle, aud the wt — 

angle ABC is given b in ſpecies. G F b. 43. Dat. 
But if, in this laſt caſe, the given ratio of — to AC be not the 

ſame with the ratio of ED to DG, that is, with the ratio of BA to 

the perpendicular AM drawn from A to BC; the ratio of BA to 

AC muſt be leſs o than the ratio of BA to AM, becauſe AC is 0.8. s. 

creater than AM. make as BA to AC, to 

ED to DH ; therefore the ratio of ED to 


DH is leſs than the ratio of (BA to AM, 
that is than the ratio of) ED to DG; and 
conſequently DE is greater P than DG; 4 P. 10. 


becauſe BA is greater than AC, ED is B 


greater © than DEL. from the center D, at 
tae diſtance DH, deſcribe the circle KHF 
which neceſſarily meets the ſtraight line EF 
in two points, becauſe DH is greater than E KK 


DS, and leſs than DE. let the circle meet 

EF in the points F, K which are given, as was ſhewn in = pre- 
ceding caſe z and, DF, DK being joined, the triangles DEF, Dis. 
are given in ſpecies, as was there ſhewn. from the center A, at the 


diſtance AC deſcribe a circle meeting BC again in L. and if the 


394 EUCLID” S 
angle ACB be leſs than a right angle, ALB muſt be greater than, 


right angle; and on the contrary. in the ſame manner, ii tae ange 
DFE be leſs than a right angle, DKE muſt be greater than oe; 
and on the contrary. let each of the angles 

ACB, DFE be either leſs or greater than a A 
right angle; and becauſe in the triangles 

ABT, DEF the angles ABC, DEF are e- 

qual, and the fides BA, AC, and ED, DF 


about two of the other angles proportionals, B 4 D C 
m. 7.6. the triangle ABC is ſimilar * to the triangle 
DEF. in the ſame manner, the triangle 
ABL is ſimilar to DEE. and the triangles 3 
DEF, DEK are given in ſpecies, therefore E K——Þ 
allo the triangles ABC, ABL are given in N by 1 
ſpecies. and from this it is evident, that, in this third caſe, there are 
are always two triangles of a difterent ſpecies to which the things 45 1 
mentioned as given in the Propoſition can agree. | 
not 
45. PROP. XLVIII. to 
Wa: 


Fa triangle has one angle given, and if both the ſides 
together about that angle have a given ratio to the ¶ e 


remaining ſide; the triangle is given in ſpecies. K. 
the 

Let the triangle ABC have the angle BAC given, and let the to 
ſides BA, AC together about that angle have a given ratio to BC; an. 
the triangle ABC is given in ſpecies. _ 


2.9. 1. Biſcct ® the angle BAC by the ſtraight linz AD; therefore the th 
b. 3.6. angle BAD is given. and becauſe as BA to AC, ſois d BD to DC, th 
by permutation, as AB to BD, ſo is AC to 


2n 
C1); and as BA and AC together to BC, ſo A is 

2.32.5 is © AB to BD. but the ratio of BA and AC m 
together to BC is given, wherefore the ratio 1 dt 
of A; to BD is given; and the angle BAD 


d. 47. Dat. is given, therefore 4 the triangle ABD is oi. B D C 
ven in ſpecies. and the angle ABD is therefore given; the angle 

c. 42. Dat, BAC is allo given, wnerefore the triangle ABC is given in ſpecies ©. 
A triangle which ſhall have the things that are mentioned in the 

Propoſition to be given, can be found in the following manner. 


let EFG be the given angle, and let the ratio of H to K be the 


v4 


le 


*. 


DATA. 


ren ratio which the two ſides about the angle EFG muſt have 
to the third ſide of the triangle. therefore becauſe two ſides of a 
viangle are greater than the third ſide, the ratio of H to K muſt 
de the ratio of a greater to a leſs. biſect * the angle EFG by the 
fraight line FL, and by tbe 4th Propoſition find a triangle of 
which EFL is one of the angles, and in which the ratio of the 
{les about the angle oppoſite to FL is the ſame with the ratio of 
H to K; to do which, take FE given in poſition and magnitude, 
and draw EL perpendicular to FL. then, if the ratio of II to K 
de the ſame with the ratio of FE to EL, produce EL and let it 
meet FG in P; the triangle FEP is that which was to be found. 
for it has the given angle EFG, 
and becauſe this angle is biſected * - pn DS 
by FL, the fides EF, FP together X 
are to EP, as d FE to EL, that is — 
xz H to K. 

Put if the ratio of H to K be | 
not the ſame with the ratio of FE K N 9 
to EL, it muſt be leſs than it, as 
was ſhewn in Prop. 47. and in this caſe there are two triangles 
each of which has the given angle EFL, and the ratio of the ſides 
about the angle oppoſite to FL the ſame with the ratio of H to 
K. by Prop. 4 7. find theſc triangles EFM, EFN each of which has 
the angle EFL for one of its angles, and the ratio of the ſide FE 
to EM or EN the ſame with the ratio of H to K; and let the 


angle EMF be greater, and ENV leſo than a right angle. and be- 


cauſe H is greater than K, EF is greater than EN, and therefore 
the angle EFN, that is the angle NFG, is leſs ? than the angle 
ENF. to each of theſe add the angles NEF, EFN ; therefore the 
angles NEF, EFG are leſe than the angles NEF, LIN, FNE, that 
is than two right angles; therefore the ſtraight lines EN, FG 
mult meet together when produced; let them meet in O, and pro- 
duce EM to G. each of the triangles EFG, EFO has the things 

entioned to be given in the Propoſition. for each of them has the 
given angle EFG, and becauſe this angle is biſected by the ſtraight 
line FMN, the ſides EF, FG together have to EG the third fide 
the ratio of FE to EM, that is of H to K. in like manner, the 
des EF, FO together have to EO the ratio which H has to K. 
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f. if; . 


396 EFEUCLIDT'S 


PR OF. ALES 


46. 
| in a triangle has one angle given, and if the ſides a. 
bout another angle, both together, have a given ra- 
tio to the third fide; the triangle is given in ſpecies, 


Let the triang!e ABC have one angle ABC given, and let the 
two ſides BA, AC about another angle BAC have a given ratio to 
BC; the triangle ABC is given in ſpecies. 
Suppoſe the angle BAC to be biſected by the ſtraight line AD; 
BA and AC together are to BC, as AB to BD, as was ſhewa in 
the preceding Propoſition. but the ratio of BA and AC together 
to BC is given, therefore allo the ratio of AB to BD is given. and 
a. 44. Dat. the angle ABD is given, wheretore * the triangle ABD is given in 
ſpecies; and conſequently the angle BAD, 
and its double the angle BAC are given; 


A 
aad the angle ABC is given. therefore | 
b. 43. Dat. the triangle ABC is given in ſpecies b. EE] \ 

A triangle which ſhall have the things 215 — 
mentioned in the Fropoſition to be given, 2 2 C 
may be thus found. Let EFG be the gi- ID 
ven angle, and the ratio of H to K the 1 — \ 
given ratio; and by Prop. 44. find the 1 7 * 
triangle EFL which has the angle EFG _. 
for one of its angles, and the ratio of the N = LL C 
ſides EF, FL about this angle the ſame 
with the ratio of H to K; and make the angle LEM equal to the 
angle FEL. and becauſe the ratio of H to K is the ratio which 
two ſides of a triangle have to the third, H muſt be greater than 
K; and becauſe EF is to FL, as H to K, therefore EF is greater 
than FL, and the angle FEL, that is LEM is therefore leſs than 
the angle ELF. wherefore the angles LFE, FEM are leſs than two 
right angles, as was ſhewn in the foregoing Propoſition, and the 
ſtraight lines FL, EM muſt meet if produced; let them meet in 
G. EFG is the triangle which was to be found ; for EFG is one 
of its angles, and becauſe the angle FEG is biſected by EL, the 
two ſides FE, EG together have to the third fide FG the ratio of 
EF to FL, that is the given ratio of H to K. 
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PROP. I. 76. 


F from the vertex of a triangle given in ſpecies, a 
ſtraight line be drawn to the bale in a given angle; 
it ſhall have a given ratio to the bale. 


From the vertex A of the triangle ABC which is given in ſpe- 
cies, let AD be drawn to the baſe BC ia a given angle ADB; the 
ratio of Al) to BC is given. 


Becauſe the triangle ABC is given in A 
ſpecies, the angle ABD is given, and the 1 
angle ADB is given; therefore the triangle 
ABD is given * in ſpecies ; wherefore the a. 43. Dat. 
ratio of AD to AB is given. and the ratio B PD C 


of AB to BC is given; and therefore b the ratio of AD to BO b. . Dat. 
is given. 


PROP. II. 45 


RE CTILINEAL figures given in ſpecies, are di- 
vided into triangles which are given 1n ſpecies. 


Let the rectilineal figure ABCD be given in ſpecies; ABCDE 
may be divided into triangles given in ſpecies. 

Join BE, BD, and becauſe ABCDE is given in ſpecies, the 
angle BAE is given“, and the ratio of BA A a. 3. Def. 
to BE is given * ; wherefore the triangle 
BAE is given in ſpecies d, and the angle b. 44. Dat. 
AEB is therefore given *. but the whole | 
angle AED is given, aud therefore the B E 
remaining angle BED is given. and the 
ratio of AE to EB is given, as alſo the C D 
ratio of AE to ED; therefore the ratio of BE ro ED is given *. c. 9. Pat. 
and the angle BED is given, wherefore the triangle BED is given 
ein ſpecies. in the ſame manner the triangle BDC is given in 
ſpecies. therefore rectilineal figures which are given in ſpecies are 
divided into triangles given in fpecies. 
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48. PROP. III. 
F two triangles given in ſpecies be deſcribed up 
the ſame ſtraight line; they ſhall have a given n. 
tio to one anotber, 


Let the triangles ABC, ABD given in ſpecies be deſcribed upon 
the ſame ſtraight line AB; the ratio of the triangie ABC to the 
triangle ABD is given. 

'Thro' the point C draw CE parallel to AB, and let it meet Da 
produced in E, and join BE. becauſe the triangle ABC is given in 
ſpecies, the angle BAC, that is the angle ACE, is given; and be. 

cauſe the triangle ABD is given in ſpecies, the angle DAD, that's 
the angle AEC ; is gi- E. 


ven. therefore the tri- 


angle ACE js given ig 
ſpecies; wherefore the | 
ratio of EA to AC 13 A Xo 


a. 3. Def. given *, and the ratio 
of CAto AB is given, 
as alſo the ratio of BA D 
b. 9. Dat. to AD; thercfore d the ratio of EA to AD is given. and the tri 
e. 37. 1. angle ACB is equal © to the triangle AEB, and as the trianyle 
d. 1.6. AEB, or ACD, is to the triangle ADB, fo is 9 the ftraight line 
FA to AD. but the ratio of EA to AD is given, therctore the 
ratio of the triangle ACB to the triangle ADB is given. 


PK OB-LE-M. 

To find the ratio of two triangles ABC, ABD gixen in ſpecies, 

and which are deſcribed upon the ſame ſtraight line AB. 
Take a firaight line FG given in poſition and magnitude, and 
becauſe the angles of the triangles ABC, ABD are given, at the 
e. 23. 1, Points F, G of the ſtraight line FG make the angles GFH, GIX 
equal to the angles BAC, BAD; and the angles FGH, FGK equal 
to the angles ABC, ABD, each to each. therefore the triangle 
ABC, ABD are equiangular to the triangles FG, FG, each to 
each. through the point II draw HL parallel to FG meeting KT 
produced in L. and becauſe the angles BAC, BAD are cqual to 
the angles GFH, GFK, each to each; therefore the angles ACE, 
AEC are equal to FHL, FLH, each to each, and the triangle 
AEC equiangular to the triangle FLH. therefore as EA to AC, 


DATA. 209 


ſo is LF to FH; and as CA to AB, fo HF to FG; and as BA to 
Ai), to GF to FK; wherefore, ex aequali, as EA to AD, ſo is 
LF to FK. but, as was ſhewn, the triangle ABC is to the triangle 
ABD, as the ſtraight line EA to AD, that is as LF to FK. the 
ro therefore of LF to FK has been found which is the fame 


| with the ratio of the triangle ABC to the triangle ABD. 


PROP. III 
F two rectilineal 6gures given in ſpecies be deſcribed se N. 
upon the ſame ſtraight line; they ſhall have a given 
ratio to one another. 


Let any two rectilineal figures ABCDE, ABF G which are gi- 
ren in ſpecies, be deſcribed upon the ſame ſtraight line AB; the 
ratio of them to one another is given. 
Join AC, AD, AF; each of the triangles AED, ADC, ACÞB, 
40, ABF is given * in ſpecies. and becauſe the triangles ADE, a. 5r. Dat. 
ADC given in ſpecies are deſcribed 
upon the ſame ſtraight line AD, the D 
ratio of EAD to DAC is given; and, b. 52. Dat. 
by compoſition, the ratio of EACD to E 
DAC is given®. and the ratio of DAC 
to CAB is givenb, becauſe they are de- A 
GC 
XI 


ſcribed upon the fame ſtraight line 
AC; therefore the ratio of EACD to 
ACB is given 9; and, by compoſition, 
the ratio of ABCDE to ABC is given. 
in tae ſame manner, the ratio of ABFG to ABF is given. but the 
ratio of the triangle ABC to the triangle ABF is given b; where- 
fore becauſe the ratio of ABCDE to ABC is given, as alſo the ra- 
tio of ABC to ABF, and the ratio of ABF to ABFG ; the ratio 
of the rectilineal ABCDE to the rectilineal ABF C is given 9. 
PROBLEM. 

To find the ratio of two rectilineal figures given in ſpecies, 
and deſcribed upon the ſame ſtraight line. 

Let ABCDE, ABFG be two rectilineal figures given in ſpecies, 
and deſcribed upon the fame ſtraight line AB, and join AC, AD, 
AF. take a ſtraight line HE. given in poſitien and magnitude, and 
by the 5 2. Dat. find the ratio of the triangle ADE to the triangle 
ADC, and make the ratio of IIK to KL the fame with it. find alſo 
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a. 9. Dat. 


. b. 2. Cor. 
| 20. 6, 


50. 
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the ratio of the triangle ACD to the triangle ACE, and make the 
ratio of KL to LM the ſame. alſo, find the ratio of the triangt 
APC to the triangle ABF, and make the ratio of LM to MN th, 
ſame. and laſtly, find the ratio of the triangle AFB to the triangle 
AFG, and make the ratio of MN to 


NOthe ſame. then the ratioof ABCDE D 

to ABFG is the ſame with the ratio 

of HM to MO. K 0 
Becauſe the triangle EAD is to the 

triangle DAC, as the ſtraight line HR A (3 


to KL]; and as triangle DAC to CAB, 0 „ 


ſo is the ſtraight line KL to LM; 

thereſore by uſing compoſition as of- H. = . 0 
ten as the number of triangles requires, | 
the rectilineal ABCDE is to the triangle ABC, as he ſtraight line 
HM to ML. in like manner, becauſe triangle GAF is to FAB, 2 
ON to NM, by compoſition, the rectilineal ABFG is to the ti. 
angle ABF, as MO to MN; and, by inverſion, as ABF to ABFC, 
ſo is NM to MO. and the triangle ABC is to ABF, as LM t 
MN. wherefore becauſe as ABCDE to ABC, ſo is HM to ML; 
and as ABC to ABF, ſo is LM to MN; and as ABF to ABFC, 
io is MN to MO; ex aequali, as the rectilineal AECDE to ABF, 
{o is the ſtraight line HM to MO. 


PROF. LN. 
F two ſtraight lines have a given ratio to one ano- 
ther; the ſimilar rectilineal figures deſcribed upon 
them ſimilarly, {hall have a given ratio to one another. 


Let the ſtraight lines AB, CD have a given ratio to one ano- 
ther, and let the ſimilar and ſimilarly placed rectilineal figures E. 
F be deſcribed upon them ; the ratio of E to F is given. 


To AB, CD let G be a third pro- PALE rg 
portional; therefore as AB to CD, ſo G 
is CD to G. and the ratio of AB to E /® 
CD is given, wherefore the ratio of —— 
CD to G is given; and conſequently A.._BC 
the ratio of AB to G is alſo given“. i K. L 
but as AB to G, fo is the figure E to 


the figure b F. therefore the ratio of Ei to F is given. 


AT a 
P R O B L E M. 


To find the ratio of two ſimilar rectiliueal ſi gures E, F ſimilarly 
deſcrided upon ſtraight lines AB, CD which have a given ratio 
to ons another. let G be a third proportional to AB, CD. 

Take a ſtraight line H given in magnitude; and becauſe DD 
ratio of AB to CD is given, make the ratio of H to K the 1 
with it; and becaule II is given, K is given. as H is to K, io ke 
Kto L; then the ratio of E to F is the fame with the ratio of It 
to L. for AB is to CD), as H to K, wherefore CD rs to G, as KN 
to L; and, ex acauali, as AB to G, fois H to L. but the figure 
Eis to d the figure F, as AB to G, that is as H to L. 


PROF. LY. 


bs two ſtraight lines have a given ratio to one ano- 


ther; the rectilineal ſigures given in pecics deſcribed 
upon them, ſhall have to one another a given ratio. 


Let AB, CD be two ſtraight lines which have a given ratio to 
one another; the rectilineal figures E, F given in ſpecies and de- 
ſcribed Upou them, have a given ratio to one another. 

Upon the ſtraight line AB deſcribe the figure AG ſimilar and 
ſumilarly placed to the figure F; and becauſe F is given in ſpecics, 
AG is allo given in ſpecies. there- 
fore ſiuct the figures E, AG which 2 6 5 
are given in ſpecies, are deſcribed A 
upon the ſame ſtraight line AB, K 
the ratio of E to AG is given *. | CG ; 
aud becauſe the ratio of AB to ET: N —.— 
CD is given, and upon them are 
deſcribed the ſimilar and ſimilarly placed reQilineal figures AG, F, 


the ratio of AG to Fis given d. and the ratio of AG to E is given; b. 


therefore the ratio of E to F is given e. 
PROBLEM. 

To find the ratio of two rectilineal figures E, F given in ſpecies, 
aud deſcribed upon the ſtraight lines AB, CD which have a given 
ratio to one another. 

Take a ſtraight line H given in 8 and becauſe the recti- 
lineal figures E, AG given in ſpecies are deſcribed upon the {ime 
ſtraight line AB, find their ratio by the 5 3. Dat. and make the ratio 
of H to K the fame; K is therefore given. and beeauſe the ſubilar 

G 


a. Dat. 53: 


54. Nas. 


©. Ys Dat. 
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retilineal figures AG, Fare deſcribed upon the ſtraight lines AB, 
CD which have a given ratio, find their ratio by the 5 4. Da, 
and make the ratio of K to L the ſame. the figure E has to F the 
{ame ratio which II has to L. for, by the conſtruction, as L is to 


AG, fois II to K; and as AG to F, to is K to L; therefore, AB t. 
ex acquali, as E to F, io is H to L. be f 
ber 
5 2. P R O P. LVI. at 
©4 6 . . . b 3 ge! 
I a rectilineal figure given in ſpecies be deſcribed 1 
upon a ſtraight line given in magnitude; the ſigure may 
is given in magnitude. The { 


et the rectilineal figure ABCDE given in ſpecies be deſcribed (a 
upon the ſtraight line AB given in magnitude; the figure ABCDE oy 


is given in magnitude. 0 ; 

Upon AB let the ſquare AF be deſcribed ; therefore AF is gi. 5 gf 

ven in ſpecies and magnitude. and becaule the rectilineal figures tae 
ABCDE, AF given in {ſpecies are deſcribæd lat c 

upon the ſame ſtraight line AB, the ratio of as J 

2. 53. Dat. ABCDE to AF is given !. but the ſquare AF 490 


b. 2. Dat. js given in magnitude, therefore b alſo the * 
fioure ABCDE is given in magnitude. 
R OB. 
To find the magnitude of a rectilineal E 
- 45 * . * 2 "el N,. p * 
figure giwen in ſpecies deicribed upon a — —— 
itraighi line given in magnitude. | 


Ike rhe ſtraight line CH equal to the 

given ſtraight line AB, and by the 5 3. Dat. . 8 
find the ratio which the- ſquare AF upon A 
AB has to the figure ABCDE ; and make the ratio of GH to HK 
the ſame ; and upon Gil deſcribe the ſquare GL, and complete 
the parallelogram LHKM; the figure ABCDE is equa! to LHEM, 
becauſe AF is to ABCDE, as the ſtraight line GH to HX, that 
is, as the figure GL ro HIM; and AP is equal to GL, therefore 

c. 14 3. ABCDE is equal to HM <, 


53. ROF 
FF two rectilineal 6gzures are given ia ſpecies, and if a 
ſide of one of them has a given ratio to a fide of 


the other ; the ratios of the remaining ſides to the re- d 
maining ſides thall be given. 


24 


D A T A. 


Let AC, D be two rectilineal figures given in ſpecies, and let 
the ratio of the ſide AB to the file DE be given; the ratios of 
the remaining ſides to the remaining fides are alto given. 

Becauſe the ratio of AB to DE is given, as allo “ the ratios of 
AB ti BC, and of DE to EF; the ratio of BC to EF is given®. in 
the ſume manner, the ratios of the 
(ber ſides to the other ſides are A D 
gien. 

The ratio which BC has to EF 
may be found thus; take a ſtraight 
line G given in m. 3 and be- 
crſ tie ratio of BC toBA's given, 
ame the ratio of G to H the fame; 
an! becauſe the ratio of AB to DE HX 2 of 
is given, make the ratio of II to K 

ſamoe; and make the ratio of K to L the ſame with the given 
ratio of DE to EF. ſince thercfore as EC to BA, fo is & to H; and 
3s B. to DE, ſo is H to K; and as DE to EF, fo is K to 11 cx 
{q1ati, DC is to EF, as G to L. therefore the ratio of G to L 
has been found which is the ſame. with the ratio of BC to EF. 


d 


Nr. enn 


7 two ſimilar rectilineal figures have a given ratio 
to one another; their homologous ides have alio a 

giren ratio. to one another. 

Let the two finvlar rectilineal figures A, B have a given ratio 
to one another ; their homologous ſides have alſo a given ratio. 

Let the ſide CD be homologons to EF, and ro CD, EF let the 
ſraipht line G be a third proportional. as therefore * CD to G, 
o is the figure A to B; and the ratio 


7 : 

of A to Bis given, therefore the ra- 
to of CD to G is given; and CD, 8 
4 . 29 


LF, G are proportionals, wherefore C 1 7 

the ratio of CD to EF is given. A 
J % uni nes 

found thus; take a ſtraight line H gi- —— 2 K 


ven in magnitude; and becauſe rhe ratio of the figure A to B is gi- 
ven, make the ratio of H to K the ſame with it. and, as the 13. Lat. 
directs to be done, find a mean proportional L between Hand K; [226 

e 2 


CE. IN 


a. 3. Def. 
b 10. Dat. 


zee N. 


a, 


2. Cor; 
20. 6. 


54. 


dees N. 


a. 3. Def. 
b. 9. Dat 


e. S3. Dat. 


d. 58. Dat. 
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ratio of CD. to EF is the ſame with that of H to L. let G bs 
third proportional to CD, EF; therefore as CD to G, ſo is (Ao 
B, and ſo is) H to K. and as CD to EF, fo is H to L, as is ſhewa 
in the 13. Dat. 


7 KR OF: K. 


IF two rectilineal figures given in ſpecies have a given 
ratio to one another; their ſides mall likewits: have 
given ratios to one another. 


Let the two rectilineal figures A, B given in ſpecies have a given 
ratio to one auother; their ſides {hall alſo have given ratios to ne 
another. 

If the figure A be ſimilar to B, their homologous ſides hall 
have a given ratio to one another, by the preceding Propoſition; 
and becauſe the figures are given in ſpecies, the fides of each of 
them have given ratios * to one another. therefore each fide of 
one of them has b to each ſide of the other a given ratio. 

But if the figure A be not ſimilar to B, let CD, EF be any two 
of their ſides; and upon EF conceive the figure EC to be delctibed 
ſimilar and ſimilarly placed to 
the figure A, ſo that CD, EF iy * | E 
be homologous ſides; therefore | | | | 
EG is given in ſpecies. and the C 2 EBV F 
figure B is given in ſpecies, * 
wherefore © the ratio of B to II . 

EG is given; and the ratio of = 
A to Bis given, therefore b the 
ratio of the figure A to EG is 44 : 

given. and A is ſimilar to EG, therefore 9 the ratio of the fide CD 
to EF is given; and conſequently d the ratios of the remainiag 
ſides to the remaining ſides are given. 

The ratio of CD to EF may be found thus; take a ſtraight line 
H given in magnitude, and becauſe the ratio of the figure A to Bis 
given, make the ratio of H to K the fame with it. and by the 52. 
Dat. find the ratio of the figure B to EG, and make the ratio of K 
to L the fame; between H and L find a mean proportional M; the 
ratio of CD to EF is the ſame with the ratio of H to M. becauſe 
the figure A is to B, as H to K; and as B to EG, ſo is K to L; ex 
aequali, as A to EG, ſo is H to L. and the figures A, EG are ſimi- 


; DATA. 


lr, and M is a mean proportional between H and L; therefore, as 
was ew in the preceding Propoſition, CD is to EF, as H to M. 


FX OF. Ls 
Fa rectilineal figure be given in ſpecies and magni- 
tude, the ſides of it ſhall be given in magnitude. 


Let the rectilineal figure A be given in ſpecies and magnitude; 
its ſides are given in magnitude. : 

Take a ſtraight line BC given in poſition and magnitude; and 
vpon BC deſcribe * the figure D ſimilar, and ſimilarly placed, to the 
figure A, and let EF be the 
{de of the figure A homo- f 
logous to BC the ſide of D; Ft 
theretore the figure Dis gi- S D | 
yen in ſpecies. and becauſe T 15 B 3 
uron the given ſtraight line C 
BC the figure D given in H | 
ſpecies is deſcribed, D is | | 
given d in magnitude. and M K 
the figare A is given in magnitude, therefore the ratio of A to D 
is given. and the figure A is ſimilar to D; therefore the ratio of 
the ſide EF to the homologous fide BC is given ©. and BC is gi- 
ren, wherefore 4 EF is given. and the ratio of EF to EG is gi- 
yen ©, therefore EG is given. and, in the fame manner, each 
the other ſides of the figure A can be ſhewn to be given. 

| PROS L EM, -- :: 

To deſcribe a rectilineal figure A fimilar to a given figure D, 

and equal to another given figure II. It is Prop. 25. B. 6. Elem. 

ecaaſe each of the figures D, H is given, their ratio is given, 
which may be found by making f upon the given ſtraight line BC the 
parallelogram BK equal to D, and upon its fide CK making f the 
parallelogram RL cqual to N in the angle KCL equal to the angle 
MBC. therefore the ratio of D to H, that is of BK to KL is the 
lame with the ratio of BC to CL. and becauſe the ſigures D, A are 
ſimilar, and that the ratio of D to A, or I, is the ſame with the 


— — 


53* 


& 16. 6. 


b. 56. Dat. 


e. 58. Dat, 
d. 2. Dat. 


of © 3: Def. 


f. Cor. 45. I, 


ratio of BC to CL; by the 58. Dat. the ratio of the homologous 


ſides BC, EF is the ſame with the ratio of BC to the mean propor- 

tional between BC and CL. find EF the mean proportional; then 

EF is the fide of the figure to be deſcribed, homologous to BC the 
C Cc 3 | 


a. 1. Def. 


b. Col. 47. 


E UCLID?'S 


ſide of D, and the figure itſelf can be deſcribed by the 1 8th Prop, 

5. 0. which, by the conſtruction, is ſimilar to D. and becauſe Di 
to A, ass C to CL, that is as the figure BK to KL; and that D 
is equal to BI, thercture Þ A is equal to KL, that is to II. 


PR OP. LAL 

F a parallelogram given in magnitude has one of its 

ſides and one of its angles given in magnitude; the 
other tide alto is given. 

&t the parallelogram ABCD given in magnitude, have the ſide 
AY and the angle BAC given ia magnitude; the other fide AC 
is given. | ; | 

Fake a ſtraight line EF given in poſition and magnitude; and 
>2cuule the parallclogram AD is given 


in magnitude, a rectilincal figure equal / : / 


to it can be found *. and a parallelo- 
gram equal to this figure can be ap- 
liedes to the given {traight line EF in 
or angle equal to the given angle BAC. 
let this be the parallelogram EFGH 
having the angle FEG egual to the 

ic BAC 1 IL 
auge BAC. and becauſe the parallelo- VT. — 
grams AD, EH are equal, and have the angles at A and E cqual; 
tic ſides about them are reciprocally proportional ©. therefore as 
A to EF, ſo is EG to AC; and AB, EF, EG are given, therefhe 
alſo AC is given 4. Whence the way of finding AC is manitcf. 

P R 0 P. LXII. 

F a parallclogram has a given angle, the rectanęle 

| 4 ct. £&@ 81 "44 8 S5 . - b_ 
contained by the ſides about that angle has a given 
ratio to the parallelogram. 
oO 


Let the parailelogram ABCT have the gi- K CD, IJ 


ven angle ABC; the rectangle AB, BC has a | 
given ratio to the parallelogram AC. . 


C 
E r x 


From the point A draw AE perpendicular B = 
to PC. becauſe the angle APC is given, as 21 
4110 the angle AEB; the triangle ABE is gi- 
ven in ſpecies; therefore the ratio of BA to 


AY, ie given. but as BA to AE, fo is b the C K. il 


the 


2 


8 


1 
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retangle AB, BC to the reQangle AE, BC; therefore the ratio 
of ine reftangle AB, BC to AE, BC, that is © to the parallelogram 
AC is given. 

And it is evident how the ratio of the rectangle to the paral- 
lelogram may be found, by making the angle FGH equal to the 
given angle ABC, and drawing, from any point F in one of its 
files, FR perpendicular to the other GH; for GF is to FK, as BA 
to AE, that is, as the rectangle AB, BC to the parallelogram AC. 

Cor. An it a triangle ABC has a given angle ABC, the rec- 
tangle AB, BC contained by the fides about that angle, ſhall have 
a given ratio to the triangle ABC. 

Complete the parallelogram ABCD; therefore, by this Propoſi- 
tion, the reftangle AB, DC has a given ratio to the parallelogram 
AC; and AC has a given ratio to its half the triangle 4 ABC. there- 
fore the reCtangie AB, BC has a given © ratio to the triangle ABC. 

And the ratio of the rectangle to the triangle is found thus; 
make the triangle FG K as was thewn in the Propoſition ; the ra- 
tio of GF to the half of the perpendicular FK is the ſame with 
the ratio ot the rectangle AB, BC to the triangle ABC. becauſe, 
as was ſhewn, GF is to FK, as AB, EC to the puallelogram AC; 
and FK is to its half, as ACTs to its half which is the triangle 
ABC; therefore, ex aequali, GF is to the halt of FK, as AB, 
BC rectangle is to the triargle ALC. 


FRO FP. LAI, 


F two parallelograms be equiangalar, as a ſide of the 
firſt to a fide of the ſecond, fo 13 the other fide of 


tue ſecond to the ſtraight line to which the other fide 


0f the firſt has the ſame ratio which the ſirſt parallelo- 
gram has to the ſecond. and coniequently if the ratio 
of the firſt parallelogram to the ſecond be given, the 


i 


ratio of the other ſide of the firſt to that ſtraight line 
is given; and if the ratio of the other ſide of the firſt 
to that ſtraight line be given, the ratio of the firſt pa- 
rallelogram to the ſecond is given. | 


Let AC, DF be two equiangular parallelograms, as BC a ſide of 
the firſt is to EF a fide of the ſecond, fo is DE the other ſide of 
Cc 4 


407 


C. 35. Is 


66. 


6. dts ©. 
e 9. Dat. 
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the ſecond to the ſtraight line to which AB the other fide of the znd t 
firſt has the lame ratio which AC has to DF. 

Produce the ſtraight line AB, and make as ws to EF, ſo DE to A 
BCG, and compiete the parallelogram BGC. 


gram 
therefore becaute BC, or GH is to EF, as 38 al 
DE to BG, the ſides about the equal angles 5 10 KB 
BGH, DEF are reciprocally proportior al; ralle 

4.14.6, Wherefore * the parailelogram BH is equal G my i BC 
io DF. and AB is to BG, as the parailclo- J) to 


orzam AC is to BH, that is to DF. _— g para 
therefore BC is to EF, ſo is DE to os > G 


which is the ſtraight line to which AB basE 

- the tame ratio that AC has to DF. 
And it the ratio of the*parallelogram AC to DF be given, then KC 
th: ratio of the ſtraight line AB to BG js given; and i, tac ratio | 


of AB to the ſtraight line BG be given, the ratio of cle Parulicio- or 
8 14 AC to DFis given. fd 
he 
14.73. PROP. IXIV. + 
gec N. F two parallelogranis have unequal, but given, angles, fr 
and it as a de of the firit to a fide of the {cc '0 
the other ſide of the ſecond be made to a certain firaght ra 
nia; if the ratio of the firſt parallelogram to the fecond ol 
he given, the ratio of the other fide of the Lylt to that y 
{ raizht line ſhall be given. and if the ratio of the other : 
de of the ſirſt to that ſtraight line be given, the ratio 
of the firſt parallelogram to tle ſecond ſhall be given. 
Let ABCD, EFGH be two parallelograms which have the un- | 


equi, but given, angles ABC, EFC; and as BC to I'C, fo make 

FF 1o the ſtraight line M. if the ratio of the parallelogram AC to 
EG be given, the ratio of AB to M is given. | 

At the point B of the ſtraight line BC make the angle le CBE equal 
to the angle EFG, and complete the parallelogram KBCL. and be- 
4. 35. 1. caule the ratio of AC to EG is given, and that AC is equal“ to the 
| plan e KC, theretore the ratio of KC to EG is given; and 
. C3, Dat, KC, EQ are equiangular ; therefore as BC to FG, lo is > EF to 
the firsight line to which KB has a given ratio, Viz. the {ame 
vwhica the parallelogram KC has to EG. but as BC to FG, jo is 


.” to the firaight line MM; therefore KB has a given ratio to M. 


le 


D A T A. 409 
ind the ratio of AB to BK is given, becauſe the triangle ABK is 


gren in ſpecies . therefore the ratio of AB to M is given d. c. 43- Dat. 


And if the ratio of AB to M be given, the ratio of the parallelo- d. 9. Dat. 
cram AC to EG is given. for ſince the ratio of KB to BA is given, 
4s allo the ratio of AB to M, the ratio of LEA Þ 
KB to M is given d. and becauſe the pa- — 
ralleiograms KC, EG are cquiangular, as 


RC to FG, ſo is d EF to the ſtraight line "> C b. 63. Dat, 
to which KB has the ſame ratio which the 1 121 
parallelogram KC has to EG. but as BC to . 

FG, ſo is EF to M. therefore KB is to Mz M. * 8 

25 the parallelogram KC is to EG. and the G6 


ratio of KB to M is given, therefore the ratio of the parallelogram 
KC, that is of AC to EG is piven. 

Cor. And if two triangles ABC, EFG have two equal angles, 75. 
or two unequal, but given, angles ABC, EFG, and if as BC a 
- of the firſt to FG a ſide of the ſecond, fo the other ſide of 

e ſecond EF be made to a ſtraight line M; if the ratio of the 
en be given, the ratio of the other ſide of the firſt to the 
ſtraight line M 1s given. 

Cor nylcte the parallelograms ABCD, EFCH ; and becauſe the 
ratio of the tr angle ABC to the triangle EFG is given, the ratio 
of the par ele am AC to EG is given ©, becavſe the parallelo- e 
grams are double f of the triangles. and becauſe BC is to FG, as f. 4 x, 
EF to M, the ratio of AB to M is given by the 63. Dat. if the 
angles ABC, EFG are equal; but if they be unequal, but given 
angles, the ratio of AB to M is given by this Propoſition. 

And if the ratio of AB to M be given, the ratio of the paralle- 
logram AC to EG is given by the ſame Propolitions 3 and there- 
tore the ratio of the triangle ABC to EFG is given. 


G Y 68. 


F two equiangular par allelograms have a given ratio 

to one lnather. and if one fide has to one {idea given 
ratio; the other ſide ſhall alſo have to the other Bas a 
given ratio. 


Let the two equiangular parallelograms AB, CD have a given ra- 
tio to one another, and Jet the fide EB have a given ratio to the ſide 
FD; the other fide AL hae alſo a given ratio to the other ſide CF. 
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Becauſe the two equiangular parallelograms AB, CD have a 1 

ven ratio to one another; as EB a fide of the fiſt is to F a fide 

a. 63. Dat. ef the ſecond, fois * FC ihe other ſide of the fccond to the flraight 
ine to which AE the other ſide of the ficlt has the lame given ratio 

which the firſt parallelogram AB has to the other CD. let this 

firaight line be EG; thercfore tio 

the ratio of AE to EG is given. C 


and EBis to FD, as FC to EG, A © 
therefore the ratio of FC to LG Þ "is boy D gi 


is given, becauſe the ratio of EB ö an 
to FD is given. and becauſe the G | | | t. 
ratio of AL to EG, as allo the N 
ratio ot FC to EG is given; the HKL or 
b. 9. Dat. ratio of AE to CF is given b. | | an 
The ratio of AE to CF may be found thus; take a ſtraigbt ve 
line H given in magnitude, and becauſe the ratio of the parallel. 0 
ogram AB to CD is given, make the ratio of II to K the lame is 
with it. and becauſe the ratio of FD to EB is given, make the ratio A 
of E to L the fame. the ratio of AF to CF is the fame with the ratio a 
of H to L. make as EB to FD, fo FC to EG, therefore, by inver- U 
ſion, as FD to EB, ſo is EG to TC. and as AE to EG, ſo is 
(the parallelogram AB to CD), and fo is) H to K; but as EG to 
FC, io is (FD to EB, and ſo is) K to I.; therefore, ex acquali, N 
EY as AL to FC, fois H to I. 
69. „„ Ä 


. F* two parallelograms have uncqual, but given, angles, 

and a given ratio to one another; if one fide has 

to one ſide a given ratio, the other fide has alſo a given 
atio to the other fide. 


Let the two parallelograms ABCD, EFGH which hare the 
giren unequal angles AUC, FIG, have a given ratio to one ano- 
ther, and let the ratio of BC to FG be given; the ratio allo of 
AB to EF is {avg 

At the point B of the ſtraight” line BC make the angle CBE e- 

ual tothe given angle EFG, and complete the paralleloram EK LC. 
and becauſe each of th e angles BAK, AKB is given, the tiiangle 

2. 43. Det. ABK is given * in ſpecies; therefore the ratio of AB to K is given. 
and becauſe, by the Va rhe eſis, the ratio of the parallelogram AC 
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to EG i8 . Wen, and that AC is equal b to BL; therefore the ratio b. 35. f. 
of El. o is given. and becaute BL is equiangular to EG, and 
hy the yp Utnults, the ratio of BC to FG is given; therefore © the e. 9 Dat. 


ot 8 to L. 15 gen. and the A X D 1 


ratio of KB w BA is given; the ra- — 

tio iheretore © of AB is given. N d. 9. Dat. 
Ind 14 of AB io EF may be B 7 

found thus; take the ſtraight line MIN HN N 

IVE in POTION and magnitude 5 F r & 

an make te angle NM equal to P 

the giver angle BAK, and the angle O 


MAG equi to the given angle LFG 

or AK B. and becauſe the parallelogram BL is equianguiar to EG, 
and das à given ratio to it, and that the ratio of BC to FG is gi- 
ven; find by the 65. Dat. the ratio of KB to EF; and make the 
ratio of NO to OP the {ame with it. then the ratio of AB to EF 
is the ſame with the ratio of MO to OP. for ſince the triangle 
ABK is cquiangular to MON, as AB to BK, fo is MO to ON; 
and as KB to EF, ſo is NO to OP; therefore, ex aequali, as AB 
to EF, ſo is MO to OP. 


P R O P. LXVII. I" 


F the ſides of two equiangular parallelograms have 
given ratios to one another; the parallelograms 
ſuall have a given ratio to one another. 


Let ABCD, EFCII be two equiangular parallelograms, and 
let thz ratio of AB to EF, as alſo the ratio of BC to FG be given; 
the ratio .of- the parallelogram AC to EG is given. 

Fake a ſtraight line K given in magnitude, and becauic the ratio 


of AB to EF is given, make the A D TE H. 


ratio of K to L the fame with it; 
therefore L is given “. and be- N. e a. 2. Dat. 
cauſe the ratio of BC to FG 9 4 
given, make the ratio of L to MX 


the ſame. therefore M is given“; 


and K is given, wherefore b 1.74 b. 1. Dat, 
ratio of K to M is given. but the parallelogram AC is to the pa- 
rallelogram EG, as the ſtraight line K to the ſtraight line M, as 
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is demonſtrated in the 23. Prop. of B. 6. Elem. therefore the 


ratio of AC to EG is given. 
From this it is plain how the ratio of two equiangular parallelg. 
grams may be found when the ratios of their ſides are given. 


70. PROP. LXVIII. 


See N. F the ſides of two parallclograms which have unequal, 
but given, angles, have Viv en ratios to one anot ther; 
the pa rallelogra uns ſhall havea given ratio to one another, 


Let two parallelograms ABCD, EFG H which have 
un qual angles ABC, EFG have the ratios of the! r lides, viz. of 
AB to EF, and of DC to FG given; the ratio of t! 1e parallelogram 

AC to EG is given 
At the point B of the ſtraight line BC make the angle CBI cons! 
to the Aven angle ELG, and complete the parallelogram KCI. 
and becauſe cach of the angles BAK, BKA is given, the triangle 
a. 43. Dat. ABK 1s given * in ſpecies. therefore the ratio of AB to BK i; 
b. 9. Dat. given; and the ratio of AB to EF is given, wherefore b the ratio 


of PR to Ex is gi en. and the — = TI 
ratio of BC to FG is giren ; 2 2 4D EH 


and the angle KDC is equal | 
L 1 B 


e. 67. Dat. to the angle EFG; therefore © 


| GIS. 
the Siren 


the ratio of the parallelogr AN M N 
| KC to EG is given. but KC is \ 0 | _ pl 
d. 35. 1. equal d to AC; therefore the P A* 


ratio of AC to EG is given. 


bs ratio of the paraiitlogram AC to EG may be for ind thus; 
take the ſtraight line MN giten in poſition aud magnitude, and 
make the angle MNO equal to the given an gle KAZ, and the angle 
IMO cqual to the given angle AKB or FEH. and becauſe the 
ratio of AB to EF is given, make the ratio of NO to P the ſame; 
alſo make the ratio of P to Q the ſame with the given ratio of BC 
to FC. the parallelogram AC is to EG, as MO to 

Becauſe the angle KABis equal to the angle MNO, and the angle 
ARB equal to the angle N MO; the triangle AEg is equiangular to 
NM O. therefore as KB to BA, fo is MO to ON; and as BA to EF, 
ſo is NO to P; wherefore, ex aequali, as KB to EF, fo is MO to P. 
and EC is to FO, as P to Q, and the parallelograms KC, EG are 


ſ 


1. 


le 
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eguiengular; therefore, as was ſhewn in Prop. 67. the parallelo- 
gram KC, that is AC, is to EG, as MO to Q. 
Cor. 1. If two triangles ABC, DEF have two equal angles, 71. 
or two unequal, but given angles ABC, DEF, and it the ratios of 
tie ſides about theſe angles, viz. the ra- 


os of AB to DE, and of BC to EF HA. GY 


be given 3 the triangles ſhail have a 
given ratio to one another, 
Complete the parallelograms B83, F£ x 


EH; the ratio of BG to EH is given“; bs 
aud ther-fore the triangles which are the halves b of them have 2 b. . 
gen © ratio to one another. c. 15. 8. 
Cok. 2. If the baics BC, EF of two triangles ABC, DEF have 72. 

2 given ratio to one another, and if allo the ſtraight lines AG, DH 

which are drawn to the baſes from the oppoſite angles, either in 

equal angles, or unequal, but given, angles AGC, ge have a 

given ratio to one another che E. A 


triantzles mall have a given ratio 

to one another. 2 * 
Draw EK, EL parallel to AG, 

Dil, and 77 7 the perallelo-· E = C E HT 

grams KC, LF. and becautc the angles AGC, DH, or their e- 
vals 3 angles 185 „ LEV are either equal, or uncqual, but gi- 


ven; and that the ratio of AG to DH, that is of KB to LE is 
given, as allo the ratio of BC to EF; therefore the ratio of the a- 77. 8. 


parallelogram KC to LF is given. wheretore alſo the ratio of the "__ : 
tangle ABC to DEF is given b. 2 f 15 . 
PRO. L. | 61. 


IF a paralldlogram which has a given angle be applied 

to one {ide of a rectilineal güne given in ſpecies; it 
the ſigure have a given ratio to the paralletogram, the 
para! lelogram i is given in ſpecies. 


Let ABC be a rectilineal figure given in ſpecies, and to one 
fide of it AB let the parallelogram ABEF having the given angle 
ABE be applied; if the figure ABCD has a given ratio to the Pa- 
ralſelogram BF, the parallelogram BF is given in ſpecies. 

Thro' the point A draw AG parallel to BC, and thro' the poin 
C draw CG parallel to AB, and produce GA, CB to'the points H, 
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8. 3. Def. 


b. 53. Dat. 


E. 9. Dat. 
d. 35 1. 


. 1. 8. 


De 


K. beeauſe the angle ABC is given“, and the ratio of AB to BO 


is given, ie figure ABCD bong given in ſpecies; thereiore the » OF 
rallelogrum 50 is given * in ſpecie les. and becauſe upon the A ne 
Nraigh: line AB che two rcctilineal figures „ BD, B given in ſp. 

are deſur ed, the ratio of B to BG is given b. and, by h 1 
ſis, the ratio of B to the parallelogram BF is given . we bee 
the ratio of BF, tat is 4 of the parallelogram BH, to BG s ves 
and therefore © the rat of the ſraight line K to BC 34 7 
the ratio of BC to BA is given, wherefore the ratio of KH O 
is given ©. and becauſe the angle ABC is given, the aljacent anne 
ABK is given; and the angle ABE is given, therefore the ro ne 
ing angle KBE is given. the angle EKB is allo giver, becouie it 


is cnn zal to the angle ABK; therefore the triang le. BKE is wiven 
in {pecies, and coniequentiy the ratio &f EB ro BK is Ken. and 


the ratio of KB to BA is given, wherefore © the ratio of LE 5 2.4 
* * i 
is given. and the angle D 


ABE is given, therefore N. ＋. 
the parallelogram BF is C | # 
. a * * 2 — — 
given “ in ſpecics. n / Ir 0 
A paralleiogram ſimilar 


to EF may be found thus; 
take a ftraight line LM I 1 
given in poſition and mage Roe: 3 Ct 1 
nitude; and becauſe the angles ABK, AnnE are given, make the 
angle NLM equal to ABK, and the ange NLO equal to ABE. 
and becauſe the ratio of BF to BD is oven, make the ratio of LM 
to V the ſame with it; and becauſe the ratio of the ſigure BD to 
8 is given, find this ratio by the 53. Dat. and make the ratio 
of Þ to the tame. alto, becauſe the ratio of CB to BA is viven, 
make the ratio of Q to R the ſame. and take LN equal to R, 
thro” the point M draw OM parallel to LN, and complete the pa- 
rallelogram NLOS then this is fimilar to the parallelogram BY, 
Vecauſe the angle ABK is equal to NLM, and the angle ABE 
to NLO; the angle KBE is equal to MLO. and the angles BKI, 
LMO are equal, becauſe the angle ABK is equal to NL M. there- 
fore the triangles BRE, LMO are cqulangular to one another, where- 


fore as BE to BK, fo is LO to LM. and becauſe as the figure B 


to BD, ſo is the ſtraight line LM to P; and as BD to BG, ſo is P 
to Q; ex acquali, as BF, that is 4 BH, to BG, fo is I, to O. 
but BH is to © BG, as EB to BC; as therefore EB to BC, ſo i, 


C1 


7 


LM to Q. and becauſe BE is to BK, as LO to LM; and as BR 
to BC, lo is LM to Q; and as BC to EA, ſo Q was made to R; 
therefore, ex ac quali, as BE to BA, ſo is LO to R, that is to LN. 
and the angles ABF, NLO arc equal ; therefore the parallelogram 
BF is familar to LS. 


PROP. IXX. 62 51. 
F two ſtraight lines have a given ratio to one another, * N. 
and upon one of them be deſcribed a rectilineal figure 
given in ſpec ies, and upon the other a parallelogram hav- 
ing a given angle; if the figure have a given ratio to the 
parallelogram, the parallelogram is given in ſpecies. 


Let the two ſtraight lines AB, CD have a given ratio to one 
another, aud upon AB let the figure AEB piven in ſpecies be de- 
{cribed, aud upon CD the parallelogram DF having the given 
angle PC; if the ratio of AEB to DF be given, the parallelo- 
gram DF is given in ſpecies, 

Upon the ſtraight line AB conceive the parallelogram AG to be 
deſcrihed ſimilar and ſimilarly placed to FD. and becauſe the ratio 
of AB to CDis given, and upon them are deſcribed the ſimilar recti- 
lineal figures AG, FD; the ratio of 13 


AG to FD is given“. and the ratio of ee F 2. 54. Dat. 
ID to AEB is given; therefore b the Ar B 8 b. 9. Late 
ratio of AEB to AG is given; and the ö ö 1255 

C D 


angle ABG is given, becauſe it is equal 


to the angle FCD. becauſe therefore If 
the parallelogram AG which has a gi- kar | | 
ven angle ABG is applied to a tide AB 
of che figure AEB given in ſpecies, and 
the ratio of AEB to AG is given, the parallelogram AG is given ein c. 69. Dat. 
lpecics. but FD is ſimilar to AG; therefore FD is given in ſpecies. 
A parallelogram ſimilar to FD may be found thus; take a ſtraight 
line H given in maguitude; and becauſe the ratio of the figure Ak 
to FD is given, make the ratio of H to K the ſame with it. alſo be- 
cauſe the ratio of the ſtraight line CD to AB is given, find by the 
54. Dat. the ratio which the figure FD deſcribed upon CD has to 
the figare AG deſcribed upon AB ſimilar to TD; and make the 
ratio of K to L the ſame with this ratio. and becauſe the ratios of 
H to K, and of K to L are given, the ratio of I to L is girenb. 
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a. 67. Dat. 
b. 17. 6. 
e. 53. Dat. 


d. 54. Dat. 


e. 65. Dat. 


EUEe EH 


becauſe therefore as AEB to FD, fois H to K; and as F to 
AG, ſo is K to L; ex aequali, as AEB to AG, ſo is II to L; 
therefore the ratio of AEB to AG is given. and the figure AT 
is given in ſpecies, and to its ſide AB the parallelogram AG is 
applied in the given angle ABG, therefore by the 6g. Dat. a pa- 
rallelogram may be found ſimilar to AG. let this be the parallels. 
gram MN; MN alſo is fimilar to FD. for, by the conſtructian, 
MN is ſimilar to AG, and AG is ſimilar to FD; therefore the 
parallelogram FD is ſimilar to MN. 


FR QF. - LAXI 
F the extremes of three proportional ſtraight lines 
have given ratios to the extremes of other three Pro- 
portional ſtraight lines; the means ſhall alio have a given 
ratio to one another. and if one extreme has a given 
ratio to one extreme, and the mean to the mean; likewiſe 
the other extreme ſhall have to the other a given ratio, 


Let A, B, C be three proportional ſtraight lines, and D, E, F 
three other; and let the ratios of A to D, and of C to F be gi 
ven. then the ratio of B to E is alſo given. 

Becauſe the ratio of A to D, as alſo of C to F is given, the 
ratio of the rectaugle A, C to the rectangle D, F is given *. but 
the ſquare of B is equal d to the rectangle A, C; and the ſquare 
of E to the rectangle d D, F. therefore the ratio of the ſquare 
of Þ to the ſquare of E is given; wherefore © allo the 


Next, let the ratio of A to D, and of B to E be 
given ; then the ratio of C to Fis alſo given. 

Becauſe the ratio of B to Eis given, the ratio of the ADC 1 
ſquare of B to the ſquare of E is given d. therefore d the T1] — 


ratio of the ſtruight line B to E is given. | | 


ratio of the rectangle A, Cto the rectangle D, Fis given. | 
and the ratio of the {ide A to the ſide Dis given; there- 
fore the ratio of the other ſide C to the other Fisgiven®. 

Cor. And if the extremes of four proportionals have to the 
extremes of four other proportionals given ratios, and one of tht 
means a given ratio to one of the means; the other mean flali 
have a given ratio to the other mcan. as may be ſhewn in the 
ſame manner as in the foregoing Propoſition. 
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[ four ſtraight lines be proportionals; as the firſt is 
to the ſtraight line to which the ſecond has a given 
ntio; ſo 1s the third to the ſtraight line to which tlie 
fourth has a given ratio. 


Let A, B, C, D be four proportional ſtraight lincs, viz. as A 
to B, ſo C to D; as A is to the ſtraight line to which B has a given 
ratio, ſo is C to the ſtraight line to which D has a given ratio. 

Let E be the ſtraight line to which B has a given ra- 
tio, and as B to E, ſo make D to F. the ratio of B to E 
js given , and therefore the ratio of D to F. and be- | a. Hyp. 
cauſe as A to B, fo is C to D; and as B to E, ſo D to A N 


« __ 


— 


Eis the ſtraight line to which B has a piven ratio, 
:nd F that to which D has a given ratio; therefore as 
A is to the ſtraight line to which B has a given ratio, 
ſois C to that to which D has a given ratio. 


. 


B 
F; therefore, ex aequali, as A to E, fois C to F. and C 


P R O P. LXXIII. $3. 


JT four ſtraight lines be proportionals; as the firſt js to See N. 
the ſtraight line to which the ſecond has a given 

ratio, ſo is the ſtraight line to which the third has a 

given ratio to the fourth. 


Let the ſtraight line A be to B, as C to D; as A to the ſtraight 
line to which B has a given ratio, fo is the ſtraiglit 
ine to which C has a given ratio to D. 

Let E be the ſtraight line to which B has a given ra- | 
tio, and as B to E, ſo make F to C; becauſe the ratio 
of B to E is given, the ratio of C to F is given. and be- A Ba 
cauſe A is to B, as C to D; and as B to E, fo F to C F C 5 
therefore, ex aequali in proportione perturbata *, A is | | A. 23. 5. 


to E, as F to D; that is A is to E to which B has a gi- 
ven ratio, as F, to which C has a given ratio, is to D. 


D d 
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A. 12. 2. 


b. 43. Dat. 


C. 


64. 


6. 


f, 4 6. 


g. Cor. 4 5. 


hk, 


C. 


5. 


becauſs it is double 9 of the triangle ; there- 
fore the ratio of twice the. rectangle DB, BC vB 
to the triangle ABC is g cot and twice the 


E UCLID S 


PNO FP. . 


1 a triangle has a given obtuſe angle; the exceſs of 

the ſquare of the ſide which ſubtends the obtuſe an- 
gle above the ſquares of the ſides which contain it, {hal 
have a given ratio to the triangle. 


Let the triangle ABC have a given obtuſe angle ABC; and 
produce the graight line CB, and from the point A draw AJ 
perpendicular to BC. the exceſs of the ſquare of AC above the 
ſquares of AB, BC, that is“ the double cf the rectangle contained 
by DB, BC, has a given ratio to the triangle ABC. 

Becauſe the angle ABC is given, the angle ABD is allo given; 
and the angle ADB is given, wherefore the triangle ABD is given 
in ſpeciesz and therefore the ratio of AD to DB is given. and a 
AD to DB, ſo is © the rectangle AD, BC to the rectangle DB, DC; 
wheretore the ratio of the rectangle AD, BC to the 8 DB, 
EC'is given, as allo the ratio of twice the rectangle DB, BC to the 
rectangle AD, BC. but the ratio of the woe © 
tangle "AD, BC to the triangle ABC is Nera, N 


rectangle DB, BC is the exceſs * of the ſquare 
of AC above the ſquares of AB, BC. there 
fore this exceſs has a given ratio to the triangle ABC. 

And the ratio of this exceſs to the triangle ABC may be found 
thus ; take a ſtraight line EF given in poſition and magnitude; and 
becauſe the angle ABC is given, at the point F of the ſtraight line 
EF make the angle EFG equal to the angle ABC; produce GF, and 
draw EH perpendicular to FG. then the ratio of the excels of the 
1quare of AC above the ſquares of AB, BC to the triangle ABC 
is the ſame with the ratio of quadruple the ſtraight line HF to HE, 

Becauſe the angle ABD is equal to the angle EFH, and the 
angle ADB to EI, each being a right angle; the triangle ADB 
equiangular to EHF. therefore f as BD to DA, ſo FH to HE; and 


as quadruple of BD to DA, fo is à quadruple of FH to HE. but 


as twice BD is to DA, ſo is © twice the rectangle DB, BC to the 
retangle AD, BC; and as DA to the half of it, ſo is d the rec 
tangle AD, BC to its half the triangle ABC; therefore, ex de- 


aa 
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quali, as twice BD is to the half of DA, that is, as quadruple of 
zb is to DA, that is, as quadruple of FH to IIE, fo is twice the 
tangle DB, BC to the triangle ABC. 


PROP. IXXV. 64; 
Fa triangle has a given acute angle; the ſpace by 
which the ſquare of the fide ſubtending the acute 
angle is leſs than the ſquares of the ſides which contain 
it, hall have a given ratio to the triangle. 


Let the triangle ABC have a given acute angle ABC, and draw 
AD perpendicular to BC; the ſpace by which the ſquare of AC 
g leſs than the ſquares of AB, BC, that is * the double of the rec- a. 13. . 
angle coatained by CB, BD, has a given ratio to the triangle ABC. 

Becauſs the angles ABD, AB ate each of them given, the tri- 
ngle ABD is given in ſpecics; and therefore the ratio of BD to 
DA is given. and as BD to DA, ſo is the rec- 
ungle CB, BD to the reCtingic CB, AN; there- A 
fore the ratioof tlieſę rect ingles is given, as allo 
the ratio of twice the rectangle CB, BD to the 
r:tangle CB, AD. but the reftangle CB, AD 
has a given ratio to its half the triangle ABC, — 
therefore b the ratio of twice the rectangle os 5 D C 
BD to the triangle ABC is given. and twice the rectangle CB, B 
3 * the ſpace by which the ſquare of AC is le!s than the ſquares of 
AB, BC; therefore the ratio of this ſpace to the triangle ABC is 
given. and the ratio may be found as in the preceding Propoſition. 

L EMMA. 
F from the vertex A of an Iſoſceles triangle ABC, any ftraipht 
line AD be drawn to the baſe BC; the ſquare of the fide AB 
is equal to the rectangle BD, DC of the ſegments of the baſe to- 
rether with the ſquare of AD. but it AD be drawn to the baſk 
produced, the ſquare of AD is equal to the rectangle BD, UC 
together with the ſquare of AB. | 

Cas. 1. Biſe& the baſe BC in E, and join A. 

AE which will be perpendicular * to BC; ö 1 


b. 9. Dat. 


wherefore the ſquare of AB is equal ò to the 
(quares of AE, EB. but the ſquare of EB is 
equal eto the rectangle BD, DC together = 6. 5. fo 
with the ſquare of DE. therefore the fauare? BDE C 

D d 2 


E UCL: 1-D-* 9 
of AB is equal to the ſquares of AE, ED, that is to b to the ſquare 


of APD, together with the rectangle BD, DC. the other caſe i; 4 
ſhewn in the fame way by 6. 2. Elem. 1 
PR OP. LXXVI. uf” 
1 a triangle have a given angle, the exceſs of the Man, 
ſquare of the ſtraight line which is equal to the two Mats 
ſides that contain the given angle, above the ſquare of Mreftan 
the third fide, {hall have a given ratio to the triangle. ſo 1s | 
or the 
Let the triangle ABC have the given angie BAC, the exceſ of gde ſt 
the ſtraight line which is equal to BA, AC together abore the ABC 
quatre of BC, ſhall have a given ratio to the triangle ABC. CC 
Produce BA, and take AD equal to AC, join DC and produce Wl te {; 
it to E, and thro? the pont B draw BE parallel to AC; join AF, wic 
and draw AF perpendicular to DC. and becauſe AD is equal tg ſide, 
AC, BD is equal to BE; and BC is drawn from the vertex B of the Ne 
Holceles triangle DBE, therefore, by the Lemma, the ſquare of BD, Nag! 


that is of BA and AC together, is equal to the rectangle DC, CE 
together with the ſquare of BC; and therefore the ſquare of BA, 
AC together, that is of BD is greater 
than the ſquare of BC by the rectangle 
DC, CE; and this reftangle has a given 
ratio to the triangle ABC. becauſe the 
angle BAC is given, the adjacent angle 
CAD is given; and each of the angles 
ADC, DCA is given, for cach of them is 
2.5.& 32.1, the half * of the given angle BAC; therc- 
b. 43: Dat. fore the triangle ADC is given d in ſpe- 
cies; and AP is drawn from its vertex to the baſe in a given angle 
wherefore the ratio of AF to the baſe CD. is given ©. and as CV 
to AF, ſo is 9 the rectangle DC, CE to the rectangle AF, CE; ans 
the ratio of the rectangle AF, CE to its half © the triangle ACE i 
given; therefore the ratio of the rectangle DC, CE to the triang: 
ACE, that is f to the triangle ABCis givens. and the rectangle DC. 
Ci. is the excels of the ſquare of BA, AC together above the ſquare 
of BC; therefore the ratioof this exceſs to the triangle ABC is given. 

The ratio which the rectangle DC, CE has to the triangle ABC 
is found thus. take the ſtraight line GH given in poſition and mag 
vitude, and at the point G in GH make the angle HGK equal! 


DATA. 


the given angle CAD, and take GK equal to GH, join KH, and 
draw GL perpeudicular to it. then the ratio of HK to the half of 
GLis the ſame with the ratio of the rectangle DC, CE to the tri- 
angle ABC. becauſe the angles HGK, DAC at the vertices of 
the Iſoſccles triangies GHK, ADC are equal to one another, theſe 
the triangles are ſimilar, and becauſe GL, AF are perpendicular to the 
wo WW baſes His, DC, as HK to GL, fo is (DC to AF, and fo is) the 
of Mrcftangle DC, CE to the tectangle AF, CE; but as GL to its half, 
{ is the rectangle AF, CE to its halt which is the triangle ACE, 
or the triangle ABC; therefore, ex aequali, HK is to the half of 
> of Wl the {traght line GL, as the lectangie DC, CE is to the triangle 
ce ABC. 

Cor. And if a triangle have a given angle, the ſpace by which 
luce WY tie ſquare of the ſtraight Ine which is the difference of the ſides 
which contain the given angle is leſs than the ſquare of the third 
1 10 WM gde, mall have a given ratio to the triangle. this is demonſtrated 
the ſame way as the preceding Propoſition, by help of the ſecond 


Jars 
Cc is 


DD, de of the Lemma. 

CE 

* PROP. LXXVI. 

) I the perpendicular drawn from a given angle of a 
F triangle to the oppoſite ſide, or baſe, has a given ra- 
Jo to the bale ; the triangle is given in ſpecies. 


Let the triangle ABC have the given angle BAC, and let the 
perpendicular AD drawn to the baſe BC, have a given ratio to it; 
E WW the triangle ABC is given in ſpecies. 
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See N. 


If ABC be an Iſoſceles triangle, it is evident * that if any one of 2.6 &32.1. 


its angles be given, the reſt are alſo given; and therefore the tri- 


as NN L K 


var EB O H M F 


10 angle is given in ſpecies, without the conſideration of the ratio of the 

perpendicular to the baſe, which in this caſe is given by Prop. 50. 

. But when ABC is not an Iſoſceles triangle, take : ny ſtra gh line 

EF given in poſition and magnitude, and upon it deſcribe the ſeg- 
Dd 3 
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ment of a circle EGF containing an angle equal to the given angle * 


BAC; draw GH biſecting EF at right angles, and join EG, Gp * 
then ſince the angle ECF is equal to the angle BAC, and thy 7 
is an Iſoſceles triangle and ABC is not, the angle FEG is ng 5 
equal to the angle CBA. draw EL making the angle FEL equal ts ae 
the angle CBA, join FL, and draw LM perpendicular to EF. then 6p 
beciu'e the triangles ELF, BAC are equiangular, as alſo are the ti. f f 
angles MLE, DAB, as ML to LE, ſo is DA to AB; and as LE 5 : 
EF, to is AB to BC; wherefore, ex aequali, as LM to EF, ſo i, od, 
AD to BC. and becauſe the ratio of AD to BC is given, therefore 
b. 2. Dat. the ratio of LM to EF is given; and EF is given, wherefore b I Rs 
alio is given. complete the parallelogram LMFK, and becauſe LM | 
is given, FK is given in magaitude it is alſo given in poſition, tr: 
c. 30. Dat. and the point F is given, and conſequently © the point K; and be. BC 
caule thro' £ the ſtraight line KL is drawn parallel to EF which Al 


d. 21. Dat. is given in poſition, therefore 4 KL is given in poſition ; and the 


\ 
0 ql 


1 =Y 
M =» g 


circumcicrence EIT 1s given in poſition, therefore the point Lis : 

. > . 5 . n | | 

e. 28. Dat. given®. and becauſe the points L, E, Fare given, the ſtraight lines a 

f. 29. Dat. LE, EE, FL are given f in magnitude; therefore, the triangle LEF i 
8. 42. Dat, is given in ſpecies *, and the triangle ABC is fimilar to LEE, 

wherelore allo ABC is given in ſpecies. F 

Pecanie Löl is lefs than GH, the ratio of LM to FF, thats : 

the giren ratio of AD to BC muſt be lefs than the ratio of Gl ? 

to Li which the ſtraight line, in a ſegment of a circle containing | 


an angle equal to the given angle, that biſ:&ts the baſe of the ſeg- 
ment at right angles, has unto the baſe. 0 
Cos. 1. If two triangles ABC, LEF have one angle BAC 
equal to one angle ELF, and if the perpendicular AD be to th: 
bale DC, as the perpendicular LM to the baſe EF; the triangle 
ABC, LEF are fimilar. 
Deſcribe the circle EGF about the triangle ELF, and draw IN 
Parallel to EF, join EN, NF, and draw NO perpendicular to Ef. 
becaule the angles ENF, ELF are equal, and chat the angle EFN ': 


DATA. 


equal to the alternate angle FNL, that is to the angle FEL in the 
ame ſeginent, therefore the triangle NEF is ſimilar to LEF. and 
in the ſeyment EGF there can be no other triangle upon the baſe 
Er which has the ratio of its perpendicular to that baſe the ſame 
with the ratio of LM or NO to EF, becauſe the perpendicular 
muſt be greater or leſs than LM or NO. but, as has been (ſhewn 
in the preceding demonſtration, a triangle ſimilar to ABC can be 
deſcribed in the ſegmeat EGF upon the bale EF, and the ratio of 
its perpendicular to the baſe is the fame, as was there ſhewn, with 
the ratio of AD to BC, that is of LM to EF. therefore that tri- 
angle muſt be either LEF, or NEF, which therefore are ſimilar to 
the triangle ABC. 

Cor. 2. If a triangle ABC has a given angle BAC, and if the 
ſtraight line AR drawn from the given angle to the oppolite ſide 
BC, in a given angle ARC, has a given ratio to BC; the triangle 
ABC is given in ſpecies. 

Draw AD perpendicular to BC; therefore the triangle ARD is 
given in ſpecies; wherefore the ratio of AD ro AR is given; and the 
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ratio of AR to BC is given, and conſequently d the ratio of AD h. 3. Dat. 
to BC is given; and the triangle ABC is therefore given in ſpecics i. i. 77. Dat. 


Cor. 3. If two triangles ABC, LEF have one angle BAC e- 
qual to one angle ELF, and if ſtraight lines drawn from theſe an- 
gles to the baſes, making with them given and equal angles, have 
the ſame ratio to the baſes, each to each ; then the triangles are 
{imilar. for, having drawn perpendiculars to the baſes from the 
equal angles, as one perpendicular is to its baſe, ſo is the other to 
its bale k. wherefore, by Cor. 1. the triangles are ſimilar. 

A triangle ſimilar to ABC may be found thus; having deſcribed 
the ſegment EGF and drawn the ſtraight line GH as was directed 


in the Propoſition, find FK which has to EF the given ratio of AD 


to BC; and place FK at right angles to EF from the point F. 


K. ; 


then becaule, as has been ſhewn, the ratio of AD to BC, that is 


of FR to EF, muſt be leſs than the ratio of GH to EF; therefore 
FK is leſs than GI; and conſequently the parallel to EF drawn 
through the point K muſt meet the circumference of the ſegment 
in two points. let L be either of them, and join EL, LF, and draw 
LM perpendicular to EF. then becauſe the angle BAC is equal to 
the angle ELF, and that AD is to BC, as KF, that is LM to EF, 
the triangle ABC is ſimilar to triangle LEF. by Cor. 1. 
Dd 4 
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angle to the 13 gare of the third ſide be g given; the tri. 
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| p R O P. LXXVIIL 
F a triangle have one angle given, and if the ratio of 
the rectangle of the ſtdes winch contain the given 


angle 15 given iu ſpecies. 


Let the triangle ABC have the given angle BAC, and let the 
ratio of the reftangle BA, AC to the ſquare of BC be given; the 
trianvic ABC 15 given in ſpecies. 

Nom the point A draw AD perpendicular to BC; the rec- 
tangl- AD, BC has a given ratio to its half“ the triangle ABC, 
and wwcanſe the angle BAC is given, the ratio of the triangle ABC 


tothe rectangle BA, AC is given d; and, by the hypotheſis, the 


ratio of the rectangle BA, AC to the ſquare of BC is given. there- 
fore © the ratio of the rectangle Al), BC to the ſquare of BC, 
that is Ache ratio of the {traight'line AD to BC is given. where- 


„ fore the triangle ABC is given © in ſpecies. 


triangle firuiar to ABC may be found thus; take « ſtraight 
tne EV given in poſition and magnitude, and make the angle FEC 
eq uz: to the given angle BAC, and draw FH perpendicular to EG, 
and BK per endichif 2 AC; therefore the triangles ABK, ETH 
are ſimilar. and the rectan- 
gie A, BC, or the r<ftan= A ML 
ge Bk, AC, which is coual E 2 


to it, is to the rectangls BA, 1 ＋ 
AC, as the ſtraight line BK "E- Q 

to BA, that is as FH to FE; | a 

let the given ratio of the BD N CF G 
rectangle BA, AC to the ſquare of BC be the ſame with the ra- 
tio of the firaight line EF to FL; therefore, ex acquali, the ratio 


of the reftangle AD, BC to the ſquare of BC, that is the ratio of 
the ſtraight line AD to BC, is the fame with the ratio of HF to 


Fl. and becanſe AD is not greater than the ſtraight line MN in 


the ſegment of the circle deſcribed about the triangle ABC, which 
bite&ts BU at right angles; the ratio of AD to BC, that is of HF to 
FIL, maſt not be greater than the ratio of MN to BC. let it be fo, 
and by,the 77. Dat. find a triangle OPQ which has one of its an- 
gles POQ equal to the given angle BAC, and the ratio of the per- 
Pendicular OR, drawn from that angle, to the baſe PQ the lame 
„ich rhe ratio of HF to FL. then the triangle ABC is ſimilar te 
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OPQ. becauſe, as has been ſhewn, the ratio of AD to BC is the 

ame with the ratio of (HF to FL, that is, by the conſtruction, with 

the ratio of) OR to PQ; and the angle BAC is equal to the angle 

POQ. therefore the triangle ABC is ſimilar f to the triangle POQ. f. x. Cor. 

Otherwile, i 77. Dat. 

Let the triangle ABC have the given angle BAC, and let the 

ratio of the rectangle BA, AC to the ſquare of BC be given; the 

triangle ABC is given in ſpecies. 
Becauſe the angle BAC is given, the exceſs of the ſquare of 

both the fides BA, AC together above the ſquare of the third 

fide BC has a given * ratio to the triangle ABC. let the figure D* 76. Pat. 

be equal to this exceſs ; therefore the ratio of D to the triangle 

ABC is given; and the ratio of the triangle ABC to the rectangle 

BA, AC is given d, becauſe BAC is a given angle; and the rec- b. Cor. 62. 


tangle BA, AC has a given ratio to the A Dat. 
ſquare of BC; wherefore © the ratio of c. 10. Dat. 
D to the {quare of BC is given. and, by * 

compoſition 4, the ratio of the ſpace D, - — d. 7. Dat. 
together with the ſquare of BC to theB G 


ſquare of BC is given. but D together with the ſquare of BC is 
equal to the ſquare of both BA and AC together ; therefore the 
ratio of the ſquare of BA, AC together to the ſquare of BC is 
given; and the ratio of BA, AC together to BC is therefore given e. e. $9. Dat. 
and the angle BAC is given, wherefore * the triangle ABC is gi- f. 48. Dat. 
ren in ſpecies. | 
The compoſition of this which depends upon thoſe of the 76. 
and 48. Propoſitions is more complex than the preceding compo- 
ſition which depends upon that of Prop. 77. which is eaſy. 


p R OP. LXXIX. k. 
IF a triangle have a given angle, and if the ſtraight see N. 
line drawn from that angle to the baſe, making a 
given angle with it, divides the baſe into ſegments 
which have a given ratio to one another; the triangle 
is given in ſpecies. 


Let the triangle ABC have the given angle BAC, and let the 
ſtraight line AD drawn to the baſe BC making the given angle 
ADB, divide BC into the ſegments BD, DC which have a given 


ratio to one another; the triangle ABC is given in ſpecies. 
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e. 9. Dat. 
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Deſcribe * the circle BAC about the triangle, and from its cen. 
ter E draw EA, EB, EC, ED. becauſe the angle BAC is given, the 
angle BEC at the center, which is the double d of it, is given. and 
the ratio of BE to EC is given, becauſe they are equal to one ang. 
ther; therefore © the triangle BEC is given in ſpecies, and the ratio 
of EB to BC is given. alſo the ratio of CB to BD is given, he. 
cauſe the ratio of BD to DC is given; therefore the ratio of EB tg 
BD is given“. and the angle EBC is given, wherefore the triangle 
EBD is given © in ſpecies, and the ratio of EB, that is of EA to!) 
is therefore given. and the angle EDA is given, becauſe each of the 
angles BDE, BDA is given. therefore the triangle AE is pivent 
in ſpecies, and the angle AED given; alſo 
the angle DEC is given, becauſe cach of the 
angles BED, BEC is given; therefore the 
angle AEC is given. and the ratio of EA to 
EC, which are equal, is given; and the tri- 
angle AEC is therefore given © in ſpecies, 
and the angle ECA given. and the angle 


Ech is given, wherefore the angle ACB is given. and the angle 


E. 43. Dat. 


BAC is allo given; therefore #* the triangle AUC is given in ſpecics, 
A triangle ſimilar to ABC may be found, by taking a ſtraight 
line given in poſition and magnitude, and dividing it in the given 
ratio which the ſegments BD, DC are required to have to one ano- 
ther; then if upon that ſtraight line a ſegment of a circle be de- 
ſcribed containing an angle equal to the given angle BAC, and a 
ſtraight line be drawn {rom the point of diviſion in an angle equal 
to the given angle ADB, and from the point where it meets the 
circumference, ſtraight lines be drawn to the extremity of the firſt 
line, theſe together with the firſt line ſhail contain a triangle ſimi- 
lar to ABC, as may caſily be ſhewn. 
The Demonſtration may be alſo made in the manner of that of 
the 79. Prop. and that of the 77. may be made in the manner of 
this. 


© KO Þ.. LAKX: 


| i the ſides about an angle of a triangle have a given 

ratio to one another, and if the perpendicular drawn 
from that angle to the baſe has a given ratio to the 
baſe; the triangle 1s given in ſpecies. 


n 


te 
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Let the ſides BA, AC, about the angle BAC of the triangle ABC 
have a given ratio toone another, and let the perpendicular AD have 
a given ratio to the baſe BC; the triangle ABC is given in ſpecies. 
Firſt, let the fides AB, AC be equal to one another, therefore 
the perpendicular AD biſects * the baſe BC. and A a. 26. 1. 
the ratio of AD to BC, and therefore to its half 
DB is given; and the angle ADB is given. where- LYN 
fore the triangle“ ABD and conſequently the tri- 43. Dat. 
angle ABC is given Þ in ſpecies. B D Cv. va. 
But let the ſides be unequal, and BA be greater than AC; and 
make the angle CAE equal to the angle ABC. becauſe the angle 
AEB is common to the triangles AEB, CEA, they are fimilar 
therefore as AB to BE, ſo is CA to AE, and, by permutation, as 
BA to AC, ſo is BE to EA, and ſo is EA to EC. and the ratio of 
BA to AC is given, therefore the ratio of BE to EA, and the ratio 
of EA to EC, as allo the ratio of BE to EC is given e; wherefore c. 9. Dat. 
the ratio of EB to BC is givend. and the ratio Ad. 6. Dat. 


of AD to BC is given by the Hypotheſis, there- LPs 

fore © the ratio of AD to BE is given; and the | 7 

ratio of BE to EA was ſhewn to be given; 

wherefors the ratio of AD to AE is 1 andB F C E P 

ADE is a right angle, therefore the triangle ADE is given © in ſpe- e. 46. Dat. 

cics, and the angle AEB given; the ratio of BE to EA is likewiſe 

given, therefore d the triangle ABE is given in ſpecies, and conſe- 

quently the angle EAB, as alſo the angle ABE, that is the angle 

CAE is given; therefore the angle BAC is given, and the angle 

ABC being alſo given, the triangle ABC is given f in ſpecies. f. 43. Dat. 
How to find a triangle which ſhall have the things which are 

mentioned to be given in the Propoſition, is evident in the firſt cafe. 

and to find it the more eaſily in the other cafe, it is to be obſerved 

that if the ſtraight line EF equal to EA be placed in EB towards B, 

the point F divides the baſe BC into the ſegments BF, FC which 

have to one another the ratio of the ſides BA, AC. becauſe BE, EA, 

or EF, and EC were ſhewn to be proportionals, therefore“ BF is “. rg. 5. 

to FC, as BE to EF, or EA, that is as BA to AC. and AE cannot 

be leſs than the altitude of the triangle ABC, but it may be equal to 

it; which if it be, the triangle, in this caſe, as alſo the ratio of the 

ſides, may be thus found, having given the ratio of the perpendi- 

cular to the baſe. take the ſtraight line GH given in poſition and 

magnitude, for the baſe of the triangle to be found; and let the 
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given ratio of the perpendicular to the baſe be that of the ftraight 
line K to GH, that is, let K be equal to the perpendicular; and ſup. 
poſe GLH to be the triangle which is to be found. therefore hay. 
ing made the angle HLM equal to LGH, it is required that LM be 
perpendicular to GM and equal to K. and becauſe GM. ML, MH 
are proportionals, as was ſhewn of BE, EA, EC, the rectangle GMH 
is equal to the ſquare of ML. add the common ſquare of Ni, 
(having biſected GH in N) and the {quare of NM is equal s to the 
ſquares of the given ſtraight lines NH and ML, or K. therefore the 
ſquare of NM, and its fide NM, is given, as alſo the point M, viz. 
by taking the ſtraight line NM the ſquare of which is equal to the 
ſquares of NH, ML. draw ML equal to K, at right angles to GM, 
and becauſe ML is given in poſition and magnitude, therefore the 
point L is given; join LG, LH, then the triangle LGH is that 
which was to be found. for the ſquare of NM is equal to the 
ſquares of NH and ML, and taking away the common ſquare of 
NH, the rectangle GMH is | 


equal ® to the ſquare of X 0 s 


ML; therefore as GM to 

ML, ſo is ML to MH, and 3 8 aa 
the triangle LGM is there- . — 

fore equiangular to HLM, N Saf | 


and the angle HLM equal jy, N [ QUE N P 


to the angle LGM, and the 


ſtraight line LM, drawn from the vertex of the triangle making 
the angle HLM equal to LGH, is perpendicular to the baſe and 
equal to the given ſtraight line K, as was required. and the ratio 
of the ſides GL, LH is the ſame with the ratio of GM to ML, 
that is with the ratio of the ſtraight line which is made up of GN 
the half of the given baſe and of NM the ſquare of which is e- 
qual to the ſquares of GN and K, to the ſtraight line K. 

And whether this ratio of GM to ML is greater or leſs than the 
ratio of the ſides of any other triangle upon the baſe GH, and of 
which the altitude is equal to the ſtraight line K, that is, the vertex 


of which is in the parallel to GH drawn thro” the point L, may be 


thus found. Let OGH be any.ſuch triangle, and draw OP making 
the angle HOP equal to the angle OGH; therefore, as before, GP, 
PO, PH are proportionals. and PO cannot be equal to LM, becauſe 
the rectangle GPH, would be equal to the rectangle GMH, which is 
impoſſible, for the point P cannot fall upon M, becauſe O would 
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then fall on L; nor can PO be leſs than LM, therefore it is greater; 
and conſequently the rectangle GPH is greater than the rectangle 
GMH, and the ſtraight line GP greater than GM. therefore the 
ratio of GM to MH is greater than the ratio of GP to PH, and the 
ratio of the ſquare of GM to the ſquare of ML is therefore i greater 
than the ratio of the ſquire of GP to the ſquare of PO, and the 
ratio of the ſtraight une GM to ML, greater than the ratio of GP 
to PO. but as GM to ML, fo is GL to LH; and as GP to PO, fo 
is GO to OH; theretore the ratio of GL to LH is greater than the 
ratio of GO to OH ; wherefore the ratio of GL to LH is the 
greateſt of all others; and conſequently the given ratio of the 
greater ſi de to the leis muſt not be greater than this ratio. 

But if the ratio of the ſides be not the ſame with this greateſt ra- 
tio of GM to ML, it muſt neceſſarily be leſs than it. Let any leſs 
ratio he given, and the ſame things being ſuppoſed, viz. that GH is 
the baſe, an] K equal to the altitude ot the triangle, it may be found 
as follows. Divide GH in the point Q, fo that the ratio of GQ to 
H may be the fame with the given ratio of the ſides; and as G 
to Qu. ſo make GP to PQ , and ſo will f PQ be to PH; where- 
fore the ſquare of GP is to the {quare of PO, as i the ſtraight line 
GP to PH. and becauſe GM, ML, MH are proportionals, the 
ſquare of GM is to the ſquare of ML, as i the ſtraight line GM to 
MH. but the ratio of G to QH, that is the ratio,of GP to PO, 
is leſs than the ratio of GM to ML; and therefore rhe ratio of the 
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ſquare of GP to the ſquare of PQ is leſs than the ratio of the ſquare | 


of GM to that of ML; and conſequently the ratio of the ſtraight 
line GP to PH is leſs than the ratio of GM to MH, and, by diviſion, 
the ratio of GH ro HP is leſs than that of GH to HM; whereforek 
the ſtraight line HP is greater than HM, and the rectangle GPH, 
that is the ſquare of PQ , greater than the rectangle GM, that is 
than the ſquare of ML, and the ſtraight line PQ is therefore greater 
than ML. draw LR parallel to GP, and from P draw PR at right 
angles to GP. becauſe PQ is greater than ML, or PR, the circle 
deſcribed from the center P, at the diſtance PQ , muſt neceſſarily 
cut LR in two points; let theſe be O, 8, and join OG, OII; SG, 
SH; each of the triangles OGH, SGH have the things mentioned 
to be given in the Propoſition. join OP, SP; and becauſe as GP to 
PQ , or PO, ſo is PO to PH, the triangle OG is equiangular to 
HOP; as, therefore, OG to GP, ſo is HO to OP, and, by permu- 
tation, as GO to OH, fo is GP to PO, or PO, and lo is GQ to 


Kk. 0. $o 
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d. 7. Dat. 


e. 46. Dat. 
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H. therefore the triangle OGH has the ratio of its ſides G0, 
O:1 the ſame with the given ratio of GQ to QU ; and the per. 
pendicular has to the baſe the given ratio of K to GH, becauſe the 
perpendicular is equal to LM, or K. the like may be thewn in the 
ſame way of the triangle SGH. 

This conſtruction by which the triangle OGH is found, iz 
ſhorter than that which would be deduced from the Demonſtra. 
tion of the Datum; by reaſon that the baſe GH is given in po- 
fitiou and magnitude, which was not ſuppoſed in the Demonſtra- 
tiou. the {ame thing is to be obſerved in the next Propoſition. 


Nr. LAXAL 


1 the ſides about an angle of a triangle be unequal 

and have a given ratio to one another, and if the 
perpendicular from that angle to the baſe divides it into 
ſegments that have a given ratio to one another; the 
triangle is given in ſpecics. 


Let ABC be a triangle the ſides of which about the angle BAC 
are unequal, and have a given ratio to one another, aud let the 
perpendicular AD to the baſe BC divide it into the ſegments BD, 
DC which have a given ratio to one another; the triangle ABC 
is given in ſpecies. 

Let AB be greater than AC, and make the angle CAE equal to 
the angle ABC; and becauſe the angle AEB is common to the tri- 
angles ABE, CAE, they are * equiangular to one another. therc- 
fore as AB to BE, ſo is CA to AE, and, by A 
permutation, as AB to AC, ſo BE to EA, and 
ſo is EA to EC. but the ratio of BA to AC — 
is given, therefore the ratio of BE to EA, as * 
alſo the ratio of EA to EC is given; where- Ir; 
fore Þ the ratio of BE to EC, as alſo © the ra- 


0) 
tio of EC to Cn is given. and the ratio of BC X RJ. 


to CD is given 9, becauſe the ratio of BD to 


DC is given; 3 b the ratio of LC to C KLH N 
CD is given, and conſequently d the ratio of DE to EC. and the 
ratio of EC to EA was {hewn to be given, therefore b the ratio 
of DF. to EA is given. and ADE is a right angle, wherefore * the 
triangle ADE is given in ſpecies, and the angle AED given. and 
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O, me ratio of CE to EA is given, therefore f the triangle AEC is f. 44. Dat. 
r- given in ſpecies, and conſequently the angle ACE is given, as alio 
he the adjacent angle ACB. in the ſame manner, becauſe the ratio of 
he BE to EA is given, the triangle BEA is given in ſpecies, and the 
angle ABE is therefore given. and the angle ACB is given; where- 


13 fore the triangle ABC is given & in ſpecies. 4.47. Dato 
2 But the ratio of the greater fide BA to the other AC muſt be 
9 eſs than the ratio of the greater ſegment BD to DC. becauſe the 


1 ſquare of BA is to the ſquare of AC, as the ſquares of BD, DA to 
the ſquares of DC, DA; and the ſquares of BD, DA have to the 
zuares of DC, DA a leſs ratio than the ſquare of BD has to the 
ſquare of DC 4, becauie the ſquare of BD is greater than the 
ſquare of DC; therefore the ſquare of BA has to the ſquare of AC 
a leſs ratio than the ſquare of BD has to that of DC. and conſe- 
C quently the ratio of BA to AC is leſs than the ratio of BD to DC. 
0 This being premiſed, a triangle which ſhall have the things men- 
tioned to be given in the Propoſition, and to which the triangle 
ABC is ſimilar, may be found thus. take a ſtraight line GH given 
in poſition and magnitude, and divide it in K ſo that the ratio of 
J GK to KH may be the ſame with the given ratio of BA to AC; di- 
2 vide alſo GH in L ſo that the ratioof GLto LH may be the ſame with 
: the given ratio of BD to DC, and draw LM at right angles to GH. 
. and becauſe the ratio of the ſides of a triangle is leſs than the ratio 
of the ſegments of the baſe, as has been ſhewn, the ratio of GK to 
) KH is leſs than the ratio of GL to LH, whercfore the point L muſt 
; fall betwixt K and H. alſo make as GK to KH, ſo GN to NK, and 
. ſo ſhall h NK be to NH. and from the center N, at the diſtance h. 19. 8. 
NK deſcribe a circle, and let its circumference meet LM in O, and 
join OG, OH; then OGH is the triangle which was to be deſcribed. 
becauſe GN is to NK, or NO, as NO to NH, the triangle OGN iz 
equiangular to HON; therefore as CG to GN, ſo is HO to ON, 
and, by permutation, as GO to OH, fo is GN to NO, or NK, that 
is as GK to KH, that is in the given ratio of the ſides. and, by the 


} If A be greater than B, and C any | than D. hut as A is to B, ſo A and C 

third magnitude; then A and C toge- to B and D; and A and C have to B 

ther have to B and C together a leſs ta- | and C a leſs ratio than A and C have 

tio than A has to B. to Band D, becauſe C is greater than 

| Let A be to Bas C to D, and be- D. therefore A and C have to B and C 
cauſe A is greater than B, C is greater | a leſs ratio than A to B. 
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conſtruction, GL, LH have to one another the given ratio of che 
ſegments of the baſe. 


PROP. LXXXII. 


FE a parallelogram given in ſpecies and magnitude he 
encreaſed, or diminiſhed by a gnomon given in mag. 
nitude; the ſides of the gnomon are given in magnitude. 


Firſt, let the parallelogram AB given in ſpecies and magnitude 
be enercaſed by the given gnomon ECBDFG; each of the ftraigh: 
lines CE, DF is given. 


Becauſe AB is given in ſpecies and magnitude, and that the gno. 


Def. 
5 5 . mon ECBD FG is given, therefore the whole ſpace AG is given in 


24 6. 
b. 60. Dat. 


c. 4. Dat. 


d. 25. 6. 


e. 26. 6. 


magnitude. but AG is allo given in ſpecies, becauſe it is fm, 


to AB; therefore the ſides of AG are givenb. cach of the ſtr-ight 

lines AE, AF is therefore given; and each of g 7 

the ſtraight liaes CA, AD is given Þ, therefore | 7 
C 


each of the remainders EC, DF is given ©. 15 

Next, let the parallelogram AG given in ſpe- | 
cies and magnitude be diminiſhed by the given T P A 
gnomon ECBDFG ; each of the ftraight lines 
CE, DF is given. [1 

Becauſe the parallelogram AG is given, as alſo 
its gnomon ECBDFG; the remaining ſpace AB is given in magni- 
tude. but it is alſo given in ſpecies ; becauſe it is ſimilar * to AG; 
therefore d its ſides CA, AD are given. and each of the ſtraight 
lines EA, AF is given; therefore EC, DF are each of them given. 

The gnomon and its ſides CE, DF may be found thus in the 
firſt caſe. let H be the given ſpace to which the gnomon muſt be 
made equal, and find 9 a parallelogram ſimilar to AB and equal 
to the figures AB and H together, and place its ſides AE, AF 
from the point A, upon the {traight lines AC, AD, and compl:te 
the parallelogram AG, which is about the ſame diameter © with 
AB. becauſe therefore AG is equal to both AB and H, take away 
the common part AB, the remaining gnomon ECBDFG is equal 
to the remaining figure H. therefore a gnomon equal to H, and 
its ſides CE, DF are found. and in like manner they may be found 
in the other caſe, in which the given figure H muſt be leſs than 
the figure FE from which it is to be taken. 


-—- — C3 c5 


, ¶mͥͤ | yg. | WF ".. 
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bh a parallelogram equal to a given ſpace he applied 
to a given ſtraight line, deſicient by a parallelogram 
given in ſpecies z the ſides of the defect are given. 


Let the parallelogram AC equal to a given ſpace be applied to 
the given ſtraight line AB, deficient by the parallelogram BDCL 
given in ſpecies; each of the ſtraight lines CD; DB are given. 

Biſect AB in E; therefore EB is given in magnitude. upon EB 
deſcribe * the parallelogram EF ſimilar to DL and fimilarly placed; a. 18. 6. 
therefore EF is given in ſpecies, and is about 


the ſame diameter d with DL; let BCG b. 26. 6, 

de the diameter, and conſtruct the figure. G HF 

therefore becauſe the figure EF given in XF 

ſpecies is deſcribed upon the given ſtraight = 

line EB, EF is given © in magnitude. aud 4 . 59. Dat. 
the gnomon ELII is equal“ to the given A E DB 4 2. 404 


3 1 


figure AC, therefore © lince EF is diminiſhed by the given gno- 2 . 
mon ELI, the ſides EK, FH of the gnomon are given. but EK 
is equal to DC, and FH to DB; wherefore CD, DB are each of 
them given. | 
This Demonſtration is the Analyſis of the Problem in the 28. 
Prop. of Book 6. the conſtruction and Demonſtration of which 
Propoſition is the Compoſition of the Analyſis. and becauſe the gi- 
ven ſpace AC or its equal the gnomon ELH is to be taken from the 
figure EF deſcribed upon the half of AB ſimilar to BC, therctore 
AC muſt not be greater than EF, as is ſhewn in the 27. Prop. B. 6. 


PROP. LXXIIV. 79. 


F a parallelogram equal to a given ſpace be applied to 
a given ſtraight line, exceeding by a parallelogram 
given in ſpecies; the ſides of the exceſs are given. 


Let the parallelogram AC equal to a given ſpace be 2pplicd to 
the given ſtraight line AB, exceeding by the parallelogram BDCL 
given in ſpecies ; each of the ſtraight lines CD, DB are given. 

Biſect AB in E; therefore EB is given in magnitude. upon EB 
deſcribe * the parallelogram EF ſimilar to LD, and ſimilarly placed; 2 12 6. 
therefore EF is given in ſpecies, and is about the ſame diameter o b 2 6. 
E e 
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with LD. let CBG be the diameter, and 
conſtruct the figurc. therefore becauſe the & F H 
{igure EF given in ſpecies is deſcribed up- . . 
on the given ſtraight line EB, EF is given A 
e. 56. Dat, in Magnitude ©. and the gnomon ELH is 255 
d. 36. aud Equal to the given figure 4 AC; where- X L 
43. . fore ſince EF is encreaſed by the given | 
e. 82. Dat. gnomon ELH, its ſides EK, FH are given ©. but EK is equal to 
CD, and FH to BD; therefore CD, DB are each of them given, 

This Demonſtration is the Analyſis of the Problem in the 29, 
Prop. Book 6. the conſtruction and Demonſtration of which i; 
the Compoſition of the Analyſis. 

Co. If a parallelogram given in ſpecies be applied to a given 
ſtraight line, exceeding by a parallelogram equal to a given ſpace; 
the ſides of the parallelogram are given. 

Let the parallelogram AD CE given in ſpecies be applied to the 
given ſtraight line AB exceeding by the parallelogram BCG equal 
to a given ſpace; the ſides AD, DC of the parallelogram are given. 

Draw the diameter DE of the parallelopram AC, and conſtruct 

2. 43. 1. the figure. becauſe the parallelogram AK is equal“ to BC which is 
given, therefore AK is given. and BK is 


b. 24.6. ſimilar d to AC, therefore BK is given in E 2 C 
ſpecies. and ſince the parallelogram AK 
given in magnitude is applied to the given 1 * 
ſtraight line AB, exceeding by the paral- H Ly 
lelogram BK given in ſpecies, therefore, - 
5 by this Propoſition, BD, DK the ſides of A B D 


the exceſs are given. and the ſtraight line AB is given, therefore 
the whole AD, as alſo DC to which it has a given ratio is given. 
PROD, 
To apply a parallelogram ſimilar to a given one to a given ſtraight 
line AB, exceeding by a parallelogram equal to a given ſpace. 
£26 8. To the given ſtraight line AB apply © the parallelogram AK e- 
qual to the given {pace, exceeding by the parallelogram BK fimilar 
to the one given. draw DF the diameter of BK, and thro! the 
point A draw AE parallel to BF meeting DF produced in E, and 
complete the parallelogram AC. 
The parallelogram BC is equal to AK, that is to the given 
ſpace; and the parallelogram AC is ſimilar b to BK. therefore the 
paraltelogram AC is applied to the ſtraight line AB familar to the 


on 


DAT A. 
one given and cxceeding by the parallelogram BC which is equa! 
to the given ſpace. 


PROP. LIXXXV. 
* two ſtraight lines contain a parallclogram given in 
magnitude, in a given angle; if the difference of the 
ſtraight lines be given, they ſhall each of them be given. 


435 


84. 


Let AB, BC contain the parallelogram AC. given in magnitude, 


in the given angle ABC, and let the exceſs of BC above AB be gi- 
ven; each of the ſtraight lines AB, BC is given. 

L-t DC be the given exceſs of BC above BA, A E 
therelore the remainder BD is equal to BA. 7 272 « 
complete the parallelogram AD, and becauſe / / / 
AB is equal to BD, the ratio of AB to BD is | | 
given. and the angle ABD is given, therefore C 
the parallelogram AD is given in ſpecies. and becauſe the given pa- 
rallclo;;ram AC is applied to the given ſtraight line DC, exceeding 
by thc parallelogram AD given in ſpecies, the ſides of the excels 
are wen“; therefore BD is given. and DC is given, whetefore 
the whole BC is given. and AB is given, therefore AB, BC are 
tach of them given. 

PR OP. LXIXXVI. 
j* two ſtraight lines contain a parallelogram given in 
magnitude, in a given angle; if both of them toge- 
ther be given, they {hall each of them be given. 

Let the two ſtraight lines AB, BC contain the parallelogram AC 
given in magnitude, in the given angle ABC, and let AB, BC to- 
gether be given ; each of the ſtraight lines AB, BC is given. 

Produce CB and make BD equal to BA, and complete the pa- 


rallelogram ABDE. becauſe DB is cqual to BA, and the angle 
ABD given, becauſe the adjacent angle ABC is E A 


given; the parallelogram AD is given in ipecies. /” 1 = 
and becauſe AB, BC together are given, and / / 7: 


AB is equal to BD ; therefore DC is given. 


and becauſe the given parallelogram AC is ap- Þ E C 
plied to the given ſtraight line DC, deficient by the parallelogram 
AD given in ſpecies, the ſides AB, BD of the defect are given“. 
and DC is given, wherefore the remainder BC is given; and cach 
of the ſtraight liges AB, BC is therefore given. 

E e 2 


2. 9 3 Dat. 


4 


— 3 


N 
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P R O P. LXXXVII. 


1 two ſtraight lines contain a parallelogram given in 
magnitude, in a given angle; if the exceſs of the 

ſquare of the greater above the ſquare of the leſſer be 

given, each of the ſtraight lines ſhall be given. 


Let the two ſtraight lines AB, BC contain the given parallelo. 
gram AC in the given angle ABC; if the exceſs of the ſquare of 
BC above the ſquare of BA be given; AB and BC are each of 
them given. 

Let the given exceſs of the ſquare of BC above the ſquare of BA 


be the rectangle CB, BD; take this from the ſquare of BC, the re- 


t. 6. 
54. Dat. 


. 5. Dat. 


58. Dat. 


. 9. Dat. 


mainder, which is * the rectangle BC, CD is equal to the ſquare of 
AB. and becaule the angle ABC of the parallelogram AC is given, 
the ratio of the rectangle of the ſides A, BC to the parallelogram 
AC is givend; and AC is given, therefore the re&tang.e AB, BC is 
given; and the rectangle CB, BD is given; therefore the ratio of 
the rectangle CB, BD to the rectangle AB, BC, that is © the ratio 
of the ſtraight line DB to DA is given; therefore 4 the ratio of the 
ſquare of DB to the ſquare of BA is given. * 

and the ſquare of BA is equal to the rec- —_ 
tangle BC, CD; wherefore the ratio of the / 
rectangle BC, CD to the ſquare of BD is BL! 

given, as allo the ratio of four times the reca PD C 
tangle BC, CD to the ſquare of BD; and, by compoſition e, the 
ratio of four times the rectangle BC, CD together with the ſquare 
of BD to the ſquare of BD is given. but four times the rectangle 
BC, CD together with the ſquare of BD is equal f to the ſquare 
of the ſtraight lines BC, CD taken together ; therefore the ratio 
of the ſquare of BC, CD together to the ſquare of BL is given; 
wherefore © the ratio of the ſtraight line BC together with CD to 
BI) is given. and, by compoſition, the ratio of BC together with 
CD and DB, that is the ratio of twice BC to BD is given; there- 
fore the ratio of BC to BD is given, as alſo © the ratio of the 
ſquare of BC to the rectangle CB, BD. but the rectangle CB, BD 
15 given, being the given exceſs of the ſquares of BC, BA; there- 
fore the ſquare of BC, and the ſtraight line BC is given. and the 
ratio of BC to BD, as alſo of BD to BA has been ſhewn to be 


given; therefore > the ratio of BC to BA is given; and BC is gi- 
ven, wherefore BA is given. O 


t 
] 
| 
( 
( 


DATA. 
The preceding Demonſtration is the Analyſis of this Problem, 


viz. 

A parallelogram AC which has a given angle ABC being given 
in magnitude, and the exceſs of the ſquare of BC one of its tides 
above the ſquare of the other BA being given; to find the ſides. and 

The Compoſition is as follows, 

Let EFG be the given angle to which the angle ABC is required 
to be equal, and from any point E. in EE draw EG perpendicular 
to FG; let the rectangle EG, GH be 
the given ſpace to which the paralle- M 
logram AC is to be made equal; and 
the rectangle HG, GL be the given 
excels of the ſquares of BC, BA. 

Take, in the ſtraight line GE, GK 
equal to I'E, and make GM double of FG IW 0 BN 
GK; join ML, and in GL produced take LN equal to LM. biſect 
GN in O, and between GH, GO find a mean proportional BC. as 
OG to GL, ſo make CB to BD; and make the angle CBA equal to 


RE, 


137 


GE, and as LG to GK, ſo make DB to BA; and complete the pa- 


rallelogram AC. AC is equal to the rectangle EG, GH, and the ex- 
ceſs of the ſquares of CB, BA is equal to the rectangle HG, GL. 

Becauſe as CB to BD, lo is OG to GL, the ſquare of CB is to 
the rectangle CB, BD, as * the rectangle HG, GO to the rectanęle 
HG, GL. and the ſquare of CB is equal to the rectangle HG, GO, 
becauſe GO, BC, GH are proportionals ; therefore the rectangle 
CB, BD is equal b to HG, GL. and becauſe as CB to BD, ſo is 
OG to GL, twice CB is to BD, as twice OG, that is GN, to GL; 
and, by diviſion, as BC together with CD is to BD, ſo is NL, that 
is LM, to LG. therefore © the ſquare of BC together with CD is 
to the ſquare of BD, as the ſquare of ML to the ſquare of LG. 
but the ſquare of BC and CD together is equal 9 to four times the 
rectangle BC, CD together with the ſquare of BD; therefore four 
times the rectangle BC, CD together with the ſquare of BD is to 


the ſquare of BD, as the ſquare of ML to the ſquare of LG. and, 


by diviſion, four times the rectangle BC, CD is to the {quare of BD, 


as the ſquare of MG to the ſquare of GL; wherefore the rectangle 


BC, CD is to the ſquare of BD, as (the ſquare of KG the half of 

MG to the ſquare of GL, that is as) the ſquare of AB to the ſquare 

of BD, becauſe as LG to GK, ſo DB was made to BA. therefore 

the rectangle BC, CD is equal to the ſquare of AB; to each of theſe 
E © 3 


b. 14. 5. 


. 88.0 


d. 8. 2. 
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add the rectangle CB, BD, and the ſquare of BC becomes equal to 


the {ſquare of AB together with the rectangle CB, BD. therefore 


this rectangle, that is the given rectangle HG, GL is the exceſs of 
the ſquares of BC, AB. from the point A draw AP perpendicular 
to BC, and becauſe the angle ABP is equal to the angle EFG, the 
triangle ABP is equiangular to EFG. and DB was made to BA, as 
J to GR, therefore as the rectangle CB, BD to CB, BA, ſo is the 
"ectargle 1G, GL to HG, GK; and as the rectangle CB, BA to 


HH. po M 
X 
1 

B PDP C 


L 1 
Fe L 0 HN 
AP, BC, to is (the ſtraight line BA to AP, and fois FE or GR to 
EG, and ſo is) the rectangle HG, GK to HG, GE; therefore, 
ex aequali, as the rectangle CB, BD to AP, BC, fo is the rec- 
tangle HG, GL to EG, GH. and the rectangle CB, BD is equal 
to HG, GL, therefore the rectangle AP, BC, that is the paral- 
lelogram AC is equal to the given rectangle EG, GH. 


P R OP. LXXXVIIL 
F two ſtraight lines contain a parallelogram given in 
magnitude, in 2 given angle; if the ſum of the 


ſquares of! its tides be given, the Toe ſhall each of them 
DE given. 


2 et the two ſtraight lines AB, BC contain the parallelogram 


C given in magnitude in the given angle ABC, and let the 
25 of the ſauares of AB, BC be given; AB, BC are cach of 
them given. 

Fu Kt, ler ABC be a right angle; and becauſe twice the rectangle 
contained by two equal ſtraight lines is equal to both their ſquares; 
but it two ſtraight lines are nnequal, twice the rec- | 


tangle cont: ained by them is leſs than the ſumof their A D 
{quares, as is evident from the 7. Prop. B. 2. Elem. B C 
theretore twice the given ſpace, to which ſpace the 


rectangle of which the ſides are to be found, is equal, muſt not be 
greater thau the given ſam of the {quares of the ſides. and if twice 


ATT. 


the rectangle muſt neceſſarily be equal to one another. therefore 
in this caſe deſcribe a ſquare ABCD equal to the given rectangle, 


that ſpace be equal to the given ſum of the ſquares, the ſides of | 


and its ſides AB, BC are thoſe which were to be found. for the 


rectangle AC is equal to the given ſpace, and the ſum of the 
ſquares of its ſides AB, BC is equal to twice the rectangle AC, 
that is, by the hypotheſis, to the given ſpace to which the ſum of 
the ſquares was required to be equal. ; 

Bat it twice the given rectangle be not equal to the given ſum 
of the ſquares of the ſides, it muſt be leſs than it, as has been 
ſhewn. Let ABCD be the rectangle, join AC and draw BE per- 
pendicular to it, and complete the rectangle AEBF, and deſcribe 
the circle ABC avout the triangle ABC; AC is its diameter *. 
and becauſe the triangle ABC is ſimilar Þ to AEB, as AC to CB, 
ſo is AB to BE; therefore the rectangle AC, BE is equal to AB, 
BC; and the rectangle AB, BC is given, whereforxe AC, BE is 
given. and becauſe the ſum of the ſquares of AB, BC is given, 


the ſquare of AC which is equal © to that ſum is given; and AC e. 


itſelf is therefore given in magnitude. let AC be likewiie given 


in poſition, and the point A; therefore AF A D 
is given 4 in poſition. and the rectangle Ac, 

BE is given, as has been ſhewn, and AC 8 

is given, wherefore © BE is given in mag- 

nitude, as alſo AF which is equal to it; RV C 
and AF is alſo given in poſition, and the . 


point A is given; wherefore f the point F — — — 
is given, 5 the firaight line FB 0 poſi- G K HI. 
tion b. and the circumference ABC is given in poſition, wherefore 
k the point B is given. and the points A, C are given; therefore 
the ſtraight lines AB, BC are given i in poſition and magni- 
tude. 

The fides AB, BC of the rectangle may be found thus; let the 
rectangle GH, GK be the given ſpace to which the rectangle AE, 
BC is equal; and let GH, GL. be the given rectangle to which the 
ſum of the ſquares of AB, BC is equal. find k a ſquare equal to 
the rectangle GH, GL, and let its ſide AC be given ia poſition; 
upon AC as a diameter deſcribe the ſemicircle ABC, and as AC to 
GH, ſo make GK to AF, and from the point A place A at right 
angles to AC. therefore the rectangle CA, AF is equal ! to GH, 
GK; and, by the hypotheſis, twice the rectangle GH, GK is leſs 

„ e 
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than GH, GL, that is than the ſquare of AC; wherefore twice the 
rectangle CA, AF is leſs than the ſquare of AC, and the rectangle 
CA, AF itſelf leſs than half the ſquare of AC, that is than the 
rectan le contained by the diameter AC and A D 
its half; wherefore AF is leſs than the ſe- | 
midiameter of the circle, and conſequently 
the ſtraight line drawn through the point F 
parallel ro AC muſt meet the circumference 
in two points. let B be either of them, and 
join AB, BC and complete the rectangle 
ABCD; ABCD is the rectaugle which was G K HI 
to be found. draw BE perpendicular to AC; therefore BE is e. 
qual * to AF, and becaule the angle ABC in a ſemicircle is a 
right angle, the rectangle AB, BC is equal ® to AC, BE, that is 
to the r<Ctingle CA, AF which is equal to the given reCtang]: 
GH, GK. and the ſquares of AB, BC are together equal © to the 
{quare of AC, that is to the given rectangle GH, GL. 

But if the given angle ABC of the parallelogram AC be not a 
right angle, in this caſe becauſe ABC is a given angle, the ratio of 
the rectangle contained by the ſides AB, BC to the parallelogram 
AC is given s; and AC is given, therefore the rectangle AB, BC 
is given. and the ſum of the ſquares of AB, BC is given; there- 
fore the files AB, BC are given by the preceding caſe. 

The ſides AB, BC and the parallelogram AC may be found thus. 
let EFG be the given angle of the parallelogram, and from any 
point E in FE draw EG perpendicular to FG. and let the rectangle 
EG, FI be the given ſpace to which the parallelogram is to be 
made equal, and let EF, FK be the given rec- A 
tangle to which the ſum of the ſquares of the 


BE 


find the ſides of a rectangle which is equal to 


ſides is to be equal. and, by the preceding caſe, 55 
C 


the given rectangle EF, FH, and the ſquares B I. 

of the ſites of which are together equal to the E 
given rectangle EF, FK. therefore, as was ſhewn 
in that caſe, twice the rectangle EF, FH muſt 
not be greater than the rectangle EF, FK; let 
it be ſo, and let AB, BC be the ſides of the _ ——7 
rectangle joined in the angle ABC equal to the F UG K 
given angle EFG; and complete the parallelogram ABCD, which 
will be that which was to be found. draw AL perpendicular te 


given. and becauſe the ratio of the raden 


DATA. 
BC, and becauſe the angle ABL is equal to EFG, the triangle 
ABL is equiangular to EFG. and the parallelogram AC, that is 
the rectangle AL, BC is to the rectangle AB, BC as (the ſtraight 
line AL to AB, that is as EG to EF, that is as) the rectangle EG, 
FH to EF, FH. and, by the conſtruction, the rectangle AB, BC is 
equal to EF, FH, therefore the rectangle AL, BC, or, its equal, the 
parallelogram AC is equal to the given rectangle EG, FH. and 
the ſquares of AB, BC are together equal, by conſtruction, to the 
given rectangle EF, F. 


PROP. LXXXIX. 


1 two ſtraight lines contain a given parallelogram in a 

given angle, and if the exceſs of the ſquare of one of 
them above a given ſpace has a given ratio to the ſquare 
of the other; each of the ſtraight lines ſhall be given. 


Let the two ſtraight lines AB, BC contain the given parallelo- 
gram AC in the given angle ABC, and let the exceſs of the ſquare 
of BC above a given ſpace have a given ratio to the ſquare of AB; 
each of the ſtraight lines AB, BC is given. 

Becauſe the exceſs of the ſquare of BC above a given ſpace has a 
given ratio to the ſquare of BA, let the reftangle CB, BD be the 
given ſpace; take this from the ſquare of BC, the remainder, to wit, 
the reCtangle * BC, CD has a given ratio to the ſquare of BA. draw 
AE perpendicular to BC, and let the ſquare of BF be equal to the 
rectangle BC, CD. then becauſe the angle V/ 

ABC, as alſo BEA is given, the triangle ABE is 2 


given d in ſpecies, and the ratio of AE to AB MN 95 
£D 


BC, CD, that is of the ſquare of BF to the BE 
ſquare of BA is given, the ratio of the ſtraight line BF to 0 is gi- 
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b. 43. Dat. 


rene. and the ratio of AE to AB is given, wherefore 9 the ratio of e. 58. Dat. 


AE to BF is given, as alſo the ratio of the rectangle AE, BC, that 
is © of the parallelo,zram AC to the rectangle FB, BC; and AC is 


given, wherefore the rectangle FB, BC is given. and the exceſs of 


the ſquare of BC above the ſquare of BF, that is above the rec- 
tangle BC, CD is given, for it is equal“ to the given rectangle CB, 
BD. therefore becauſe the rectangle contained by the ſtraight lines 
FB, BC is given, and allo the exceſs of the ſquare of BC above the 


d. 9. Dat. 
e. 36. 1. 
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f. 87, Dat. ſquare of BF; FB, BC are each of them given f. and the ratio of 


g. 22. 6. 


. 


LVUer 1D 5 


FB to BA is given; therefore AB, BC are given. 
The Compoſition is as follows. 

Let GHK be the given angle to which the angle of the par. 
lelogram is to be made equal, and from any point G in HG draw 
GK. perpendicular to HK; let GK, HL be the NN. 
rectangle to which the parallelogram is to be G 
made equal, and let LH, IIM be the rectangle 
equal to the given {pace which is to be taken / I 
from the ſquare of one of the ſides; and let the HKM L 
ratio of the remainder to the ſquare of the other fide be the ſame 
with the ratio of the ſquare of the given ſtraight line NH to the 
ſquare of the given ſtraight line HG. 

By help of the 87. Dat. find two ſtraight lines BC, BY which 
contain a rectangle equal to the given rectangle NH, HL, and 
ſuch that the excels of the {quare of BC above FP 
the ſquare of BF be equal to the given rec- A - 
tangle LH, HM; and join CB, BF ia the an- * 
gle FBC equal to the given angle GRK. and 
as NH to HG, ſo make FB to BA, and vn B ED ® 
plete the parallelogram AC, and draw AE per pendicuiar to BC. 
then AC is equal to the reSangle GR, HL; and if from the 
ſquare of BC, the given rectangle LH, HM be taken, the remain- 
der (hail have to the ſquare of BA the 
ſquare of NH has to the ſquare of HG. 
| Becauſe, by the conſtruction, the ſquare of BC is equal to the 
ſquare of BF together with the rectangle LH, HM; if from the 
{quare of BC there be taken the rectangle LH, HM, there remains 
the ſquare of BY which has s to the ſquare of BA the ſame ratio 
which the ſquare of NH has to the ſquare of HG, becauſe as NH 
to HG, ſo FB was made to BA; but as HG to GK, fo is BA 
to AE, becauſe the triangle GHK is equlangular to ABE; there- 

fore, ex acquali, as NH to GK, fo is FB to AE. wherefore * the 
rectangle NH, HL is to the rectangle GK, HI., as the rectangle 
FB, BC to AF, BC. but, by the conſtruction, the rectangle NH, 
HL is equal to FB, BC; therefore k the rectangle GK, HL is equal 
to the rectangle AE, BC, that is to the parallelogram AC. 

The Analyſis of this Problem might have been made as in the 
86. Prop. in the Greek, and the compoſition of it may be mad- 
as that which is in Prop. 87. of this Edition. 


ſame ratio which the 
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F two ſtraight lines contain a given parallelogram in 
a given angle, and if the {quare of one of them be 
riven together with the ſpace which has a given ratio 
to the ſquare of the other ; cach of the ſtraight lines 
ſhall be given. 
Let the two ſtraight lines AB, BC contain the given parallelo- 
nm AC in the given angle ABC, and let the ſquare of BC be 
eren together with the ſpace which has a given ratio to the ſquare 


of AB; AB, BC are each of them given. 
Let the ſquare of BD be the ſpace which has the given ratio to 


the ſquare of AB; therefore, by the hypotheſis, the ſquare of B 


+ pt with the ſquare of BD is given. from the point A draw 
E perpendicular to BC, and becauſe the angles ABE, BEA are 


443 


given, the triangle ABE is given * in ſpecies; therefore the ratio a. 43. Dat. 


of BA to AE is given. and ' becanſe the ratio of the ſquare of BD 
to the ſquare of BA is given, the ratio of the ſtraight line BD to 


to BA is given d; and the ratio of BA to AE is given, therefore b. 58. Dat. 
© the ratio of AE to BD is given, as alſo the ratio of the rectangle c. 3. Dat. 


AE, BC, that is of the parallelogram AC to the rectangle DB, BC. 
and AC is given, therefore the rectangle DB, BC is given; and 


D 


A „ = 
5 
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the ſquare of BC together with the ſquare of BD is given. there- 


fore 4 becauſe the rectangle contained by che two ftraight lines d. 88. Dat, 


DB, BC is given, and the ſum of their ſquares is given; the 
ſtraight lines DB, BC are each of them given. and the ratio of DB 


to BA is given; therefore AB, BC are given. 
The Compoſition is as follows. 


Let FGH be the given angle to which the angle of the parallelo- 
gram is to be made equal, and from any point F in GF draw FH 
er pendicular to GH; and let the rectangle FH, GK be that to 
which the parallelogram is to be made equal; and let the reCtangle 
KG, CL be the ſpace to which the ſquare of one of the fides of the 
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parallelogram together wich the ſpace which has a given ratio 6 
the ſquare of the other ſide, is to be made equal ; and let this 
given ratio be the fame which the ſquare of the given ſtraight 
line MG has to the ſquare of GF. 

By the 88. Dat. find two ſtraight lines DB, BC which contain 
a rectangle equal to the given rectangle MG, GK, and ſuch tha 
the ſum of their {quares is equal to the given rectangle KG, GL, 
therefore, by the determination of the Problem in that Propoſition, 
twice the rectangle MG, GK muſt not be greater than the rec. 
tangle KG, GL. let it be fo, and join the ſtraight lines DB, BC 
in the angle DBC equal to the given angle FGH. and as MG to 


/ GH. © 87 7 


GF, ſo make DB to BA, and complete the parallelogram AC. AC 
is equal to the rectangle FH, GK; and the ſquare of BC together 
with the ſquare of BD which by the conſtruction has to the 1quare 
of BA the given ratio which the ſquare of MG has to the ſquare 
of GF, is equal, by the conſtruction, to the given rectangle KG, 
GL. Draw AE perpendicular to BC. 

Becauſe as DB to BA, fo is MG to GF; and as BA to AE, o 
GF to FH; ex aequali, as DB to AE, fo is MG to FH. there- 
fore as the rectangle DB, BC to AE, BC, ſo is the rectangle MG, 
GK to FH, GR. gad the rectangle DB, BC is equal to the rec- 
tangle MG, GK; therefore the rectangle AE, BC, that is the pa- 
rallelogram AC, is equal to the rectangle FH, GK. 


5 


PROP. XCI. 


I a ſtraight line drawn within a circle given in mag- 
nitude cuts off a ſegment which contains a given 
angle; the ſtraight line is given in magnitude. 


In the circle ABC given in magnitude, let the ſtraight line AC 
be drawn cutting off the ſegment AEC which contains the given 
angle AEC; the ſtraight line AC is given in magnitude. 

Take D the center of the circle *, join AD and produce it to 


DATA 445 
F, and join EC. the angle ACE being a 2 


right * angle is given; and the angle AEC | b. 3r. 3. 

js given 3 therefore © the triangle ACE is 1 © 45 Dat. 

given 1N ſpecies, and the ratio of EA to AC D 

i; therefore given. and EA is given lin mag- d. 5. Def. 

nitude, becaule the circle is given in mag- W 

nitude; AC is therefore givenꝰ in maguitude. e. 2 Dat. 
Ur ; 89. 


I a ſtraight line given in magnitude be drawn with- 
in a circle given in magnitude; it ſhall cut off a 
ſegment containing a given angle. 


Let the ſtraight line AC given in magnitude be drawn within 
the circle ABC given in magnitude; it ſhall cut off a ſegment 
containing a given angle. 

Take D the center of the circle, join AD B 
and produce it to E, and join EC. and be- E 
cauſe each of the ſtraight lines EA, AC is _ 
given, their ratio is given“; and the angle A C 
ACE is a right angle, therefore the trian- 8 
gle ACE is given “ in ſpecies, and conſe- b. 46. Dat. 
quently the angle AkC is given. 


PR O P. XCIIL 90. 
J* from any point in the circumference of a circle given 
in poſition two ſtraight lines be drawn meeting the 
circumference and containing a given angle; if the point 
in which one of them meets the circumference again be 
given, the point in which the other meets it is alſo given. 


From any point A in the circumference of à circle ABC given 
in poſition, let AB, AC be drawn to the circumference making 
the given angle BAC; if the point B be gi- 
ven, the point C is alſo given. 

Take D the center of the circle, and join 
BD, DC. and becauſe each of the points B, 
Dis given, BD is given * in poſition. and be- 
cauſe the angle BAC is given, the angle BDC 
Is given b. therefore becauſe the ſtraight line b. 20. 3. 
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c. 32. Dat. in poſition in the given angle BDC, DC is given © in pott 
d. 28, Dat. 


91. 


a. 29. Dat. 
b. 18. 3. 
c. Cor. 5.2. 


d. 6. Def. 


e. 28. Dat. 


92. 


2, 17. 9. 
b. 94. Dat. 


c. 56. Dat. 
d. 36. 3. 


is equal 4 to the rectangle BA, AC. therefore the rectangle BA, 
AC is given. 
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DC is drawn to the given point D in the e live BT) gig 


” «ll 


the circumference ABC is given in poſition, therefore d the Point 
C is given. 


F.R OP. X. 


5 from a given point a ſtraight line be drawn touch. 
ing a circle given in poſition; the itraight lige is 
given in poſition and magnitude. 


Let the ſtraight line AB be drawn from the given point 4 
touching the circle BC given in poſitioa; AB is given in pohiticy 
and magnitude. 

Take D the center of the circle, and join DA, DB. becauſe each 
of the points D, A is given, the ſtraight 
line AD is given * in poſition and magni- 
tade. and DBA is a right Þ angle, where- 
fore DA is a diametcr © of the circle DBA |[ 
deſcribed about the triangle DBA ; and 
that circle is therefore given 4 in poſition. 
and the circle BC is given in poſition, there- 
fore the point B is given ©. the point A is alſo given; therefor: 
the ſtraight line AB is given “ in poſition and magnitude. 


PROF. HCV; 
a ſtraight line be drawn from a given point with- 
out a circle given in poſition ;. the rectangle con- 
tained by the ſegments betwixt the point and the cir- 
cumference of the circle is given. 


Let the ſtraight line ABC be drawn from the given point 4 
without the circle ECD g'ven ia poſition, 


cutting it in B, C; the rectangle BA, AC 2 
is given. 

From the point A draw * AD touching g — 
the circle; therefore AD is given b in po- 


fition and magnitude. and becauſe AD is 
given, the ſquare of AD is given © which 


# 
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PROP. IXCVI. 93 
I a ſtraight line be drawn thro” a given point within 
a circle given in poſition, the rectangle contained by 
the ſegments betwixt the point and the circumference 
of the circle 15 given. 


Let the ſtraight line BAC be drawn thro” the given point A with- 
in the circle BCE given in poſition; the rectangle BA, AC is given. 
Take D the ccater of the circle, join AD = 
and produce it to the points E, F. becauſe 5 E 
the points A, D are given, the ſtraight line 
AD is given * in poſition; and the circle BEC a. 29. Dat. 


is given in poſition ; therefore the points E, B * C 
F are given b. and the point A is given, PA b. 28. Dat. 
therefore EA, AF are each of them given“; 


and the rectangle EA, AF is therefore given; and it is equal © to © 38. 3. 
the rectangle BA, AC which conſequently is given. 


PROP. XOvi. 94. 


F a ſtraight line be drawn within a circle given in 

magnitude cutting oft a ſegment containing a given 
angle; if the angle in the ſegment be biſected by a 
ſtraight line produced till it meets the circumference, 
the ſtraight lines which contain the given angle ſhall 
both of them together have a given ratio to the ſtraight 
line wich biſects the angle. and the rectangle contain- 
ed by both theſe lines together which contain the given 
angle, and the part of the biſecting line cut off bclow 
the baſe of the ſegment, thall be given. 


Let the ſtraight line BC be drawn within the circle ABC given 


in magnitude cutting off a ſegment containing the given angle BAC. 
and let the angle BAC be biſected by In 


the ſtraight line AD; BA together with A 

AC has a given ratio to AD; and the 

rectangle contained by BA and AC to- 8 
gether, and the ſtraight line ED cut off B C 


from AD below BC the baſk of che g- 


ment, is given. D 8 
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Join BD; and becauſe BC is drawn within the circle ABC pipe 
in magnitude cutting off the ſegment BAC containing the gen 
angle BAC; BC is given“ in magnitude. by the ſame reaſon BH 
is given; therefore b the ratio of BC to BD is given. and becauſe 
the angle BAC is biſected by AD, as BA to AC, fois © BE to EC; 
and, by permutation, as AB to BE, ſo is AC to CE; whercforet 
as BA and AC together to BC, ſo is AC to CE. and becaulc the 
angle BAE is equal to EAC, and the 
angle ACE to © ADB; the triangle ACE 
is equiangular to the triangle ADB; 
therefore as AC to CE, ſo is AD to DB. 
but as AC to CE, ſo is BA together with 
AC to BC; as therefore BA and AC to 
BC, ſo is AD to DB; and, by permu- 
tation, as BA and AC to AD, ſo is BC to BD. and the ratio of 
BC to BD is given, therefore the ratio of BA together with AC 
to AD is given. 

Alſo the rectangle contained by BA and AC together, and DE 
is given. 

Becauſe the triangle BDE is equiangular to the triangle ACT, 
as BD to DE, ſo is AC to CE; and as AC to CE, fo is BA and 
AC to BC; therefore as BA and AC to BC, fo is BD to DE. 
wherefore the rectangle contained by BA and AC together, and DE 
is equal to the rectangle CB, BD. but CB, BD is given; therefore 
the rectangle contained by BA and AC together, and DE is given. 

Otherwiſe. | 

Produce CA and make AF equal to AB, and join BF. and be- 
cauſe the angle BAC is double * of each of the angles BFA, BAD, 
the angle BFC is equal to BAD; and the angle BCA is equal to 
BDA, therefore the triangle FCB is equiangular to ADB. as there- 
fore FC to CB, ſo is AD to DB, and, by permutation, as FC, that 
is BA and AC together to AD, ſo is CB to BD. and the ratio of CB 
to BD is given, therefore the ratio of BA and AC to AD is given. 

And becauſe the angle BFC is equal to the angle DAC, that 
is to the angle DBC, and the angle ACB equal to the angle ADB; 
the triangle FCB is equiangular to BDE, as therefore FC to CB, 
ſo is BD to DE; therefore the rectangle coatained by FC, that 
is BA and AC together, and DE is equal to the rectangle CB, 
BD which is given, and therefore the rectangle contained by BA, 
AC together, and DE is given. 


PROP. XCvilt. 

IF a ſtraight line be drawn within a circle given in 
magnitude cutting off a ſegment containing a given 
angle; if the angle adjacent to the angle in the ſegment 
be biſected by a Rraight line produced till it meet the 
circumference again and the baſe of the ſegment; the 
exceſs of the ſtraight lines which contain the given angle 
ſhall have a given ratio to the ſegment of the biſecting 
line which is within the circle; and the rectangle con- 
tained by the ſame exceſs and the ſegment of the bi- 
ſecting line betwixt the baſe produecd and the point 
where it again meets the circumference, ſhall be given. 


Let the ſtraight line BC be drawn within the circle ABC given 
is magnitude cutting off a ſegment containing the given angle BAC, 
and let the angle CAF adjacent to BAC be biſected by the ſtraight 
lne DAE meeting the circumference again in D, and BC the baſe 
of the ſegment produced in E; the exceſs of BA, AC has a given 
ratio to AD; and the rectengle which is contained by the jawe 
exceſs and the ſtraight line ED, is given. 

Join BD, and thro” B draw BG par: alle! to DE meeting AC pro- 
duced in G. and becauſe BC cuts off from the circle ABC given ir- 
magnitude the ſegment BAC contain- D 
ing a given angle, BC is therefore gi- | 
ven * in magnitude. by the ſame rea- 
ſen BD is given, becauſe the angle 
BADis equal to'the given angle EAF; 
therefore the ratio of BC to BD is gi- R 
ven. and becauſe the angle CAL is e- 
equal to EA, of which CAE is equal 
to the alternate angle AGB, and EAF to the interior and oppo- 


ſite angle ABG; therefore the angle AGB is equal to ABG, and 


the ſtraight line AB equal to AG; ſo that GC is the exceſs of 
BA, AC. and becauſe the angle BGC is equal to GAE, that 


ir to EAF, or the angle BAD; and that the angle BCG is equat 
to the oppoſite interior angle BDA of the quadrilateral BC AD 
in the circle; therefore the triangle BGC is equiangular to BD A 


Ft 
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therefore as GC to CB, ſo is AD to DB, and, by permutation, 38 
GC, which is the exceſs of BA, AC to AD, ſo is CB to BD, 
aud the ratio of CB to BD is given D 

therefore the ratio of the exceſs of BA, 
AC to AD is given. 

And becauſe the angle GBC is e- 
qual to the alternate angle DEB, and 
the angle BCG equal to BDE; the tri= B 7 F 
angle BCG is equiangular to BDE. 8 
therefore as GC to CB, ſo is BD to 
DE, and conſequently the rectangle GC, DE is equal to the rec- 


tangle CB, BD which is given, becauſe its ſides CB, BD are given. 


therefore the rectangle contained by the excels of BA, AC and 
the ſtraight line DE is given. 


PROP. XCIX. 


F from a given point in the diameter of a circle given 
in poſition, or in the diameter produced, a ſtraight 

line be drawn to any point in the circumference, and 
from that point a ſtraight line be drawn at right angles 
to the firſt, and from the point in which this mects the 
circumference again, a ſtraight line be drawn parallel 
to the firſt ; the point in which this parallel meets the 


diameter is given; and the rectangle contained by the 
two parallels is given. 


In BC the diameter of the circle ABC given in poſition, or in 
BC produced, let the given point D be taken, and from D let a 
ſtraight line DA be drawn to any point A in the circumference, 
and let AE be drawn at right angles to DA, and from the point 
E where it meets the circumference again let EF be drawn parallel 
to DA mecting BC in F; the point F is given, as alſo the rec- 
tangle AD, EF. ; 

Produce EF to the circumference in G, and join AG. becauſe 
GEA is a right angle, the ſtraight line AG is * the diameter of 
the circle ABC; and BC is alſo a diameter of it ; therefore the 
point H where they meet is the center of the circle, and conſe- 
quently H is given. and the point D is given, wherefore DH is given 


in me 
to H. 


4 


3 
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n magnitude. and becauſe AD is parallel to FG, and GH equal 
HA; DH is equal d to HF, and AD equal to GF. and DH is b. 4. 6 


fiven, therefore HF is given in magnitude; and it is alſo given in 

politioa, and the point H is given, therefore © the point F is given. e. 30. Dat. 
And becauſe the ſtraight line EFG is drawn, from a given point 

F without or within the circle ABC given in poſition, therefore 4 d. gs. or 

the rectangle EF, FG is given. and GF is equal to AD, whereſore 95: Pas. 

the rectangle AD, EF is given. | 


PROP. EC 4 

J from a given point in a ſtraight line given in poſition, 

a ſtraight line be drawn to any point in the circumfe- 
rence of a circle given in poſition; and from this point a 
ſtraight line be drawn making with the firſt an angle e- 
qual to the difference of a right angle and the angle con- 
tained by the ſtraight line given in poſition, and the 
ſtraight line which joins the given point and the center of 
the circle; and from the point in which the ſecond hne 
meets the circumference again, a third ſtraight hne be 
drawn making with the ſecond an angle equal to that 
which the firſt makes with the ſecond. the point in which 
this third line meets the ſtraight line given in poſition is 
given; as alſo the rectangle contained by the firſt ſtraight 
line and the ſegment of the third betwixt the circum- 
ference and the ſtraight line given in poſition, is given, 


Let the ſtraight line CD be drawn from the given point C in the 
ſtraight line AB given in poſition, to the circumference of the circle 
DEF given in poſition of which G is the center; join CG, and 
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from the point D let DF be drawn making the angle CDF equal 
to the difference of a right angle and the angle BCG, and from 
the point F let FE be drawn making the angle DFE equal to 
CDF, meeting AB in H. the point H is given; as allo the rec- 
tangle CD, FH. 

Let CD, FH meet one another in the 
point K from which draw KL perpendi- gy 
cular to DF; and let DC meet the cir- 
cumference again in M, and let FH meet ( 
the fame in E, and join MG, GF, GH. A 

Becauſe the augles MDF, DFE are M 
equal to one another, the circumferences 
MF, D are equal *; and adding or 
taking away the common part ME, the 
circumference DM is equal to EF; there- 
fore the ſtraight line DM is equal to the 
ſtraight line EF, and the angle GMD to 
the angle Þ GFE; and the angles GMC, E 
GFH are equal to one another, becauſe 
they are either the fame with the angles 
GMD, GFE, or adjacent to them. and 
becauſe the angles KDL, LKD are to- 
gether equal © to a right angle, that is, M / 
by the hypotheſis, to the angles KDL, = — 
GCB; the angle GCB or GCH is equal C HB 


to the angle (LKD, that is to the angle) LK F or GK H. therefore 
the points C, K, H, G are in the circumference of a circle; and 
the angle GCK is therefore equal to the angle GHF ; and the 
angle GMC is equal to GFH, and the ſtraight line GM to GF; 
therefore 4 CG is equal to GH, and CM to HF. and becauſe CG 
is equal to GH, the angle GCH is equal to GHC ; but the angle 
GCH is given, therefore GHC is given; and conſequently the 
angle CGH is given. and CG is given in poſition, and the point 
G; therefore © Gt is given in poſition ; and CB is alſo given in 
poſition, wherefore the point H is given. 

And becauſe HF is equal to'CM, the rectangle DC, FH is 
equal to DC, CM. but DC, CM is given f, becanſe the point C 
is given; therefore the rectangle DC, FH is given. 
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HIS is made more explicit than in the Greek text, to pre- 
vent a miſtake which the Author of the ſecond Demonſtra- 
tion of the 24th Propoſition in the Greek Edition has fallen into, 
of thinking that a ratio is given to which another ratio 1s ſhewn to 
be equal, tho' this other be not exhibited in given magnitudes. See 
the Notes on that Propoſition which is the 13th in this Edition, 
beſides by this Definition, as it is now given, ſome Propoſitions are 
demonſtrated, which in the Greek are not ſo well done by help of 
Prop. 2. | 
DF. VV. 


In the Greek text Def. 4. is thus Points, lines, ſpaces and 
© angles are ſaid to be given in poſition which have always the ſame 
« fituation.” but this is imperfect and uſeleſs, becauſe there are in- 
numerable caſes in which things may be given according to this De- 
finition, and yet their poſition cannot be found. for inſtance, let 


the triangle ABC be given in poſition, and let it be propoſed ta 


draw a ſtraight line BD from the angle at A 

B to the oppoſite fide AC which ſhall cut 

off the angle DBC which ſhall be the ſe- 7 D D 
venth part of the angle ABC. ſuppoſe this — a 

is done, therefore the ſtraight line BD is B ( 


lavariable in its poſition, that is, has always the ſame ſituation; for 
any other ſtraight line drawn from the point B on either {ide of BD 
cuts off an angle greater or leſſer than the ſeventh part of the angle 
ABC; therefore, according to this Definition, the ſtraight line BD 
is given in poſition, as alſo * the point D in which it meets the 
ſtraight line AC which is given in poſition. but from the things 
here given, neither the ſtraight line BD nor the point O can be 
FF 3 


A. 18 . Dat, 
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b. 44. Dat. 
* & Dat. 


a. 1. Def. 


v. 2. Def. 


NOTES ON 


found by the help of Euclid's Elements only, by which every thing 
in his Data is ſuppoſed may be found. this Definition is therefore of 
no uſe, we have amended it by adding“ and which are either ac. 
* tually exhibited or can be found;“ for nothing is to be reckoned 
given, which cannot be found, or is not actually exhibited, 

The Definition of an angle given by poſition is taken out of the 
gih, aud given more diſtinctly by itſelf in the Definition marked A, 


DE F. XI. XII. XIII. MV. XV, 


The 11th and 12th are omitted becauſe they cannot be given in 
Engliſh ſo as to have any tolerable ſenſe, and therefore wherever the 
terms defined occur, the words which expreſs their meaning are 
made uſe of in their place. | 
The 13. 14. 15. are omitted as being of no uſe. 

It is to be obſerved in general of the Data in this book, that they 
are to be underſtood to be given Geometrically, not always Arith- 
metically, that is, they cannot always be exhibited in numbers; for 
inſtance, if the fide of a ſquare be given, the ratio of it to its dia- 
meter is given b geometrically, but not in numbers; and the diame- 
ter is given ©, but tho” the number of any equal parts in the ſide be 
given, for example 10, the number of them in the diameter cannot 
be given. and the like holds in many other caſes, 


Perc Tt i o0Nn. 


In this it is ſhewn that A is to B, as C to D, from this that A is 


to C, as B to D, aud then by permutation ; but it follows directly, 
without theſe two ſteps, from 7. 5. meth 5 


NOF. I. 


The limitation added at the end of this Propoſition between the 
inverted commas is quite neceſſary, becauſe without it the Propoſi- 
tion cannot always be demonſtrated. for the Author having faid # 
* becauſe A is given, a magnitude equal to it can be found *, let 
* this be C; and becauſe the ratio of A to B is given, a ratio 
«© which is the ſame to it can be found b“ adds, ** let it be found, 
and let it be the ratio of C to A. Now from the ſecond Defiai- 
tion nothing more follows than that ſome ratio, ſuppole the ratio of 
E to Z, can be found, which is the fame with the ratio of A to B; 
zud when the Author ſuppoſes that the ratio of C to &, which il 


See Dr, Gregory's Edition of the Data, 
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alſo the ſame with the ratio of A to B, can be found, he neceſſa- 

fly ſuppoſes that to the three magnitudes E, Z, C a fourth pro- 
tional 4 may be found ; but this cannot always be done by 

the Elements of Euclid ; from which it is plain Euclid muſt have 

underſtood the Propoſition under the limitation which is now 

added to his text. An example will 

make this clear; let A be a given HA. B K 

angle, and B another angle to which 

A has a given ratio, for inſtance, 

the ratio of the given ſtraight line 0 

E to the given one Z, then, having E — 

found an angle C equal to A, how 12— 

can the angle 4 be found to which 

C has the ſame ratio that E has to 


Z? certainly no way, until it be ſhewn how to find an angle to 


which a given angle has a given ratio, which cannot be dane by 
Euclid's Elements, nor probably by any Geometry known in his 
time. Therefore in all the Propoſitions of this book which de- 
pend upen this ſecond, the above-mentioned limitation muſt be 
underſtood, tho' it be not explicitly mentioned. 


NOF. V. 


The order of the Propoſitions in the Greek text between Prop. 
4. and Prop. 25. is now changed into another which is more 
natural, by placing thoſe which are more ſimple before thoſe which 
are more complex ; and by placing together thoſe which are of 
the ſame kind, ſome of which were mixed among others of a dif- 
ferent kind. thus Prop. 12. in the Greek is now made the 5. 
and thoſe whieh were the 2 2. and 23. are made the 1 1. and 12. 
as they are more ſimple than the Propoſitions concerning mag- 
nitudes the exceſs of one of which above a given magnitude has 
a given ratio to the other, after which theſe two were placed 
and the 24. in the Greek text is, for the ſame reaſon, made the 


I 3. 


PROP. VI. VII. 

Theſe are univerſally true, tho in the Greek text they are de- 
monſtrated by Prop. 2. which has a limitation; they are there- 
fore gow ſhewu without it. 
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PROP. NI. 
In the 23. Prop. in the Greek text, which here is the 1 2. the 


words“ An Tv, aurv; 8” are wrong tranſlated by Claud. Hardy in excel 
his Edition of Euclid's Data printed at Paris Ann, 1625, which toth 
was the firſt Edition of the Greek text; and Dr. Gregory follow; 14. 
him in tranſlating them by the words © etſi non eaſdem, as if the one 


Greek had been ei An vc 2vTv as in Prop. g. of the Greek text, mon 


Euclid's meaning is that the ratios mentioned in the Propoſition has 
mult not be the ſame ; for if they were, the Propoſition would not Aa 
be true. whatever ratio the whole has to the whole, if the ratio; that 


of the parts of the firſt to the parts of the other be the ſame with to t 
this ratio, one part of the firſt may be double, triple, &c. of the of! 


other part of it, or have any other ratio to it, and conſequently ſhe" 
cannot have a given ratio to it. wherefore theſe words muſt be the 
rendered by © non autem eaſdem,” but not the ſame ratios, as and 
Zambertus has tranſlated them in his Edition. giv 
e „„ | he 

P R OP. XIII, nit 

Some very ignorant Editor has given a ſecond Demonſtration of be 
this Propoſition in the Greek text, which has been as ignorantly the 


kept | in it by Claud. Rardy and Dr. Gregory, and has been retained 
in the tranſlations of Zambertus and others; Carolus Renaldinus 
gives it only. the author of it has thought that a ratio was given 
if another ratio could be ſhewn to be the ſame to it, tho' this laſt 
ratio be nat found. but this is altogether abſurd, becauſe from it 
would be deduced that the ratio of the ſides of any two ſquares 
is given, and the ratio of the diameters of any two circles, &c. and 
it is to be oblerved that the moderns frequently take given ratios, 
and ratios that are always the fame for one and the ſame thing, 
and Sir Iſaac Newton has fallen into this miſtake in the 1 7th Lem: 
ma of his Principia, Ed. 1 7 1 3. and in other places. but this ſhould 
be carefully avoided, as it may lead into other errors. 


P R O P. XIV. XV. 

Euclid in this book has ſeveral Propoſitions concerning magni- 
tudes, the exceſs of one of which above a given magnitude has a 
given ratio to the other; but he has given none concerning magni- 

| tudes whereof one together with a given magnitude has a given ra; 
tio to the other; tho' theſe laſt occur as frequently i in the ſolution 
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al demonſtrated by help of the firſt; for if a magnitude together 


with a given magnitude has a given ratio to another magnitude; the 
excels of this other above a given magnitude ſhall have a given ratio 
to the firſt, and on the contrary; as we have demonſtrated in Prop, 
14. and for a like reaſon Prop. 15. has been added to the Data. 
one example will make the thing clear; ſuppoſe it were to be de- 
monſtrated, That if a magnitude A together with a given magnitude 
has a given ratio to another magnitude B, that the two magnitudes 
A and B, together with a given magnitude have a given ratio to 
that other magnitude B; which is the ſame Propoſition with reſpect 
to the laſt kind of magnitudes above-mentioned, that the firſt part 
of Prop. 16. in this Edition is in reſpect of the firſt kind. this is 
ſhewn thus; from the hypotheſis, and by the firſt part of Prop. 14. 
the exceſs of B above a given magnitude has unto A a given ratio; 
and therefore, by the firſt part of Prop. 1 5. the exceſs of B above a 
given magnitude has unto B and A together a given ratio; and by 
the ſecond part of Prop. 14. A and B together with a given mag- 
nitude has unto B a given ratio; which is the thing that was to 
be demonſtrated. in like manner the other Propoſitions concerning 
the laſt kind of magnitudes may be ſhewn, | 


P*'R O P. XVI. XVII. 


In the third part of Prop. 10. in the Greek text, which is the 
16. in this Edition, after the ratio of EC to CB has been ſhewu to 
be given; from this, by inverſion and converſion, the ratio of BC 
to BE is demonſtrated to be given; but, without theſe two ſteps, 
the concluſion ſhould have been made only by citing the 6. Pro- 
poſition. and in like manner, in the firſt part of Prop. 1 1. in the 
Creek, which in this Edition is the 17. from the ratio of DB to 
BC being given, the ratio of DC to DB is ſhewn to be given, by 
inverſion and Compoſition, inſtead of citing Prop. 7. and the ſame 
fault occurs in the ſecond part of the ſame Prop. 1 1. 


PR OP. XXI. XXII. 
Theſe are now added, as being wanting to complete the ſub. 
ject treated of in the four preceding Propoſitions. 


PROP. XXIII. 


This which is Prop. 20. in the Greek text, was ſeparated from 
Prop. 14. 15. 16. in that text, after which it ſhould have been 
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immediately placed, as being of the ſame kind. it is now put into 


its proper place. but Prop. 21. in the Greek is left out, as being 
the ſame with Prop, 14. in that text, which is here Prop. 18, 
PROP. XNV. 

This, which is Prop. 13. in the Greek, is now put into it; 
proper place, having been disjoined from the three following it 
in this Edition, which are of the ſame kind. 

PRO P. XVIII. 

This which in the Greek text is Prop. 25. and ſeveral of the 
following Propoſitions, are there deduced from Def. 4. which i; 
not ſufficient, as has been mentioned in the Note on that Defini. 
tion ; they are therefore now ſhewn more explicitly, 

PR OP. XXXIV. XXXVI. 

Each of theſe has a Determination, which is now added, which 
occaſions a change in their Demonſtrations. 

PR OP. XXXVII. XXXIX. XL. XLI. 

The 35. and 36. Propoſitions in the Greek text are joined into 
one, which makes the 39. in this Edition, becauſe the ſame Enun- 
tiation and Demonſtration ſerves both. and for the ſame reaſon 
Prop. 37. 38. in the Greek are joined into one which here is 
the 40. 

Prop. 37. is added to the Data, as it frequently occurs in the 
ſolution of Problems. and Prop. 41. is added to complete the reſt. 

PROP. XIII. 

This is Prop. 39. in the Greek text, where the whole con- 

ſtruction of Prop. 22. of Book 1. of the Elements is put without 


| peed into the Demonſtration, but is now only cited. 


| P R OP. XLV. 

This is Prop. 4 2. in the Greek, where the three ſtraight lines 
made uſe of in the conſtruction are ſaid, but not ſhewn, to be 
ſuch that any two of them is greater than the third, which is now 
done. | 

. PROP, XLVIL 

This is Prop. 44. in the Greek text, but the Demonſtration of 
it is changed into another wherein the ſeveral caſes of it are ſhewn, 
which, tho' neceſſary, is not done in the Greek, 

P R OP. XLVIIL 

There are two caſes in this Propoſition, ariſing from the two 
gaſes of the 3d part of Prop. 47. on which the 48. depends. and 
in the Compoſition theſe two caſes are explicitly given. 


in tl 
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P:R:O-P, LI. 

The ConſtruCtion and Demonſtration of this which is Prop. 48. 

in the Greek, are made ſomething ſhorter than in that text. 
PROP. LIL. 

Prop. 63. in the Greek text is omitted, being only a caſe of Prop, 

49. in that text, which is Prop. 5 3. in this Edition, 
PROP. LVIIL 

This is not in the Greek text, but its Demonſtration is con- 
tained in that of the firſt part of Prop. 5 4. in that text; which 
Propoſition is concerning figures that are given in ſpecies; this 
58. is true of ſimilar figures, tho' they be not given in ſpecies, al. d 
25 it frequently occurs, it was neceſſary to add it, 

PROP. LIX. LXI. 

This is the 54. in the Greek; and the 77. in the Greek, being 
the very ſame with it, is left out. and a ſhorter Demoaltration is 
given of Prop. 61. | 

PR O-F... . 
This which is moſt frequently uſeful is not in the Greek, and is 


neceſſary to Prop. 87. 88. in this Edition, as alſo, tho' not men- 


tioned, to Prop. 86. 87. in the former Editions. Prop. 66. in the 
Greek text is made a Corollary to it. 
PROP. LXIV. 


This contains both Prop. 7 4. and 73, in the Greek text; the 


firſt caſe of the 7 4. is a repetition of Prop. 56. from which it is 
ſeparated in that text by many Propoſitions ; and as there is no order 
in theſe Propoſitions, as they ſtand in the Greek, they are now put 
iuto the order which ſeemed moſt convenient and natural. 

The Demonſtration of the firſt part of Prop. 7 3+ in the Greek 
is groſsly vitiated. Dr. Gregory ſays that the ſentences he has 
incloſed betwixt two (ſtars are ſuperfluous and ought to be can- 
celled ; but he has not obſerved that what follows them is abſurd, 
being to prove that the ratio [ſee his figure] of AN to K is given, 
Which by the Hypotheſis at the beginning of the Propoſition is ex- 
preſoly given; ſo that the whole of this part was to be altered, which 


is done in this Prop. 64. 


PROP. LXVII. LXVIII. 

Prop. 70. in the Greek text is divided into theſe two, for the 
fake of diſtiuctneſs; and the Demonſtration of the 67. is rendered 
ſhorter than that of the firſt part of Prop. 70. in the Greek by 
means of Prop. 23. of Book 6. of the Elements. 


459 


NOTES ON 


PROP. LXX. 


This is Prop. 6 2. in the Greek text; Prop. 78. in that text i; 
only a particular caſe of it, and is therefore omitted. 

Dr. Gregory in the Demonſtration of Prop. 6 2. cites the 49. 
Prop. Dat. to prove that the ratio of the figure AEB to the paral. 
lelogram AH is given, whereas this was ſhewn a few lines before; 
and beſides the 49. Prop. is not applicable to theſe two figures, 
; becauſe AH is not given in ſpecies, but is, by the ſtep for which 
the citation is brought, proved to be given in ſpecies, 


PRO P. LI. | 

Prop. 83. in the Greek text is neither well enuntiated nor de. 
monſtrated. the 73. which in this Edition is put in place of it, is 
really the ſame, as will appear by conſidering [ſee Dr. Gregory's 
Edition] that A, B, T, E in the Creek text are four propertionals, 
and that the Propoſition is to ſhew that &, which has a given ratio 
to E, is to T, as B is to the ſtraight line to which A has a given 
ratio; or, by inverſion, that I is to A, as the ſtraight line to which 
A has a given ratio is to B; that is, if the proportionals be placed 
in this order, viz. T, E, A, B, that the firſt T is to A to which the 
ſecond E has a given ratio, as the ſtraight line to which the third 
A has a given ratio is io the fourth B; which is the Enuntiation of 
this 73. and was thus changed that it might be made like to that 
of Prop. 7 2. in this Elition, which is the 8 2. in the Greek text. 
and the Demonſtration of Prop. 7 3. is the ſame with that of Prop. 


72. only making uſe of Prop. 23. inſtead of Prop. 22. of Book 
5. of the Elements, 


PROF. -LXSVII, 

This is put in place of Prop. 79. in the Greek text which is not 
a Datum, but a Theorem premiſed as a Lemma to Prop. 80. in that 
text. and Prop. 79. is made Cor. 1. to Prop. 77. in this Edition. 
Cl. Hardy in his Edition of the Data takes notice, that, in Prop. 
80. of the Greek text, the parallel KL in the figure of Prop. 77. 
in this Edition muſt meet the circumference, but does not demon- 
ſtrate it, which is done here at the end of Cor. 3. of Prop. 7 7. in 
the conſtruction for finding a triangle ſimilar to ABC. 


PROP. LXXVIII. 
The Demonſtration of this which is Prop. 86. in the Greek is 
rendered a good deal ſhorter by help of Prop. 77. 
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P R O P. LXXIX. LXXX. LXXXI. 

Theſe are added to Euclid's Data, as Propoſitions which are 

often uſeful in the ſolution of Problems. 
PROP. LXXXII. 

This which is Prop. 60. in the Greek text is placed before the 
$3. and 84. which in the Greek are the 58. and 59. becauſe the 
Demonſtration of theſe two in this Edition is deduccd from that of 
Prop. 82. from which they naturally follow. 

PROP. LXXXVIIL XC. 

Dr. Gregory in his preface to Euclid's Works which he publiſhed 
at Oxford in 1703, after having told that he had ſupplied the de- 
fects of the Greek text of the Data in innummerable places from 
ſereral Manuſcripts, and corrected Cl. Hardy's tranſlation by Mr. 
Bernard's, adds, that the 86. Theorem“ or Propoſition,” ſeemed 
to be remarkably vitiated, but which could not be reſtored by help 
of the Manuſcripts ; then he gives three different tranſlations of it 
in Latin, according to which he thinks it may be read ; the two 
firſt have no diſtinft meaning, and the third which he fays is the 
beſt, tho' it contains a true Propoſition which is the go. in this 
Edition, has no connexion in the leaſt with the Greek text. and it 
is ſtrange that Dr. Gregory did not obſerve, that if Prop. 86. was 
changed into this, the Demonſtration of the 86. muſt be cancelled, 


and another put in its place. but, the truth is, both the Enuntiation 


and the Demonſtration of Prop. 86. are quite entire and right, 
only Prop. 8 7. which is more ſimple, onght to have been placed 
before it; and the deficiency which the Doctor juſtly obſerves to 
be in this part of Euclid's Data, and which no doubt is owing to 
the careleſſneſs and ignorance of the Greek Editors ſhould have 
been ſupplied, not by changing Prop. 86. which is both entire and 
neceſſary, but by adding, the two Propoſitions which are the 88. 
and go. in this Edition. 
PROF. Cuil e. 

Theſe were communicated to me by two excellent Geometers, 
the firſt of them by the Right Honourable the Earl Stanhope, and 
the other by Dr. Matthew Stewart; to which I have added the 
Demonſtrations. | 

Tho! the order of the Propoſitions has been in many places 


changed from that in former Editions, yet this will be of little diſ- 


advantage, as the antient Geometers never cite the Data, and the 
Moderns very rarely. 


462 


NOTES ON 


S that part of the Compoſition of a Problem which is itt 

Conſtruction may not be ſo readily deduced from the Ana. 

lyſis by beginners; for their ſake the following Example is given 

in which the derivation of the ſeveral parts of the Conſtruction 

from the Analyſis is particularly ſhewn, that they may be afliſted to 
do the like in other Problems. 


PROBLEM, 


Having given the magnitude of a parallelogram, the angle of 
which ABC is given, and alſo the exceſs of the ſquare of its ſide 
BC above the ſquare of the ſide AB; To find its fides and deſcribe 
it. i 

The Analyſis of this is the ſame with the Demonſtration of the 
87. Prop. of the Data. and the Conſtruction that is given of the 
Problem at the end of that Propoſition, is thus derived from the 
Analyſis. 

Let EFG be equal to the piven angle ABC, and becauſe in the 
Analyſis it is ſaid that the ratio of the reftang'e AB, BC to the pa- 
rallelogram AC is given by the 62. Prop. Dat. therefore from a 
point in FE, the perpendicular EG is drawri to FG, as the ratio of 
FE to EG is the ratio of the rectangle AB, BC to the parailelogram 


. 
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AC by what is ſhewn at the end of Prop. 62. Next the magnitude 
of AC is exhibited by making the rectangle EG, GH equal to it, 
and the given excels of the ſquare of BC above the ſquare of BA, 
to which exceſs the rectangle CB, BD is equal, is exhibited by the 
rectangle HG, GL. then in the Analyſis the rectangle AB, BC is 
faid to be given, and this is equal to the rectangle FE, GH, becauſe 
the rectangle AB, BC is to the parallelogram AC, as (FE to EG, 
that is as the rectangle) FE, GH to EG, GH; and the parallelo- 
gram AC is equal to the rectangle EG, GH, therefore the rectangle 


AB, BC is equal to FE, GH. and conſequently the ratio of the rec- 


tangle CB, BD, that is of the rectangle HG, GL, to AB, BC, tha® 
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s of the ſtraight line DB to BA, is the ſame with the ratio (of 

the rectangle GL, GH to FE, CH, that is) of the ſtraight line 

GL to FE, which ratio of DB to BA is the next thing ſaid to be 

given in the Analyſis. from this it is plain that the ſquare of FE 

is to the ſquare of GL, as the ſquare of BA which is equal to the 

tectangle BC, CD is to the ſquare of BD, the ratio of which ſpaces 

is the next thing ſaid to be given. and from this it follows that 

four times the ſquare of FE is to the ſquare of GL, as four times 

the rectangle BC, CD is to the ſquare of BD; and, by Compo- 

tion, four times the ſquare of FE together with the ſquare of 
GL is to the ſquare of GL, as four times the rectangle BC, CD 
together with the ſquare of BD, is to the ſquare of BD, that is 
(8. 6.] as the ſquare of the ſtraight lines BC, CD taken together 
is to the ſquare of BD, which ratio is the next thing ſaid to be 
given in the Analyſts. and becauſe four times the ſquare of FE 
and the ſquare of GL are to be added together, therefore in the 
perpendicular EG there is taken KG equal to FE, and MG equal 
to the double of it, becauſe thereby the ſquares of MG, GL, that 
is, joining ML, the ſquare of ML is equal to four tires the ſquare 
of FE and to the ſquare of GL. and becauſe the ſquare of ML is 
to the ſquare of G1, as the {quare of the ſtraight line made up of 
BC and CD is to the ſquare of BD, therefore [ 22. 6.} ML is to 
LG, as BC together with CD is to BD, and, by Compoſition, ML 
and LG together, that is, producing GL to N, ſo that ML be 
equal to LN, the ſtraight line NG is to GL, as twice BC is to 
BD; and by taking GO equal to the half of NG, GO is to GL, 
as BC to BD the ratio of which is ſaid to be given in the Ana- 
'yſis. and from this it follows, that the rectangle HG, GO is to 
HG, GL, as the ſquare of BC is to the rectangle CB, BD which 
is equal to the rectangle HG, GL, and therefore the ſquare of BC 
is equal to the rectangle HG, GO, and BC is conſequently found 
by taking a mean proportional betwixt HG and GO, as is ſaid in 
the Conſtruction. and becauſe it was ſhewn that GO is to GL, 
as BC to BD, and that now the three firſt are found, the fourth 
BD is found by 1 2. G. it was likewiſe ſhewn that LG is to FE, or 
GK, as DB to BA, and the three firſt are now found, and there- 
by the fourth BA. make the angle ABC equal to EFG, and com- 
plete the parallelogram of which the ſides are AB, BC, and the 


conſtruCtion is finiſhed ; the reſt of the Compoſition contains the 
Demonſtration. 
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£ \ 5 the Propoſitions from the 13. to the 28. may be thoughe 


* beginners to be leſs uſeful than the reſt, becauſe they 
cannot {o readily fee how they are to be made uſe of in the foln- 
tion of Problems; on this account the two following Problems are 
added, to ſhew that they are equally uſeful with the other Pro. 
poſitions, and from which it may eaſily be judged that many other 
Problems depend upon theſe Propoſitions. 


"PROD LEM-L 
O und three ſtraight lines ſuch, that the ratio of 
the firſt to the ſecond is given; and if a given 
ſtraight line be taken from the ſecond, the ratio of the 
remainder to the third is given; alſo the rectangle con- 
tained by the firſt and third is given. 


Let AB be the firſt ſtraight line, CD the ſecond, and EF the 
third. and becauſe the ratio of AB to CD is given, and that if: 
given ſtraight line be taken from CD, the ratio of the remainder to 
EF is given; therefore * the exceſs of the firſt AB above a given 
ſtraight line has a given ratio to the third EF. Let BH be that gi- 
ven ftraight line, therefore AH the exceſs of A H B 
AB abore it has a given ratio to EF; and . 


confequently d the rectangle BA, AH has a C G D 


given ratio to the rectangle AB, EF, which — 
laſt rectangle is given by the Hypotheſis ; E F 
therefore © "the rectangle BA, AH is given, 


and BI the exceſs of its ſides is given; KRK NML O 
t. wherefore the ſides AB, AH are givend. and 


e WHAT I PE. 


becauſe the ratios of AB to CD, and of AH to EF are given; CD 


and EF are © given. 
The Compoſition. 
Let the given ratio of KL to KM be that wliich AB is required 


to have to CD; and let DG be the given ſtraight line which is to 


be taken from CD, and let the given ratio of KM to KN be that 


which the remainder muſt have to EF; alſo, let the given rectangle 
NK, KO be that to which the rectangle AB, EF is required to 


be equal. find the given ſtraight line BH which is to be taken 


rom AB, which is done, as plainly appears from Prop. 24. Dat. 
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by making as KM to KL, ſo GD to HB. to the given ſtraight line 
BH apply © a rectangle equal to LK, KO exceeding by a ſquare, e. 29. 6. 
and let BA, AH be its ſides. then is AB the firſt of the ſtraight 
lines required to be found. and by making as LK to KM, fo AB 
to NC, DC will be the ſecond. and laſtly, make as KM to KN, 
ſo CG to EF, and EF is the third. | 

For as AB to CD, ſo is HB to GD, each of theſe ratios being 
the ſame with the ratio of LK to KM; therefore f AH is to CG, f. 19 5. 
as (AB ro CD, that is, as) LK to KM; and as CG to EF, fo is 
KM to KN; wheretore, ex acquali, as AH to EF, ſo is LK to KN. 
and as the rectangle BA, AH to the rectangle BA, EF, ſo is * the g. 1. 6. 
rectangle LK, KO to the rectangle KN, KO. and, by the Con- 
ſtruction, the rectangle BA, AH is equal to LE, KO, therefore h h. 14. 5. 
the rectangle AB, EF is equal to the given rectangle NK, KO. 
and AB has to CD the given ratio of KL to KM; and from CD 
the given ſtraight line GD being taken, the remainder CG has to 
EF the g.ven ratio of KM to KN. Q. E. D. 


FX” -3e- QF*D. IL; 
FRO find three ſtraight lines ſuch, that the ratio of 
the lirit to the ſecond is given; and if a given 

ſtraight line be taken from the ſecond, the ratio of the 
remainder to the third is given ; alſo the ſam of the 
ſquares of the firſt and third is given. 

Let AD be the firſt ſtraight line, BC the ſecond, and ED the 
third. aud becauſe the ratio of AB to BC is given, and that if a gi- 
yen ſtraight line be taken from BC, the ratio of the remainder to 
ED is given; therefore * the excels of the firſt AB above a given a. 24. Dat, 
ſtraight line has a given ratio to the third BD. let AE be that gi- 
ven ſtraight line, therefore the remainder EB has given ratio to 
BD. let BD be placed at right angles to EB, and join DE, then 
the triangle EBD is d given in ſpecies z wherefore the angle BED b. 44. Dat. 
is given. let AE which is given in magnitude be given alto in poſi- 
tion, and the ſtraight line ED will be given © in poſition. join AD, e. 32, Dat. 
and becauſe the ſum of the ſquares of AB, BD, that is d, the ſquare d. 47. 1. 
of AD is given, therefore the ſtraight line AD is given in magni- 
tude 3 and it is alſo given © in poſition, becauſe from the given e. 34+ Dat. 
point A it is drawn to the ſtraight line ED given in poſition. there- 
fore the point D in which the two ſtraight lines AD, ED given in 

G. g 
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6. 33. Dat. 


h. 29. Dat. 
z. 4 Dat. 
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d. 47.1, 
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poſition cut one another is given f..and the ſtraight line DB which 
is at right angles to AB is given # in poſition, and AB is given in 
poſition, therefore f the point B is given. and the points A, D are 
given, wherefore h the ſtraight lines AB, BD are given. and the 
ratio of AB to BC is given, and therefore i BC is given. 

The Compoſition. 

Let the given ratio of FG to GH be that which AB is required 
to have to BC, and let HK be the given ſtraight line which is to 
be taken from BC, and let the ratio which the remainder is re. 
quired to have to BD be the given ratio of HG to GL, and place 
GL at right angles to FH, and join LF, LH. Next, as HG is to 


I. 


D 


CI. ]³ꝛ¹ẽ, dd IE - OR 
GF, ſo make HK to AE; produce AE to N fo that AN be the 
ſtraight line to the ſquare of which the ſam of the ſquares of AB, 
BD is required to be equal; and make the angle NED equal to 
the angle GFL. from the center A at the diſtance AN deſcribe a 
circle, and let its circumference meet ED in D, and draw DB 
perpendicular to AN, and DM making the angle BDM equal to 
the angle GLH. laſtly, produce BM to C ſo that MC be equal to 
HK. then is AB the firſt, BC the ſecond and 1 the third of the 
ſtraight lines that were to be found. 

For the triangles EBD, FG, as alſo DBM, LGH being equi- 
angular, as EB to BI), fo is FG to GL; and as DB to BM, ſo is 
JG to GH; therefore, ex acquali, as EB to BM, fo is (FG to 
GH, and fo is) AE to HK or MC; wherefore Kk AB is to BC, as 
AE to HK, that is, as FG to GH, that is, in the given ratio. and 
from the ſtraight line BC taking MC which is equal to the given 
ſtraight line HK, the remainder BM has to BD the given ratio of 
HG to GL. and the ſum of the ſquares of AB, BD is equal 4 to 
the ſquare of AD or AN which is the given ſpace. Q. E. D. 

I believe it would be in vain to try to deduce the preceding 
Conſtruction from an Algcbraical Solution of the Problem. 
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PLANE TRIGONOMETRY. 


LEMMA I. Fic. 1. 


ET ABC be a rectilineal angle, if about the point B as a 
center, and with any diſtance BA, a circle be deſcribed, 
meeting BA, BC, the ſtraight lines including the angle ABC in 
A,C; the angle ABC will be to four right angles, as the arch 
AC to the whole circumference. | 

Produce AB till it meet the circle again in F, and through B 
draw DE perpendicular to AB, meeting the circle in D, E. 

By 33. 6. Elem. the angle ABC is to a right angle ABD, as 
the arch AC to the arch AD; and quadrupling the conſequents, 
the angle ABC will be to four right angles, as the arch AC to 
four times the arch AD, or to the whole circumference. 


LEMMA II. Fic. 2. 


ET ABC be a plane rectilineal angle as before: about B as 

a center with any two diſtances BD, BA, let two circles 

be deſcribed meeting BA, BC in D, E, A,C; the arch AC will 

be to the whole circumference of which it is an arch, as the arch 
DE is to the whole circumference of which it is an arch. 

By Lemma 1. the arch AC is to the whole circumference of 
which it is an arch, as the angle ABC is to four right angles; 
and by the ſame Lemma 1. the arch DE is to the whole cir- 
cumference of which it is an arch, as the angle ABC is to four 
right angles; therefore the arch AC is to the whole circumfe- 
rence of which it is an arch, as the arch DE to the whole cir, 
cumference of which it is an arch. 


DEFINITIONS. Fic. 3- 


I. 
ET ABC be a plane rectilineal angle; if about B as a center, 
with BA any diſtance, a circle ACF be deſcribed meeting 
BA, BC, in A, C; the arch AC is called the meaſure of the 
angle ABC. 
II. 
The circumference of a circle is ſuppoſed to be divided into 360 
equal parts called degrees, and each degree into C0 egcal 
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parts called minutes, and each minute into 60 equal parts 
called ſeconds, &c. And as many degrees, minutes, ſeconds, 
&c. as are contained in any arch, of ſo many degrees, mi. 
nutes, ſeconds, &c. is the angle, of which that arch js the 
meaſure, ſaid to be. 

Cor. Whatever be the radius of the circle of which the me. 
ſure of a given angle is an arch, that arch will contain the 
fame number of degrees, minutes, ſeconds, &c. as is manifeſt 
from Lemma 2. 

III. 

Let AB be produced till it meet the circle again in F, the angle 
CBF, which, together with ABC, is equal to two right angles, 
is called the Supplement of the angle ABC. 

IV | 


A ſtraight line CD drawn through C, one of the extremities of 
the arch AC, perpendicular upon the diameter paſling through 
the other extremity A, is called the Sine of the arch AC, or 
of the angle ABC, of which it is the meaſure. 

Cor. The Sine of a quadrant, or of a right angle, is equal to 
the radius. | 

V 

The ſegment DA of the diameter paſſing through A, one extre- 
miry of the arch AC between the ſine CD, and that extremity 
is called the Verſed Sine of the arch AC, or angle ABC. 

| Vi. 

A ſtraight line AE touching the circle at A, one extremity of 
the arch AC, and meeting the diameter BC paſſing through 
the other extremity C in E, is called the Tangent of the arch 
AC, or of the angle ABC. 

. 

The ſtraight line BE between the center and the extremity of the 
tangent AE, is called the Secant of the arch AC, or angle 
ABC. 

Cor. to def. 4. 6. 7. The ſine, tangent, and ſecant of any 
angle ABC, are likewiſe the ſine, tangent, and ſecant of its 
ſupplement CBF. 

It is manifeſt from def. 4. that CD is the ſine of the angle CBF. 
Let CB be produced till it meet the circle again in G; and 
it is manifeſt that AE is the tangent, and BE the ſecant, of the 
angle ABG or EBF, from def. 6. 7. 


Fig. 4 CoR. to def. 4. 5. 6. 7. The ſine, verſed ſine, tangent, and 
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ſecant, of any arch which is the meaſure of any given angle 
ABC, is to the fine, verſed fine, tangent, and ſecant, of any 
other arch which is the meaſure of the ſame angle, as the ra- 
dius of the firſt is to the radius of the ſecond. 


Let AC, MN be meaſures of the angles ABC, according to 


def. 1. CD the ſine, DA the verſed fine, AE the tangent, __ 
BE the ſecant of the arch AC, according to def. 4. 5. 6. 
and NO the fine, OM the verſed ſine, MP the tangent, and 
BP the ſecant of the arch MN, according to the fame defi- 
nitions. Since CD, NO, AE, MP are parallel, CD is to NO 
as the radius CB to the radius NB, and AL, to MP as AB to 
BM, and BC or BA to BD as BN or BM to BO ; and, by 
converſion, DA to MO as AE to MB. Hence the corollary 
is manifeſt ; therefore, if the radius be ſuppoſed to be divided 
into any given number of equal parts, the fine, verſed fine, 
tangent, and ſecant of any given angle, will each contain a 
given number of theſe parts; and, by trigonometrical tables, 
the length of the fine, verſed ſine, tangent, and ſecant of any 

angle may be found in parts of which the radius contains a 
given number: and, vice verſa, a number expreſſing the length 
of the ſine, verſed ſine, tangent, and ſecant being given, the 
angle of which it is the fine, verſed fine, tangent, and ſecant 
may be found. | 


VIII. Fig. 3. 


The difference of an angle from a right angle is called the Com- 
plement of that angle. Thus, if BH be drawn perpendicular 
to* AB, the angle CBH will be the complement of the angle 
ABC, or of CBF. 

IX. 

Let HK be the tangent, CL or DB, which is equal to it, the ſine, 
and BK the ſecant of CBH, the complement of ABC, ac- 
cording to def. 4. 6. 7, HK is called the co-tangent, BD the 
co-ſine, and BK the co-ſecant of the angle APC. 

Cor. 1. The radius is a mean proportional between the tangent 
and co-tangent. 

For, ſince HK, BA are parallel, the angles HKB, ABC will be 
equal, and the angles KHB, BAE are right; therefore the tri- 
angles BAE, KHB are fimilar, and therefore AE is to AB, as 
BH or BA to HK. 

Cor, 2. The radius is a mean proportional betw: en the co-ſine 
and ſecant of any angle ABC. 

Since CD, AE are parallel, BD is to BC or DA, 2s B. X to EE. 
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PROP. I. Fic. 5. 


| bay a right angled plain triangle, if the hypothenuſe 

be made radius, the ſides become the ſines of the 
angles oppoſite to them; and if either fide be made 
radius, the remaining fide is the tangent of the angle 


oppoſite to it, and the hypothenuſe-the ſecant of the 
{ame angle. 


Let ABC be a right angled triangle; if the hypothenuſe BC 
be made radius, either of the ſides AC will be the ſine of the 
angle ABC oppoſite to it; and if either ſide BA be made radius, 
the other ſide AC will be the tangent of the angle ABC oppoſite 
to it, and the hypothenuſe BC the ſecant of the ſame angle. 

About B as a centc., with BC, BA for diſtances, let two 
circles CD, EA be deſcribed, meeting BA, BC in D, E: ſince 
CAB is a right angle, BC being radins, AC is the fine of the 
angle ABC by def. 4. and BA being radivs, AC is the tangent, 
and BC the ſecant of the angle ABC, by def. 6. 7. 

Co. 1. Of the hypothenuſe a fide and an angle of a right 
angled triangle, any two being given, the third is alſo given. 

Co. 2. Of the two ſides and an angle of a right angled tri- 
angle, any two being given, the third is alſo given. 


PROP. IL Fic. 6. 7. 


a [ H E ſides of a plane triangle are to one another, 
as the ſines of the angles oppoſite to them. 


In right angled triangles this prop. is manifeſt from prop. 1. 
for if the hypothenuſe be made radius, the ſides are the ſines of 
the angles oppoſite to them, and the radius is the fine of a right 
angle (cor. to def. 4.) which is oppoſite to the hypothenuſe. 

In any oblique angled triangle ABC, any two ſides AB, AC 
will be to one another as the fines of the angles ACB, ABC 
which are oppoſite to them. 

From C, B draw CE, BD perpendicular upon the oppoſite 
ſides AB, AC produced, if need be. Since CEB, CDB are right 
angles, BC being radius, CE is the ſine of the angle CBA, and 
BD the ſine of the angle ACB ; but the two triangles CAE, 
DAB have each a right angle at D and E; and likewiſe the 
common angle CAB; therefore they are ſimilar, and conſequently, 
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CA is to AB, as CE to DB; that is, the ſides are as the ſines 
of the angles oppoſite to them, 

Cor. Hence of two ſides, and two angles oppoſite to them, in 
a plain triangle, any three being given, the fourth is alſo given. 


PROP. II, Fic, 8, 


N a plain triangle, the ſum of any two ſides is to 

their difference, as the tangent of half the ſum 

of the angles at the baſe, to the tangent of half their 
difference. 


Let ABC be a plain triangle, the ſum of any two ſides AB, 
AC will be to their difference as the tangent of half the ſum of 
the angles at the bale ABC, ACB to the tangent of half their 
difference. 

About A as a center, with AB the greater ſide for a diſtance, 
let a circle be deſcribed, meeting AC produced in E, F, and BC 
in D; join DA, EB, FB; and draw FG parallel to BC, meeting 
EB in G. 

The angle EAB (32. 1.) is equal to the ſum of the angles 
at the baſe, and the angle EFB at the circumference is equal to 
the half of EAB at the center (20. 3.); therefore EFB is half 
the ſum of the angles at the baſe ; but the angle ACB (32. 1.) 
is equal to the angles CAD and ADC, or ABC together ; there- 
fore FAD is the difference of the angles at the baſe, and FBD at 
the circumference, or BFG, on account of the parallels FG, BD, 
is the half of that difference; but ſince the angle EBF in a ſe- 
micircle is a right angle (1. of this) FB being radius, BE, BG, 
are the tangents of the angles EFB, BFG ; but it is manifeſt that 
EC is the ſum of the ſides BA, AC, and CF their difference; 
and ſince BC, FG are parallel (2. 6.) EC is to CF, as EB to BG; 
that is, the ſum of the ſides is to their difference, as the tangent 
of half the ſum of the angles at the baſe to the tangent of halt 
their difference. 


PROP. IV, Fic. 18. 


I* any plain triangle BAC, whoſe two ſides are e BA, 

AC and baſe BC, the leſs of the two ſides, which 

let be BA, is to the greater AC as the radius is to 

the tangent of an angle; and the radius is to the 
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tangent of the exceſs of this angle above half a right 
angle as the tangent of half the ſum of the angles B 
and C at the baſe, 1s to the tangent of half their dif. 
ference. 


At the point A, draw the ſtraight line EAD perpendicular to 
BA; make AE, AF, each equal to AB, and AD to AC; join 
BE, BF, BD, and from D, draw DG perpendicular upon BF, 
And becaule BA is at right angles to EF, and EA, AB, AF are 
equal, cach of the angles EBA, ABF is half a right angle, and 
the whole EBF is a right angle; alſo (4. 1. El.) EB is equal to 
BF. And ſince EBT, FGD are right angles, EB is parallel to 
GD, and the triangles EBF, FGD are ſimilar ; therefore EB is 
to BF as DG to GH, and EB being equal to BF, FG muſt be 
equal to GD. And becauſe BAD is a right angle, BA the leſs 
ſide is to AD or AC the greater, as the radius is to the: tangent 
of the angle ABD; and becauſe BG is a right angle, BG is to 
. GD or GF as the radius is to the tangent of GBD, which is the 
exceſs of the angle ABD above ABF half a right angle. But 
becauſe EB is parallel to GD, BG is to GF as ED is to DF, that 
is, ſince ED is the ſum of the ſides BA, AC and FD their dif- 
ference, (3. of this,) as the tangent of half the ſum of the angles 
B, C, at the baſe to the tangent of half their difference. There- 
fore, in any plain triangle, &c. Q. E. D. 


PROP. V. FIC. 9. and 10, 


1 N any triangle, twice the rectangle contained by 

any two ſides is to the difference of the ſum of 
the Far of theſe two ſides, and the ſquare of the 
baſe, as the radius is to the co-ſine of the angle in- 
cluded by the two ſides. 


Let ABC be a plain triangle, twice the rectangle ABC con- 
tained by any two ſides BA, BC is to the difference of the ſum 
of the ſquares of BA, BC, and the ſquare of the baſe AC, as 
tile radius to the co-fine of the angle ABC. 

From A, draw AD perpendicular upon the oppoſite ſide BC; 
then (by 12. and 13. 2. EL) the difference of the ſum of the 
ſquares of AB, BC, and the ſquare of the baſe AC, is equal to 
twice the rectangle CBD ; but twice the rectangle CBA is to 


twice 
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twice the rectangle CBD, that is, to the difference of the ſam of 
tie quares of AB, BC, and the {quare of AC, (1. 6.) as AB to 
D; that is, by prop. 1. as radius to the ſine of BAD, which is 
the complement of the angle ABC, that i is, as radius to the co- 
fine of ABC. 


PROP. VL Fic. 11 


ha any triangle ABC, whoſe two ſides are AB, AC, 

and baſe BC; the rectangle contained by half 
the perimeter, and the exceſs of it above the baſe BC, 
is to the rectangle contained by the ſtraight lines, by 
which the half of the perimeter exceeds the other 
two ſides AB, AC, as the ſquare of the radius is to 
the ſquare of the tangent of half the angle BAC op- 
polite to the baſe. 


Let the angles BAC, ABC be biſected by the ſtraight lines 
AG, BG; and, producing the ſide AB, let the exterior angle 
CBH be biſected by the ſtraight line BK, meeting AG in K; 
and from the points G, K, let there be drawn perpendicular upon 
the ſides the ſtraight lines GD, GE, GT, KH, KL, KM. Since 
therefore (4. 4.) G is the center of the circle inſcribed in the 
triangle ABC, GD, GF, GE will be equal, and AD will be 
equal to AF, BD to BF, and CE to CF. In like manner KH, 
KL, KM will be equal, and BH will be equal to BM, and AH 
to AL, becauſe the angles HEM, HAL are biſected by the 
ſtraight lines BK, KA: and becauſe in the triangles KCL, KCM, 
the ſides LK, KM are equal, KC is common and KLC, KMC 
are right angles, CL will be equal to CM : fince therefore BM 
is equal to BH, and CM to CL; BC will be equal to BH and 
CL together; and, adding AB and AC together, AB, AC, and 
BC will together be equal to AH and AL together : but AH, 
AL are equal: wherefore each of them is equal to half the 
perimeter of the triangle ABC : but ſince AD, AE are equal, 
and BD, BF, and alſo CE, CF, AB together with FC, will be 
equal to half the perimeter of the triangle to which AH or AL 
was ſhewn to be equal ; taking away therefore the common AB, 
the remainder FC will be equal to the remainder BH : in the 
fame manner is it demonſtrated, that BF is equal to Ch : and 
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fince the points B, D, G, F, are in a circle, the angle DGF will be 
equal to the exterior and oppoſite angle FBH, (22. 3.); where. 
fore their halves BGD, HBK will be equal to one another : the 
right angled triangles BGD, HBK will therefore be equiangular, 
and GD will be to BD, as BH to HK, and the rectangle con- 
tained by GD, HK will be equal ro the rectangle DBH or BFC; 
but ſince AH is to HK, as AD to DG, the rectangle HAD 
(22. 6.) will be to the rectangle contained by HK, DG, or the 
rectangle BFC, (as the ſquare of AD is to the ſquare of DG, 
that is) as the ſquare of the radius to the ſquare of the tangent 
of the angle DAG, that is, the half of BAC : but HA is 
half the perimeter of the triangle ABC, and AD is the 
exceſs of the ſame above HD, that is, above the baſe BC; but 
BF or CL is the exceſs of HA or AL above the ſide AC, and 
FC, or HB, is the exceſs of the fame HA above the fide AB; 
therefore the rectangle contained by half the perimeter, and the 1 
exceſs of the ſame above the baſe, viz, the rectangle HAD, is to 

the rectangle contained by the ſtraight lines by which the half of 
the perimeter exceeds the other two ſides, that is, the rectangle W the 
BFC, as the ſquare of the radius is to the ſquare of the tangent I wil 
of half the angle BAC oppoſite to the baſe. Q. E. D. 


FROP, Vn, Fi. 12. 13. 


1 N a plain triangle, the baſe is to the ſum of the 
L ſides, as the difference of the fides is to the ſum 
or difference of the ſegments of the baſe made by the 
perpendicular upon it from the vertex, according as 
the ſquare of the greater fide is greater or leſs than the 
ſum of the ſquares of the leſſer fide and the bafe. 


Let ABC be a plane triangle; if from A the vertex be drawn a 
ſtraight line AD perpendicular upon the baſe BC, the baſe BC 
will be to the ſum of the ſides BA, AC, as the difference of the 
ſame ſides is to the ſum or difference of the ſegments CD, BD, 
according as the ſquare of AC the greater ſide is greater or leſs 
than the ſum of the ſquares of the leſſer ſide AB, and the baſe 
BC. 

About A as a center, with AC the greater ſide for a diſtance, 
let a circle be deſcribed meeting AB produced in E, F, and CB 
in G: it is manifeſt that FB is the ſum, and BE the difference 
of the ſides; and ſince AD is perpendicular to GC, GD, CD 
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will be equal; conſequently GB will be equal to the ſum or 
difference of the ſegments CD, BD, according as the perpendi- 
cular AD meets the baſe, or the baſe produced; that is, (by 
Conv. 12. and 13. 2.) according as the ſquare of AC is greater 
or leſs than the ſum of the ſquares of AB, BC: but (by 35. 3.) 
the rectangle CBG is equal to the rectangle EBF; that is, (1 6. 6.) 
BC is to BF, as BE is to BG; that is, the baſe is to the ſum of 
the ſides, as the difference of the ſides is to the ſum or difference 
of the ſegments of the baſe made by the perpendicular from the 
vertex, according as the ſquare of the greater ſide is greater or 
leſs than the ſum of the ſquares of the leſſer fide and the n 
Q. E. D. 


PROP. VIII. P ROB. Fic. 14. 


HE ſum and difference of two magnitudes being 
given, to ſind them. 


Half the given ſum added to half the given difference, will be 
the greater, and half the difference ſubtracted from half the ſum, 
will be the leſs. | 

For, let AB be the given ſum, AC the greater, and BC the 
leſs. Let AD be half the given ſum ; and to AD, DB, which 
are equal, let DC be added, then AC will be equal to BD, and 
DC together; that is, to BC, and twice DC; conſequently twice 
DC is the difference, and DC half that difference; but AC the 
greater is equal to AD, DC; that is, to half the ſum. added to 
half the difference, and BC the leſs is equal to the exceſs of BD, 
half the ſum above DC half the difference. Q. E. F. 


SCHOLIUNM 

Of the ſix parts of a plain triangle (the three ſides and three 
angles) any three being given, to find the other three is the bu- 
ſineſs of plane trigonometry; and the ſeveral caſes of that problem 
may be reſolved by means of the preceding propoſitions, as in the 
two following, with the tables annexed. In theſe, the ſolution is 
expreſſed by a fourth proportional to three given lines; but if the 
given parts be expreſſed by numbers from trigonometrical tables, 
it may be obtained arithmetically by the common Rule of Three. 


Note. In the tables the following abbreviations are uſed. R, is put 
for the Radius; T, for Tangent; and 8, for Sine. Degrees, minutes. 
ſeconds, & c. are written in this manner; 30 25 13”, &c, which 
lignifies 30 degrees, 25 minutes, 13 ſeconds, &c. 
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SOLUTION of the Cas Es of right angled TxrancLEs, 
GENERAL PROPOSITION. 


1 N a right angled triangle, of the three ſides and 

three angles, any two being given beſides the right 
angle, the other three may be found, except when the 
two acute angles are given, in which caſe the ratios of 
the ſides are only given, being the ſame with the ra- 
tios of the ſines of the angles oppolite to them. 


It is manifeſt from 47. 1. that of the two ſides and hypothe- 
nuſe any two be given the third may alſo be found. It is alſo 
manifeſt from 32. 1. that it one of the acute angles of a right- 
angled triangle be given, the other is alſo given, for it is the 
complement of the former to a right angle. 

If two angles of any triangle be given, the third is allo given, be- 
ing the ſupplement of the two given angles to two right angles, 

The other caſes may be reſolved by heip of the pr eceding pro- 
poſitions, as in the following table. 


GIVEN. $0UGHT. 


Two ſides, AB The angles AB: AC:: R: T „B, off 
AC. B, C. which C is the complement, 


2] AB, BC, a fide] The angles BC: BA:: R: 8, C, of 
land the hypothe-B, C. which B is the complement. 
nuſe. 


3] AB, B, a fide] The other] R: T, B: : BA: AC. 
land an angle. ſide AC. 


4) AB and B, The hypo- 8, C: R:: BA: BC. 
ſide and an angle. thenuſe BC. 


5 BC and B, thy The fide] R: 8, B:: BC: CA. 
hypothenuſe and AC. 


an angle. 


Theſe five caſes are reſolved by prop. 1. 


oS. 
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SOLUTION of the CasEs of oblique - angled 
TRIANGLES. 


GENERAL PROPOSITION. 


IK an oblique-angled triangle, of the three ſides and 

three angles, any three being given, the other 
three may be found, except when the three angles 
are given; in which caſe the ratios of the ſides are 
only given, being the ſame with the ratios of the 
fines of the angles oppolite to them. 


Guy. 


SOUGHT, 


1 A,B, and there- 
fore C, and the 
ide AB. 


BC, AC. 


___ 


8, C: 8, A:: AB: BC, 
and allo 8, C: 8, B:: AB: 
AC. (2.) 


AB, AC, and B, 
two fides and an 
angle oppoſite to 
one of them. 


— 


A and C. 


The angles 


AC: AB:: 8, B: 8, C. 
(2. ) This caſe admits of two 
ſolutions; for C may be 


greater or leſs than a qua- 
drant. (Cor. to def. 4.) 


Az, AC, and 
A, two ſides, and 
be included angle 


Go 


The angles 


B and C. 


[B+C:'T, BC: (4.) there- 


AB+AC: AB— AC:: T, 
CTB: T, C—B: (3.) and 
2 2 


the ſum and difference of the 
angles C, B, being given, 
each of them is given. (7.) 
Otherwiſe. Fig. 18. 
BA: AC:: R: T, ABC, and 
alſo R: T, ABC —4 5“: T, 


2 2 
fore B and C are given as 


— 
2 


Fig. 16. 17. 


before. (7.) 


——__— 
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SOUGHT. 


Grven. 


the three ſides. 


A, B, C, the 
three angles. 


2 AC Xx CB: A C3+CBy 
—AP9q : : R: Cos, C. If 
ACq+CBgq be greater than 
ABg. Fig. 16. 

2 AC x CB: AB7—AC; 
—CBY⁰: : R: Cos, C. If 
ABq be greater than ACq+ 
CBg Fig. 17. (4.) 

Otherwiſe. 
Let AB+BC+AC=2P, 


PxP — AB: P—AC x 


P—BC: : Rg : Tg, C, and 
hence C is known. (5.) 
Otherwiſe. 

Let AD be perpendicular 
to BC. 1. If ABgq be leſs 
than ACq+CBg. Fig. 16. 
BC: BA + AC:: BA — 
AC: BD—DC, and BC the 
ſum of BD, DC is given; 
therefore each of them is 
given. (7.) 

2 If ABg be greater than 
ACq+CBg. Fig. 17. BC: 
BA-+AC: : BA—AC:BD 
+DC; and BC the differ- 
ence of BD, DC is given, 
therefore each of them is 
given. (7.) 

And CA : CD : : R: Cos, 
C. (1.) and C being found, 
A and B are found by caſe 
2. or 3. 
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SPHERICAL TRIGONOMETRY. 


DEFINITIONS. 


I. 
HE pole of a circle of the ſphere is a point in the ſuper- 
ficies of the ſphere, from which all ſtraight lines drawn 
to the circumference of the circle are equal. 
II. x 

A great circle of the ſphere is any whoſe plane paſſes through the 
center of the ſphere, and whoſe center therefore is the ſame 
with that of the ſphere. 

| III. 

A ſpherical triangle is a figure upon the ſuperficies of a ſphere 
comprehended by three arches of three great circles, each of 
which is leſs than a ſemicircle. 

| IV. 

A ſpherical angle is that which on the ſuperficies of a ſphere is 
contained by two arches of great circles, and is the ſame with 
the inclination of the planes of theſe great circles. 


PROP. I. 


* EAT circles biſect one another. 


As they have a common center their common ſection will be a 
diameter of each which will biſect them. 


PROP. II. Fic. 1. 


T HE arch of a great circle betwixt the pole and 
circumference of another is a quadrant. 


Let ABC be a great circle and D its pole; if a great circle 
DC paſs through D, and meet ABC in C, the arch DC will 
be a quadrant. 
| Let the great circle CD meet ABC again in A, and let AC 
be the common ſection of the great circles, which will paſs 
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through E the center of the ſphere : join DE, DA, DC: by 
def. 1. DA, DC are equal, and AE, EC are alſo equal, and DE 
is common; therefore (8. 1.) the angles DEA, DEC are equal; 
wherefore the arches DA, DC are equal, and conſequently each 
of them is a quadrant. Q. E. D. 


PROP. II. Fic. 2. 


I F a great circle be deſcribed meeting two great 

circles AB, AC paſling through its pole A in B, C, 
the angle at the center of the ſphere upon the circum- 
ference BC, is the ſame with the ſpherical angle BAC, 
and the arch BC is called the meaſure of the ſpherical P. 
angle BAC. -” 


Let the planes of the great circles AB, AC interſe& one ano- ſj 
ther in the ſtraight line AD paſling through D their common f. 
center; join DB, DC. t 

Since A is the pole of BC, AB, AC will be quadrants, and 1 
the angles ADB, ADC right angles; therefore (6. def. 11.) the 1 
angle CDB is the inclination of the planes of the circles AB, ] 
AC ; that is, (def. 4.) the ſpherical angle BAC. Q. E. D. | 

Cor. If through the point A, two quadrants AB, AC, be 
drawn, the point A will be the pole of the great circle BC, paſ- 
ſing through their extremities B, C. 

Join AC, and draw AE a ſtraight line to any other point E 
in BC; join DE: ſince AC, AB are quadrants, the angles ADB, 
ADC are right angles, and AD will be perpendicular to the 
plane of BC: therefore the angle ADE is a right angle, and AD, 
DC are equal to AD, DE each to eaci ; therefore AE, AC are 
equal, and A is the pole of BC, by def. 1. Q. E. D. 


PROP. IV. Fr. 3. 


IN iſoſceles ſpherical triangles, the angles at the baſe 
are equal. 


Let ABC be an iſoſceles triangle, and AC, CB the equal ſides; 
the angles BAC, ABC, at the baſe AB, are equal. 

Let D be the center of the ſphere, and join DA, DB, DC; 

in DA take any point E, from which draw, in the plane ADC, 
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the ſtraight line EF at right angles to ED meeting CD in F, and 
draw, in the plane ADB, EG at right angles to the ſame ED; 
therefore the rectilineal angle FEG is (6. def. 1 1.) the inclination 
of the planes ADC, ADB, and therefore is the ſame with the 
ſpherical angle BAC: from F draw FH perpendicular to DB, 
and from H draw, in the plane ADB, the ſtraight line HG at 
right angles ro HD meeting EG in G, and join GF. Becauſe 
DE is at right angles to EF and EG, it is perpendicular to the 
plane FEG, (4. 11.) and therefore the plane FEG is perpendi- 
cular to the plane ADB, in which DE is: (18. 11.) in the ſame 
manner the plane FHG is perpendicular to the plane ADB ; and 
therefore GF the common ſection of the planes FEG, FHG is 
perpendicular to the plane ADB; (19. 11.) and becauſe the 
angle FHG is the inclination of the planes BDC, BDA, it is the 
ſame with the ſpherical angle ABC ; and the ſides AC, CB of the 
ſpherical triangle being equal, the angles ED, HDF, which 
ſtand upon them at the center of the ſphere, are equal; and in 
the triangles EDF, HDE the ſide DF is common, and the angles 
DEF, DHF are right angles; therefore EF, FH are equal; and 
in the triangles FEG, FHG the fide GF is common and the ſides 
EG, GH will be equal by the 47. 1. and therefore the angle 
FEG is equal to FHG ; (8. 1.) that is, the ſpherical angle BAC 
is equal to the ſpherical angle ABC. 


NO f. V. Fiss. 3. 


1 F, in a ſpherical triangle ABC, two of the angles 
BAC, ABC be equal, the ſides BC, AC oppoſite 
to them, are equal. 


Read the conſtruction and demonſtration of the preceding pro- 
poſition, unto the words,“ and the ſides AC, CB,” &c. and the 
reſt of the demonſtration will be as follows, viz. 

And the ſpherical angles BAC, ABC being equal, the rectilineal 
angles FEG, FHG, which are the ſame with them, are equal; 
and in the triangies FGE, FGH the angles at G are right angles, 
and the ſide FG oppoſite to two of the equal angles is common; 
therefore (26. 1.) EF is equal to FH; and in the right-angled 
triangles DEF, DHF the fide DF is common; wherefore (47. 1.) 
ED is equal to DH, and the angles EDF, HDF are therefore 
equal, (4. 1.) and conſequently the ſides AC, BC of the fpherical 
triangle are equal. | | 
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PROP. VI. FIC. 4. 


A N Y two ſides of a ſpherical triangle are greater 
than the third. 


Let ABC be a ſpherical triangle, any two fides AB, BC will 
be greater than the other ſide AC. 

Let D be the center of the ſphere ; join DA, DB, DC. 

The ſolid angle at D is contained by three plane angles ADB, 
ADC, BDC; and by 20. 11. any two of them ADB, BDC are 
greater than the third ADC; that is, any two ſides. AB, BC of 
the ſpherical triangle ABC, are greater than the third AC. 


PROP. VII. Fic. 4. 


HE three ſides of a ſpherical triangle are leſs 
than a circle. 


Let ABC be a ſpherical triangle as before, the three ſides AB, 
BC, AC are leſs than a circle. 

Let D be the center of the ſphere : the ſolid angle at D is 
contained by three plane angles BDA, BDC, ADC, which to- 
gether are leſs than four right angles, (2 1. 1 1.) therefore the ſides 
AB, BC, AC together, will be leſs than four quadrants ; that is, 
leſs than a circle. 


PROP. VI. Fis. 5. 


T N a ſpherical triangle the greater angle is oppoſite 
to the greater fide; and converſely. 


Let ABC be a ſpherical triangle, the greater angle A is op- 
poſed to the greater ſide BC. ; 

Let the angle BAD be made equal to the angle B, and then 

BD, DA will be equal, (5. of this) and therefore AD, DC are 


equal to BC; but AD, DC are greater than AC, (6. of this,) 


therefore BC is greater than AC, that is, the greater angle A is 
oppoſite to the greater ſide BC. The converſe is demonſtrated as 


prop. 19. 1. El. Q. E. D. 


ci 


b. 
A 
if 
b 
a 
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PROP. IX: Fic. 6. 


PX any ſpherical triangle ABC, if the ſum of the ſides 

AB, BC be greater, equal, or leſs than a ſemi- 
circle, the internal angle at the baſe AC will be great- 
er, equal, or leſs than the external and oppoſite BCD; 
and therefore the ſum of the angles A-and ACB will 
be greater, equal, or leſs than two right angles. 


Let AC, AB produced meet ia D. 

1. If AB, BC be equal to a ſemicircle, that is, to AD, BC, 
BD will be equal, that is, (4. of this) the angle D, or the angle 
A will be equal to the angle BCD. 

2. If AB, BC together be greater than a "REA that is, 
greater than ABD, BC will be greater than BD; and therefore 
(8 of this) the angle D, that is, the angle A, is greater than the 
angle BCD. 

3- In the ſame manner is it it ſhewn, that if AB, BC together 
be leſs than a ſemicircle, the angle A is leſs than the angle BCD. 
And ſince the angles BCD, BCA are equal to two right angles, 
if the angle A be greater than BCD, A and ACB together will 
be greater than two right angles. If A be equal to BCD, A 
and AC; together will be equal to two right angles; and if A be 
leſs than BCD, A and ACB will be leſs than two right angles. 


Q. E. D. 
PROP. X. Fic. 7. 


T* the angular points A, B, C of the ſpherical tri- 

angle ABC be the poles of three great circles, 
theſe great circles by their interſections will form ano- 
ther triangle FDE, which is called ſupplemental to 
the former; that is, the ſides FD, DE, EF are the 
ſupplements of the meaſures of the oppoſite angles C, 
B, A, of the triangle ABC, and the meaſures of the 
angles FT, D, E of the triangle FDE, will be the ſup- 
plements of the ſides AC, BC, BA, in the triangle 
ABC. 

Let AB produced meet DE, EF in G, M, and AC meet FD, 


FE in K, L, and BC meet FD, DE in N, H. 
b 


SPHERICAL TRIGONOMETRY. 


Since A is the pole of FE, and the circle AC paſſes through A, 
EF will paſs through the pole of AC, (13. 15. 1. Th.) and 
ſince AC paſſes through C, the pole of FD, FD will paſs through 
the pole of AC; therefore the pole of AC is in the point F, in 
which the arches DF, EF interſect each other. In the fame 
manner, D is the pole of BC, and E the pole of AB. 

And ſince F, E are the poles of AL, AM, FL and EM are 
quadrants, and FL, EM together, that is FE and ML together, 
are equal to a ſemicircle. But fince A is the pole of ML, ML 
is the meaſure of the angle BAC, conſequently, FE is the jup- 
plement of the meaſure of the angle BAC. In the fame man- 
ner, ED, DF are the ſupplements of the mcaſures of the angles 
ABC, BCA. 

Since likewiſe CN, BH are quadrants, CN, BH tic; that 
is, NH, BC together, are equal to a ſemicircle ; and ſince D is 
the pole of NH, NH is the meaſure of the angle FDL, there- 
fore the meaſure of the angle FDE is the ſupplement of the ſi e 
BC. In the ſame manner, it is ſhewn that the meaſures of the 
angles DEF, EFD are the ſupplements of the ſides AB, AC, ir: 
the triangle ABC. Q. E. D. 


PROP. X. Fic. 7. 


, |: 'HE three angles of a ſpherical triangle are greater 


than two right angles, and leſs than fix right 
angles, | 


The meaſures of the angles A, B, C, in the triangle ABC, to- 
gether with the three ſides of the ſupplemental triangle DEF, are 
(10. of this) equal to three ſemicircles ; but the three ſides of the 
triangle FDE, are (7. of this) leſs than two ſemicircles; there- 
fore the meaſures of the angles A, B, C are greater than a ſemi- 
circle; and hence the angles A, B, C are greater than two right 
angles. 

All the external and internal angles of any triangle are equal 


to {ix right angles; therefore, all the internal angles are leſs than 


ſix right angles. | 
PROP. XI. Fic. 8. 


1 F from any point C, which is not the pole of the 
great circle ABD, there be drawn arches of great 
circles CA, CD, CE, CF, &c. the greateſt of theſe is 
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CA, which paſſes through H the pole of ABD, arid 


CB the remainder of ACB i is the leaſt, and of any 
others CD; CE, CF, &c. CD, which is nearer to CA; 


18 greater than CE, which is more remote. 


Let the common ſcion of the planes of the great circles ACB, 
ADB be AB; and from C, draw CG perpendicular to AB, which 
will alſo be perpendicular to the plane ADB; (4. def. 11.) j join 
GD, GE, GF, CD, CE, CF, CA, CB. 

Of all the ſtraight lines drawh from G to the circumference 
ADB, GA is the greateſt, and GB the leaſt; (J. 3.) and GD 
which is nearer to GA is greater than GE, which is more re- 
mote. The triangles CG A, CGD are right-angled at G, and 
they have the common fide CG; thetefore the quares of CG, 
GA together, that is, the "lb of CA, is greater than the 
ſquares of CG, GD together, that is, the ſquare of CD; and 
CA is greater than CD, and therefore the arch CA is greater 
than CD. In the fame manner, ſince G is greater than GE, 
and GE than GF, &c. it is ſhewn that CD is greater than CE, 
and CE than CF, &c. and conſequently, the arch CD pre: ater 
than the arch CE, and the arch CE greater than the arch CF, &c. 
And ſince GA is the greateſt, and GB the leaſt of all the ſtraight 
lines drawn from G to the circumference ADB, it is manifeſt 
that CA is the greateſt, and CB the leaſt of all the ſtraight lines 
drawn from C to that circumference ; and therefore the arch CA 
is the greateſt, and CB the leaſt of all the circles drawn through 
©, mecting ADB. Q. E. D. 


PROP; All, Fre, 9. 


IV a right · angled ſpherical triangle the ſides are of 


the ſame affection with the oppoſite angles; that 
is, if the ſides be greater or leſs than quadrants, the 
oppolite angles will be greater or leſs than right 
angles. . 
Let ABC be a ſpherical triangle right-angled at A, any fide 
AB, will be of the ſame affection with the oppoſite angle ACB. 
Caſe 1. Let AB be leſs than a quadrant, let AE be a qua- 
grant, and let EC be a great circle paſſing through E, C. Since 


A is a right angle, and AE a quadrant, E is the pole of the 
b 2 | 
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great circle AC, and ECA a right angle; but ECA is greater 
than BCA, therefore BCA is leis than a right angle. Q. E. D. 

Caſe 2. Let AB be greater than a quadrant, make AE a qua- 
drant, and let a great circle paſs through C, E. FCA is a right 
angle as before, and BCA is greater than ECA, that is, greater 
than a right angle. Q. E. D. 


PROP. XIV. 


F the two ſides of a right-angled ſpherical triangle 
be of the ſame affection, the hypothenuſe will be 

leſs than a quadrant ; and if they be of diſſerent affec- 
tion, the hypothenuſe will be greater than a quadrant, 


Let ABC be a right-angled ſpherical triangle, if the two ſides 
AB, AC be of the ſame or of different affection, the hypothe- 
nuſe BC will be lets or greater than a quadrant. 

Caſe 1. Let AB, AC be each leſs than a quadrant. Let AE, 
AG be quadrants; G will be the pole of AB, and E the pole 
of AC, and EC a quadrant ; but, by prop. 12. CE is greater 
than CB, ſince CB is farther off from CGD than CE. In the 
ſame manner, it is ſhewn that CB, in the triangle CBD, where 
the two ſides CD, BD are each greater than a quadrant, is leſs 
than CE, that is, leſs than a quadrant. Q. E. D. 

Caſe 2. Let AC be leſs, and AB greater than a quadrant ; 
then the hypothenuſe BC will be greater than a quadrant ; for 
let AE be a quadrant, then E is the pole of AC, and EC will be 
a quadrant. But CB is greater than CE by prop. 1 2. ſince AC 
paſſes through the pole of ABD. Q. E. D. 


PROP. XV. 


1 F the hypothenuſe of a right - angled triangle be 


greater or leſs than a quadrant, the ſides will be 


of different or the ſame affection. 


This is the converſe of the preceding, and demonſtrated in 
the ſame manner. ; 
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), 7 PROP. XVI. 


= | 
it JN any ſpherical triangle ABC, if the perpendicular 

AD from A upon the baſe BC fall within the 
triangle, the angles B and C at the baſe will be of the 
ſame affection; and if the perpendicular fall without 
the triangle, the angles B and C will be of different 
affection. 


1. Let AD fall within the triangle; then ( 1 3. of this) ſince Fig. 12. 
- ADB, ADC are right-angled ſpherical triangles, the angles B, C 
- muſt each be of the ſame affection as AD. | 
2. Let AD fall without the triangle, then (13. of this) the Fig. 12. 
angle B is of the ſame affection as AD; and by the fame, the 
angle ACD is of the ſame affection as AD; therefore the angle 
l ACB and AD are of different affection, and the angles B and 
; ACB of different affection. 
Cor. Hence if the angles B and C be of the ſame affection, 
> the perpendicular will fall within the baſe ; for, if it did not, 
(16. of this,) B and C would be of different affection. And if 
the angles B and C be of oppoſite affection, the perpendicular 
will fall without the triangle; for, if it did not, (16. of this,) the 
angles B and C would be of the ſame affection, contrary to the 
'{nppotition. 


PROP. XVII. Fis. 13. 


TY right-angled ſpherical triangles, the ſine of either 

of the ſides about the right angle, is to the radius 

of the ſphere, as the tangent of the remaining ſide is 
to the tangent of the angle oppolite to that ſide. 


Let ABC be a triangle, having the right angle at A; and let 
AB be either of the ſides, the fine of the ſide AB will be to the 
radius, as the tangent of the other ſide AC to the tangent of 
the angle ABC, oppoſite to AC. Let D be the center of the 
ſphere ; join AD, BD, CD, and let AE be drawn perpendicular 
to BD, which therefore will be the ſme of the arch AB, and 
from the point E, let there be drawn m the plane BDC the 
ſtraight line EF at right angles to BD, meeting DC in F, and 
let AF be joined. Since therefore the ſtraight line DE is at 
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right angles to both EA and EF, it will alſo be at right angles 
to the plane AEF, (4. 11.) wherefore the plane ABD, which 
paſſes through DE, is perpendicular to the plane AEF, (18. 11 ) 
and the plane AEF perpendicular to ABD: the plane ACD or 
AFD is -alſo perpendicular to the ſame ABD : therefore the 
common ſection, viz. the ſtraight. line AF, is at right angles to 
the plane ABD : (19. 11.) and FAE, FAD are right angles; (3. 
def. 11.) therefore AF is the tangent of the arch AC; and in the 
rectilineal mne AEF, having a right angle at A, AE vill be 
to the radius as AF to the tangent of the angle AEF, (1. Pl. 


Tr. z) but AE is the fine of the arch AB, and AF the tangent 


of the arch AC, and the angle AEF is the inclination of the 
planes CBD, ABD, (6. def. 11.) or the ſpherical angle ABC : 
therefore the ſine of the arch AB is to the radius as the tangent 
of the 80 AC, to the tangent of the oppoſite angle ABC. 
Co. 1. If therefore of the two ſides, and an angle oppoſite 
to one of 8 any two be given, the third will alſo be given. 
Con. 2. And ſince by this propoſition the fine of the ſide 
AB is to the radius, as the tangent of the other ſide AC to the 


tangent of the angle ABC oppoſite to that ſide; and as the ra- 


dius is to the co-tangent of the angle ABC, fo is the tangent of 
the ſame angle ABC to the radius, (Cor. 2. def. Pl. Tr.) by 
equali ty, the Fine of the fide AB is to the co-tangent of the angle 


ABC adjacent to 9 i as 18 * of the omer ſide * to Nos, 
radius. 


PROP. XVIII. Fic. 13. 


I right-angled ſpherical triangles the fine of the hy- 
pothenuſe is to the radius, as the ſine of either 
fide is to the ſine of the angle oppoſite to that fide. 


Let the triangle ABC be right-angled at A, and let AC be 
either of the ſides; the ſine of the hypothenuſe BC will be to the 
radius as the ſine of the arch AC is to the ſine of the angle 
ABC. 

Let D be the center of the ſphere, and let CG be drawn 
perpendicular to DB, which will therefore be the ſine of the 
Þypothenuſe BC; and from the point G let there be drawn in 
the plane AB the ſtraight line GH perpendicular to DB, and let 


CH be joined : CH will be at right angles to the plane ABD, 46 
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was ſhewn in the preceding propoſition of the ſtraight line FA : 
wherefore CHD, CH are right angles, and CH is the fine of 
the arch AC; and in the triangle CHG, having the right angle 
CHG, CG is to the radius as CH to the fine of the angle CGH: 
(1. Pl. Tr.) but ſince CG, HG are at right angles to DGB, 
which is the common ſection of the planes CBD, ABD, the angle 


- CGH will be equal to the inclination of theſe planes; (6. def. 


11.) that is, to the ſpherical angle ABC. The fine, therefore, 
of the hypothenuſe CB is to the radius as the ſine of the ſide 
AC is to the fine of the oppoſite angle ABC. Q. E. D. 

Cor. Of theſe three, viz. the hypothenuſe, a ſide, and the 
angle oppoſite to that fide, any two being given, the third is alſo 
given by prop. 2. 


PROP. XIX. Fic. 14, 


N right-angled ſpherical triangles, the co- ſine of the 

hypothenuſe is to the radius as the co-tangent of 

either of the angles is to the tangent of the remain- 
ing angle. 


Let ABC be a ſpherical triangle, having a right angle at A, the 
co- ſine of the hypothenuſe BC will be to the radius as the co- 
tangent of the angle ABC to the tangent of the angle ACB. 

Deſcribe the circle DE, of which B is the pole, and ler it 
meet AC in F, and the-circle BC in E ; and ſince the circle BD 
paſſes through the pole B of the circle DF, DF will alſo paſs 
through the pole of BD. (13. 18. 1. Theod. ſph.) And ſince 
AC is perpendicular to BD, AC will alſo paſs through the pole 
of BD;  wherefore the pole of the circle BD will be found in 
the point where the circles AC, DE meet, that is, in the point F: 
the arches FA, FD are therefore quadrants, and likewiſe the 
arches BD, BE : in the triangle CEF, right-angled at the point 
E, CE is the complement of the hypothenuſe BC of the triangle 
ABC, EF is the complement of the arch ED, which is the mea- 


ſure of the angle ABC, and FC the hypothenuſe of the triangle 

CEF, is the complement of AC, and the arch AD, which is the 
meaſure of the angle CFE, is the complement of AB. 

But (1 7. of this) in the triangle CEF, the fine of the fide CE 

is to the ding as the tangent of the other fide is to the tangent 

þ 4 


SPHERICAL TRIGONOMETRY. 


of the angle ECF oppoſite to it, that is, in the triangle ABC, the 
co- ſine of the hypothenuſe BC is to the radius, as the co-tangent 
of the angle ABC is to the tangent of the angle ACB. Q. E. D. 
| Cox. 1. Of theſe three, viz. the hypothenuſe and the two 
angles, any two being given, the third will alſo be given. 

Cor. 2. And ſince by this propoſition the co-ſine of the hy- 
pothenuſe BC is to the radius as the co-tangent of the angle ABC 
to the tangent of the angle ACB. But as the radius is to the 
co-tangent of the angle ACB, ſo is the tangent of the ſame to 
the radius; (Cor. 2. def. Pl. Tr.) and, ex aequo, the co- ſine of 
the hypothenuſe BC is to the co-tangent of the angle ACB, as 
the co-tangent of the angle ABC to the radius. * 


PROP. XX. FIC. 14. 


JN right-angled ſpherical triangles, the co-line of an 
angle is to the radius, as the tangent of the fide 
NO to that angle is to the tangent of the hypo- 


| thenuſe. 


The ſame conſtruction remaining; in the triangle CEF. (17. 
of this) the ſine of the ſide EF is to the radius, as the tangent of 
the other ſide CE is to the tangent of the angle CFE oppoſite to 


it; that is, in the triangle ABC, the co-ſine of the angle ABC is 


to the radius as (the co-tangent of the hypothenuſe BC to the 
co- tangent of the ſide AB, adjacent to ABC, or as) the tangent 
of the ſide AB to the tangent of the hypothenuſe, ſince the tan- 
gents of two arches are reciprocally proportional to their co- 
tangents. (Cor. 1. def. Pl. Tr.) 

Cor. And ſince by this propoſition the co-ſine of the angle 
ABC is to the radius, as the tangent of the ſide AB is to the 
tangent of the hypothenuſe BC; and as the radius is to the co- 
tangent of BC, ſo is the tangent of BC to the radius; by equality, 
the 8 of the angle ABC will be to the co-tangent of the hy- 
pothenuſe BC, as the tangent of the ſide AB, adjacent to che 


an gle ABC to the radius. 
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PROP. U. Hs. 14. 


JN right-angled ſpherical triangles, the co-ſine of 
either of the ſides is to the radius, as the co- ſine 
of the hypothenuſe is to the co- ſine of the other ſide. 


The ſame conſtruction remaining; in the triangle CEF, the 
fine of the hypothenuſe CF is to the radius, as the fine of the 
fide CE to the ſine of the oppoſite angle CFE ; (18. of this) 
that is, in the triangle ABC the co-ſine of the ſide CA is to the 
radius as the co-ſine of the hypothenuſe BC to the co-ſine of 
the other fide BA. Q. E. D. 


PROP. XIII. Fis. 14. 


I right-angled ſpherical triangles, the co- ſine of 

either of the ſides is to the radius, as the co-ſine 
of the angle oppolite to that ſide is to the fine of the 
other angle. 


The ſame conſtruction remaining; in the triangle CEF, the 
fine of the hypothenuſe CF is to the radius as the ſine of the fide 
EF is to the fine of the angle ECF oppoſite to it; that is, in the 
triangle ABC, the co-ſine of the ſide CA is to the radius, as the 
co- ſine of the angle ABC oppoſite to it, is to the ſine of the other 


angle, Q_ E. D. 
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OF THE CIRCULAR PARTS. 


N any right-angled ſpherical triangle ABC, the complement 

of the hypothenuſe, the complements of the angles, and the 

two ſides, are called The circular parts of the triangle, as if it 
were following each other in a circular order, from whatever 
part we begin: thus, if we begin at the complement of the hy- 
pothenuſe, and proceed towards the ſide BA, the parts following 
in order will be the complement of the hypothenuſe, the com- 
plement of the angle B, the ſide BA the ſide AC, (for the right 
angle at A is not reckoned among the parts,) and, laſtly, the 
complement of the angle C. And thus at whatever part we begin, 
if any three of theſe five be taken, they either will be all con- 
tiguous or adjacent, or one of them will not be contiguous to 
either of the other two: in the firſt caſe, the part which is be- 
tween the other two is called the Middle part, and the other two 
are called Adjacent extremes, In the ſecond caſe, the part 
which is not contiguous to either of the other two is called the 
Middle part, and the other two Oppoſite extremes. For ex- 
ample, if the three parts be the complement of the hypothenuſe 
BC, the complement of the angle B, and the fide BA; ſince theſe 
three are contiguous to each other, the complement of the angle 


B will be the middle part, and the complement of the hypothenuſe 


BC and the fide BA will be adjacent extremes : but if the com- 
plement of the hypothenuſe BC, and the ſides BA, AC be 
taken; ſince the complement of the hypothenuſe is not adjacent 
to either of the ſides, viz. on account of the complements of the 
two angles B and © interveening between it and the ſides, the 
complement of the hypothenuſe BC will be the middle part, and 
the ſides, BA, AC oppoſite extremes. The moſt acute and inge- 
nious Baron Napier, the inventor of Logarithms, contrived the 
two following rules concerning theſe parts, by means of which 
all the caſes of right-angled ſpherical triangles are reſolved with 
the greateſt eaſe. | 


KULE 1 


The rectangle contained by the radius and the ſine of the mid- 


dle part, is equal to the rectangle contained by the tangents of the 
adjacent parts. 
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R UL E I. 


The rectangle contained by the radius, and the ſine of the middle 
part is equal to the rectangle contained by the co- lines of the 
the oppoſite parts. 

Theſe rules are demonſtrated in the following manner. 

Firſt, Let either of the ſides, as BA, be the middle part, and Fig 16. 
therefore the complement of the angle B, and the ſide AC will 
be adjacent extremes. And by Cor. 2. prop. 17. of this, 8, 
BA is to the Co-T, B, as T, AC is to the radius, and therefore 
R x5, BA=Co-T, BxT, AC. 

The fame ſide BA being the middle part, the complement of 
the hypothenuſe, and the complement of the angle C, are oppoſite 
extremes; and by prop. 18. 8, BC is to the radius, as 8, BA to 
8, C; therefore R XS, BA S8, BCXS, C. | 
| Secondly, Let the complement of one of the angles, as B, bs 
the middle part, and the complement of the hypothenuſe, and the 
fide BA will be adjacent extremes: and by Cor. prop. 20. Cos, 
B is to Co-T, BC, as T, BA is to the radius, and therefore 
R x Cos, B=Co-T, BC xT, BA. 

Again, Let the complement of the angle B be the middle part, 

and the complement of the angle C, and the fide AC will be 
oppoſite extremes: and by prop. 22. CoS, AC is to the ra- 
dius, as Cos, Bis to 8, C: and therefore R x Cos, BS Cos, 
AC x8, C. 
Thirdly, Let the complement of the hypothenuſe be the mid- 
dle part, and the complements of the angles B, C, will be adjacent 
extremes: but by cor. 2. prop. 19. Cos, BC is to Co-T, C as 
to Co-T, B to the radius : therefore R x CoS BC=Co-T, 
B x Co-T, C. 

Again, Let the complement of the hypothenuſe be the middle 
part, and the ſides AB, AC will be oppoſite extremes: but by 
prop. 21. Cos, AC is to the radius, Cos, BC to Cos, BA; 
therefore R x Cos, BC=CoS, BA x Cos, AC. Q. E. D. 
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. 16. SOLUTION of the Sixteen CASES of right. 


angled Spherical triangles. 


GENERAL PRO POSITION. 


1 a right-angled ſpherical triangle, of the three 
hides, and three angles, any two being given be- 
ſides the right angle, the other three may be found. 


In the following table the ſolutions are derived from the preceding 
propoſitions. It is obvious that the ſame ſolutions may be de- 
rived from Baron Napier's two rules above demonſtrated, which, 
as they are eaſily remembered, are commonly uſed in practice. 


Caſe Given Sought | 


1 Ac. CB R : Cos, AC:: 8, C: Cos, B. And B is 
| ; of the ſaine ſpecies with CA, by 22. and 3. 


2 |AC,B| c Cos, AC: R:: Cos, B: 8, C. By 22. 


C: Cos, B:: R: Cos, AC. By 22. and 
B 2 bl 7 
s DO en 7 is of the ſame ſpecies with B. 13. 


R. Cos, BA: : Cos, AC. Cos, BC 21. and 
pt both BA, AC be greater or leſs than a 


4 BA, Ac BC quadrant, BC will be leſs than a quadrant. 
{| {But if they be of different affection, BC 
ill be greater than a quadrant. 1 4. 


Cos, BA: R:: Cos, eee 

d if BC be greater or leſs than a qua 
PN ant, BA, AC will be of different or the 
ſame affection By 15. 


_ 8, BA: R: : T, CA: T, B, 17. andB i 
. 3 IFY T, B, 17. and B is 
* EN * of the ſame affection with AC. 13. 
— X : 
1 R:S, BA:: T, B: T, AC. 17. And AC is 
4; 7 PA, * a of the ſame affection with B. 1 2. 


\ 


Ca 
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Caſe | Given [Sought | 


8 | AC, B BA TT, B: R:: T, CA: 8, BA. 17. 


R: Cos, C:: T, BC: T, CA. 20. If BC | 


% leſs or greater than a quadrant, C and | 
" 9 | BC, C AC B will be of the ſame or different affection. | 
: 1g. 13. ; | 
8 Cos, C: R:: T, AC: T, BC. 20. And BC | 
; 10 Acc B | leſs or greater than a quadrant, accord- 

3 


ing as C and AC or C and B are of the 
{ame or different affections. 1 4. 1. 


T, BC: R:: T, CA: Cos, C. 20. If BC 

be leſs or greater than a quadrant, CA 
11 BC, CA C and ADB, and therefore CA and C, are 
the ſame or different affection. 1 5. 


R:8, BC: : 8, B: 8, AC. 18. And AC is 
12 Be, BIA | de me afeRiion wich B. 


5 


13 Ac, B BCS 5B, B: 8, Ac: : R: 8, BC. 18. 


is of the ſame affection with AC. 


BC, AC| B 8, Be: R:: 8, AC :8, B. 18. A 


; R. :: CoT, B; Cos, BC. 19. An 

B. c | BC laccording as the angles B and C are of dif 
y erent or the ſame affection, BC will 

| eater or leis than a quadrant. 14. 


15 


R: Cos, BC: : T, C: CoT, B. 19. If BC 
16 BC, C B bee leſs or greater than a quadrant, C and B 
ill be of the ſame or different affection. 1 5 


— — 


The ſecond, eighth, and thirteenth caſes, which are commonly 
called ambiguous, admit of two ſolutions: for in theſe it is not 
determined whether the ſide or meaſure of the angle fought be 
greater or leſs than a quadrant, 
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PROP. XXII. Fic. 16. 


N ſpherical triangles, whether right-angled or 


oblique-angled, the fines of the ſides are propor- 
tional to the ſines of the angles oppolite to them. 


Firſt, Let ABC be a right-angled triangle, having a right angle 
at A; therefore by prop. 18. the ſine of the hypothenuſe BC is 
to the radius (or the fine of the right angle at A) as the ſine of 
the ſide AC to the fine of the angle B. And, in like manner, 
the ſine of BC is to the ſine of the angle A, as the ſine of AB 
to the fine of the angle C; wherefore (1 1. 5.) the ſine of the 


| fide AC is to the fine of the angle B, as the fine of AB to the 


fine of the angle C. 

Secondly, Let BCD be an oblique-angled triangle, the ſine of 
either of the ſides BC, will be to the ſine of either of the other 
two CD, as the ſine of the angle D oppoſite to BC is to the fine 
of the angle B oppoſite to the fide CD. Through the point C, 


Fig. 17. 18. let there be drawn an arch of a great circle CA perpendicular upon 


BD ; and in the right-angled triangle ABC ( 18. of this) the fine 
of BC ; is to the radius, as the fine of AC to the ſine of the angle 
B; and in the triangle ADC (by 1 8. of this:) and, by inverfion, 
the radius is to the ſine of DC as the ſine of the angle D to the 
ſine of AC : therefore, ex aequo perturbate, the ſine of BC is 
to the ſine of DC, as the line of the angle D to the fine of the 
angle B. Q. E. D. 


PROP. XXIV. FIC. 17. 18, 


I oblique-angled ſpherical triangles, having drawn 
a perpendicular arch from any of the angles upon 

the oppoſite fide, the co- ſines of the angles at the baſe 

are proportional to the fines of the verticle angles. 


Let PCD be a triangle, and the arch CA perpendicular to the 
baſe BD ; the co-ſine of the angle B will be to the co-ſine of 
the angle D, as the fine of the angle BCA to the ſine of the angle 
DCA. | 

For by 22. the co-fine of the angle B is to the ſine of the 
angle BCA as (the co- ſine of the fide AC is to the 3 that 


fl 


A 
th 


c 
1 
! 
| 
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is, by prop. 22. as) the co-ſine of the angle D to the ſine of the 
angle DCA; and, by permutation, the co-fine of the angle B is 
to the co-tine of the angle D, as the ſine of the angle BCA ts 
to the ſine of the angle DC A. Q. E. D. | 


PROP. XV. Ft6. 17.18. 


4 þ HE ſame things remaining, the co- ſines of the 
ſides BC, CD, are proportional to the co-ſines 
of the baſes BA, AD. 


For by 21. the co-fine of BC is to the co-fife of BA, as (the 
eo-ſine of AC to the radius; that is, by 21. as) the co-fine of 
CD 1s to the co-ſine of AD : wherefore, by permutation, the 


co-ſincs of the ſides BC, CD are proportional to the co-ſines of - 


the bates BA, AD. Q. E. D. 


PROP. XXVI. Fs. 17. 18. 


HE ſame conſtruction remaining, the fines of the 
baſes BA, AD are reciprocally proportional to 
the tangents of the angles B and D at the baſe. 


For by 1 7. the fine of BA is to the radius, as the tangent af 
AC to the tangent of the angle B; and by 17. and inverſion, 


the radius is to the fine of AD, as the tangent of D to the tan- 


gent of AC: therefore, ex acquo perturbate, the ſine of BA is to 
the ſine of AD, as the tangent of D to the tangent of B. 
PROP. XXVII. Fre. 17. 18. 


HE co-ſines of the vertical angles are reciprocally 
proportional to the tangents of the ſides. 


For by prop. 20. the co-ſine of the angle BCA, is to the ra- 
dius as the tangent of CA is to the tangent of BC; and by the 
fame prop. 20. and by inverſion, the radius is to the co-ſine of 
the angle DCA, as the tangent of DC to the tangent of CA : 
therefore, ex aequo perturbate, the co- ſine of the angle BCA is 
to the co- ſine of the angle DCA, as the tangent of DC is to the 


wngent of BC. Q. E. D. 
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LE MM A. Fic: 19. 20. 


1 N right-angled plane triangles, the hypothenuſe is 

to the radius, as the exceſs of the hypothenuſe 
above either of the ſides to the verſed ſine of the acute 
angle adjacent to that ſide, or as the ſum of the hypo- 
thenuſe, and either of the des to the verſed line of 
the exterior angle of the triangle. 


Let the triangle ABC have a right angle at B; AC will be to 
the radius as the excels of AC above AB, to the verſed ſine of 
the angle A adjacent to AB; or as the ſum of AC, AB to the 
verſed ſine of the exterior angle CAK. 

With any radius DE, let a circle be deſcribed, and from D the 
center let DF be drawn to the circumference, making the angle 
EDF equal to the angle BAC, and trom the point F, let FG be 
drawn perpendicular to DE : let AH, AK be made equal to AC, 
and DL to DE : DG therefore is the co-ſine of the angle EDF 
or BAC, and GE its verſed fine : and becauſe of the equiangular 
triangles ACB, DFG, AC or AH is to DF or DE, as AB to 
DG : therefore (19. 5.) AC is to the radius DE as BH to GE, 
the verſed fine of the angle EDF or BAC: and ſince AH is to 
DE, as AB to DG, (12. 5.) AH or AC will be to the radius 
DE as KB to LG, the verſed ſine of the Ee LDF or KAC. 

Q. E. D. 


PROF. III. Fiss. 21, 42. 


IX any ſpherical triangle, the rectangle contained by 

the ſines of two ſides, is to the ſquare of the ra- 
dius, as the exceſs of th: verſed fines of the third ſide or 
baſe, and the arch, which is the exceſs of the ſides, is 
to the verſed ſine of the angle opoſite to the baſe. 


Let ABC be a ſpherical triangle, the rectangle contained by 
the ſines of AB, BC will be to the ſquare of the radius, as the ex- 
ceſs of the verſed ſines of the baſe AC, and of the arch, which is 


the exceſs of AB, BC to the verſed fine of the angle AZC oppoſite 


to the baſe. 
Let D be the center of the ſphere, and let AD, BD, CD be 
joined, and let the fines AF, CF, CG of the arches AB, BC, AC 


e 


—: is + 
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be drawn; let the ſide BC be greater than BA, and let BH be 
made equal to BC: AH will therefore be the exceſs of the ſides 
BC, BA; let HK be drawn perpendicular to AD, and fince AG 
is the verſed fine of the baſe AC, and AK the verſed fine of the 
arch AH, KG is the excels of the verſed fines of the bale AC; 
and of the arch AH, which is the exceſs of the ſides BC, BA : 
let GL likewiſe be drawn parallel to KH, and let it meet FH in L, 

let CL, DH be joined, and let AD, FH meet each other in M. 
Since therefore in the triangles CDF, HDF, DC, DH are 
equal, DF is common, and the angle FDC equal to the an 
FDH, becauſe of the equal arches BC, BH, the baſe HF will 
equal to the baſe FC, and the angle HFD equal to the right 
2 CFD : the ſtraight line DF theaters (4. 11.) is at right 
angles to the plane CFH : wherefore the plane CFH is at right 
angles to the plane BDH, which paſſes through DF. (18. 11.) 
In like manner, ſince DG is at right angles to both GC and GL, 
DG wil! be perpendicular to the plane CGL; therefore the plane 
CGL is at right angles to the plane BDH, which paſſes through 
DG : and it was ſhewn, that the plane CFH or CFL, was per- 
pendicular to the ſame plane BDH ; therefore the common ſection 


of the planes CFL, CGL, viz. the ſtraight line GL, is perpen- 
dicular to the plane BDA, (19. 11.) and therefore CLF is a right 


angle : in the triangle CFL having the right angles CLF, by the 
Emma CF is to the radius as LH, the excels, viz. of CF or FH 
above FL, is to the verſed fine of the angle CFL; but the angle 
CFL is the inclination of the planes BCD, BAD, ſince- FC, FL 


are drawn in them at right angles to the common ſection BF : 


the ſpherical angle ABC is therefore the fame with the angle | 
CFL; and therefore, CF is to the radius as LH to the verſed 
ſine of the ſpherical angle ABC; and ſince the triangle AED is 


equiangular (to the triangle Mp, and therefore) to the triangle 


MGL, AE will be to the radius of the ſphere AD, (as MG to 
ML ; that is, becauſe of the parallels as) GK to LH: the ratio 
therefore which is compounded of the ratios of AE to the radius, 


and of CF to the ſame radius; ; that is, (23. 6.) the ratio of the 
rectangle contained by AE, CF to the ſquare of the radius, is the 
ſame with the ratio compounded of the ratio of GK to LH, and 
the ratio of LH: to the verſed fine of the angle ABC; that is, ue 


ſame with the ratio of GK to the verſed ſine of the 5 5 ABC; 


therefore, the rectangle contained by AE, CF, the ſines of the 


ſides AB, BC, is to the ſquare of the radius 3s GK, the caceſs 


C 
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of the verſed fines AG, AK, of the baſe AC, and the arch AH, 
which is the exceſs of the ſides to the verſed fine of the angle 
ABC oppoſite to the baſe AC. Q. E. D. 


PR OP. XIX. Fis. 23. 


TH rectangle contained by half of the radius, and 
the exceſs of the verſed ſines of two arches, is 

equal to the rectangle contained by the ſines of half 

the ſum, and half the difference of the ſame arches. 


Let AB, AC be any two arches, and let AD be made equal 
to AG the leſs; the arch DB therefore is the ſum, and the arch 


Ch the difference of AC, AB: through E the center of the circle, 


let there be drawn a diameter DEF, and AE joined, and CD 
likewiſe perpendicular to it in G; and let BH be perpendicular 
to AE, and AH will be the verſed fine of the arch AB, and AG 
the verſed fine of AC, and HG the excels of theſe verſed ſines: 
let BD, BC, BF be joined, and FC alſo meeting BH in K. 
Since therefore BH, CG are parallel, the alternate angles BKC, 
KCG will be equal; but KCG is in a ſemicircle, and therefore a 
right angle; therefore BKC is a right angle; and in the triangles 
DFB,.CBK, the angles FDB, BCK in the fame ſegment are equal, 
and TBD, BKC are right angles; the triangles DFB, CBK are 
therefore equiangular; wherefore DF is to DB, as BC to CK, or 
HG; and therefore the rectangle contained by the diameter DF, 
and HG is equal to that contained by DB, BC; wherefore the 
rectangle contained by a fourth part of the diameter, and HG, is 
equal to that contained by the halves of DB, BC: but half the 
chord DB'is the ſine of half the arch DAB, thar is, half the ſum of 
the arches AB, AC; and half the chord of BC is the ſine of half 
the arch BC, which is the difference of AB, Ac. Whence the 
propoſition is manifeſt. | 


PROP. XXX. Fic. 19. 24. 


IE rectangle contained by half of the radius, and 
the verſed fine of any arch, is equal to the 
{quare of the ſine of half the ſame arch. 


Atm Db gene es © 
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Let AB be an arch of a circle, C its center, and AC, CB, BA 
being joined: let AB be biſected in D, and let CD be joined, which 
will be perpendicular to BA, and biſect it in E. (4. 1.) BEor AE 
therefore is the ſine of the arch DB or AD, the half of AB: let 
BF be perpendicular to AC, and AF will be the verſed fine of 
the arch BA ; but, becauſe of the ſimilar triangles CAE, BAF, 
CA is to AE as AB, that is, twice AE to AF; and by halving the 
antecedents, half of the radius CA is to AE the fine of the arch 
AD, as the fame AE to AF the verſed ſine of the arch AB, 
Wherefore by 16. 6. the propoſition is manifeſt. 


PROP, XXI. Fic. 25. 


IN a ſpherical triangle, the rectangle contained by 

the ſines of the two ſides, is to the ſquare of the 
radius, as the rectangle contained by the ſine of the 
arch which is half the ſum of the baſe, and the exceſs 
of the ſides, and the fine of the arch, which is half 
the difference of the ſame to the ſquare of the ſine of 
half the angle oppoſite to the baſe. 


Let ABC be a ſpherical triangle, of which the two ſides are 
AB, BC, and baſe AC, and let the leſs ſide BA be produced, fo 
that BD ſhall be equal to BC: AD therefore is the exceſs of BC, 
BA; and it is to be ſhewn, that the rectangle contained by the 
fans of BC, BA is to the ſquare of the radius, as the rectangle 
contained by the ſine of half the ſum of AC, AD, and the ſine of 


half the difference of the ſame AC, AD to the ſquare of the fine 


of half the angle ABC oppoſite to the baſe AC. 

Since by prop. 28. the rectangle contained by the ſines of the 
fides BC, BA is to the ſquare of the radius, as the exceſs of the 
verſed ſines of the baſe AC and AD, to the verſed ſine of the 


angle B; that is, (1. 6.) as the rectangle contained by half the 


radius, and that exceſs, to the rectangle contained by half the 
radius, and the verſed ſine of B; therefore (29. 30. of this,) the 
rectangle contained by the fines of the ſides BC, BA is to the 
{quare of the radius, as the rectangle contained by the ſine of the 
arch, which is half the ſum of AC, AD, and the fine of the 
arch which is half the difference of the ſame AC, AD is to the 
ſquare of the fine of half the angle ABC. Q.“ F. D. 
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SOLUTION or Ter TwzLvs CASES or OBLIQUE- 
ANGLED SPHERICAL TRIANGLES. 


GENERAL PROPOSITION. 


1 N any oblique-angled ſpherical triangle, of the 
three ſides and three angles, any three being 
given, the other three may be found. 


Pig. 26. 27. GriyEx. SOUGHT. 


| = 


1 B, D, and; . 


8, BC: R:: Co-, B T, BCA. 19. 
Likewiſe by 24. Cos, B: 8, ECA: : Cos, 
8, DCA; wherefore BCD is the ſum 


2210 5 * r difference of the angles DCA, BCA ac: 
2 3 ording as the perpendicular CA falls with- 
ET of 3 in or without the triangle BCD; that is, 


1 6. of this,) according as the angles B, D 
are of the ſame or different aſſection. 


Cos, BC: R:: Co-T, B: T, BCA. 19. 
| and alſo by 24. 8, BCA: 8, DCA : : Cos, 
2 | B. , and P. B: Cos, D; and according as the angle 


: xs 58. ry BCA is leſs or greater than BCD, the per- 
> eee pendicular CA falls within or without the 
N : riangle BCD; and therefore (1 6. of this, 


the angles B, D will be of the ſame or dit- 
erent affection. 


N R: Cos, B:: T, BC: T, BA. 20. and 

3 | BC, CD BD. Cos, BC : Cos, BA:: Cos, DC : Cos, 
and B. DA. 25. and BD is the ſum or difference 
| f BA, DA. 


— R: Cos, B: :T, BC: T. BA. 20. and 
Cos, BA : Cos, BC : : Cos, DA : Cos, 
8 DC. 25. and according as DA, AC are of 
the ſame or different affection, DC will be 
leſs or greater than a quadrant. 1 4. 
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G1veN. SOUGHT. 


= | g R: Cos, B:: T, BC: T, BA. 20. and 
Ie , DT. B 8, BA: 8, DA. 26. and 
; | BD | is the ſum or ference of BA, DA. 


R Cos, B.:: T, BC: T. BA. 20. and 
8, DA: 8, BA:: T, B: T, D; and ac- 


nd B : : ES as BD is greater or leſs than BA, 


e angles B, D are of the ſame or diffe- 
rent affection. 16. 


* 1 


Cos, BC: R:: Co-, B: T, BCA. 19. 
and T, DC; T, BC : : CoS, BCA: Cos, 
DCA. 27. the ſum or difference of the 
angles BCA, DCA is equal to the angle 
BCD. 


| | 
| 7| BC, DC CG 
and B. 


Cos, BC: R:: Co- T, B: T, BCA. 19. 
alſo by 27. Cos, DCA: Cos, BCA: : T, 
| BC : T, DC. 27. if DCA and B be of 
8] B, C and} DOC. the ſame affection; that is, (13.) if AN 
MO, and CA be fimilar, DC will be leſs than a 

| be fe 14. and if AD, CA be got of 
[ 


1e ſame affection, DC is greater than a 
uadrant. 14. 


9 . | 8, CD :S, B:: 8, BC: 8, D. 


* ſand B 
10 B,DandDC,| 8, D. 8,50 ::8,B:8, DC. 
c. 
f 8, ABXS, BC Ry: : S, AC+AD 
. Wu BA P. s, AC—AD : 87, ABC. See Fi. 26. 
| ig. 25. BA ws the ifſcrence of the ſides BC, 
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Given. SOUGHT. 


IEEE bbs ee 
In the triangle DEF, DE, EF, FD 
ſreſpectively the ſupplements of the meaſure 
12] A, B, C. | Theſof the given angles B, A, C in the triang 
Fig 7. jfides. BAC; the ſides of the triangle DEF ar 

| therefore given, and by the preceding caf; 
the angles D, E, F may be found, and th 
| - {fides BC, BA, AC are the ſupplements 
The meaſures of theſe angles. 


The zd, 5th, 7th, ↄth, 1 oth, caſes, which are commonly call. 
ed ambiguous, admit of two ſolutions, either of which will anſwer 
the conditions required; for, in theſe caſes, the meaſure of the 
angle or fide fought, may be either greater or leſs than a qua- 
drant, and the two ſolutions will be ſupplements to each other. 
Cor. to def. 4. 6. Pl. Tr.) 

If from any of the angles of an oblique-angled ſperical tri- 
angle, a perpendicylar arch be drawn upon the oppoſite fide, 
moſt of the caſes of oblique-angled triangles may be refalved 
by means of Napier's rules. 


* 


FINIS. 
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